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INTRODUCTION

In 1915, the renowned English mathematician Godfrey Harold Hardy published one of his most famous
theorems. While seeking an elementary proof of the Hilbert inequality
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which holds for all non-negative square-summable sequences a € £2(N), he unexpectedly uncovered a remarkable
fact: the convergence of the series Y -, a? implies the convergence of the series of squared cumulative averages
> [(An/n)?, where A, == >"}_, a;. Now, for more than a century, this result has been widely recognized as
the weak form of the discrete Hardy inequality.

Following Hardy’s groundbreaking discovery, several leading mathematicians joined him in exploring and
advancing this beautiful field of mathematics. Among the first was E. Landau, who, in 1921, extended the
discrete Hardy inequality from sequences in 2 to those in /P for an arbitrary exponent p > 1. Namely, denoting
@y, = Uy —Up_1, for any finitely supported complex sequence u € Co(N) with ug := 0, he established the discrete

p-Hardy inequality
= P p—1 o |un‘p 1
Z|un—un—1‘ = T Z? ( )

n=1 n=1
along with the optimality of the constant on the right-hand side.
Shortly after, in 1924, Hardy formulated the well-known continuous form of the Hardy inequality, which

reads
[T eer s (1) [TEOL, @)

and holds for all smooth functions ¢ € C§°(R.) compactly supported in Ry = (0,00). We refer the reader to
[22, 23] for more historical details and proofs of inequalities (1) and (2).

Given the wide range of applications of the Hardy inequality in probability theory, the theory of partial
differential equations, and numerous other domains, its various generalizations have been the subject of extensive
investigation. Most of the research is focused on the linear case p = 2 where inequalities (1) and (2) represent
lower bounds on the discrete and continuous Dirichlet Laplacians on the half-line in the sense of quadratic
forms. In the context of the present work, we focus on higher-order variants of inequalities (1) and (2), which
we refer to as the Birman inequalities or the Hardy inequalities of higher order. In 1961, Birman [3]| generalized
inequality (2), with p = 2, to higher-order derivatives:

/0“|¢<e>(x)|zdx > (;)Z /O“ wifZ'Q 0. )

where p € C°(R4), £ € N, and (v)p :=v(v+1)--- (v + £ —1) denotes the Pochhammer symbol for any v € R.
A proof of (3), together with the optimality of the constant, can be found in [25]; see also [16] for other proofs
and generalizations. The particular case £ = 2 of (3) was discovered earlier by Rellich [26], even in higher
dimensions, and is commonly referred to as the Rellich inequality.

Surprisingly, the discrete version of (3) was proven only recently in [18]. For any £ € N and u € Cy(N) with
u, = 0 for all n < ¢, the authors found the discrete Birman inequality

S (1) 3o el )
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where the discrete gradient is defined as Vu, = u, — u,—1 for all n > 1 with the convention uy = 0; see
Section 1 for details about the notation of discrete difference operators. The optimality of the constant on the
right-hand side was proven therein.

The key idea behind their proof of the optimality relies on an interesting observation: assuming the discrete
Hardy (or even Birman) inequality (1), one may derive its continuous version (2). Similarly, as E. Landau
already noted in 1921, by examining a suitable step function, an integral version of the continuous Hardy
inequality leads to the corresponding discrete inequality. This equivalence renders the following discrepancy of
the two versions all the more intriguing.

It is a well-known fact that the classical Hardy weight 1/(422) in the first-order continuous Hardy inequality

[ @Pazg [T )
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is critical. This means that if (5) holds for all test functions ¢ € C§° (R ) with 1/(42?) replaced by a measurable
function p(z) > 1/(42?) for a.e. x > 0, then, necessarily, p(z) = 1/(42?) for a.e. z > 0. In contrast, the opposite
was found to be true in the discrete setting. In [19], M. Keller, Y. Pinchover, and F. Pogorzelski proved the
discrete Hardy inequality

) 00
S VU > oS fu (6)
n=1 n=1

for all u € Cyp(N) with ug := 0, where the improved weight is given by the formula

-1 1 1
R = e
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for all n € N. Additionally, the authors proved in [20] that the weight pXFF is null-critical (see Remark 2.2 for
the definition), which, in particular, implies that the weight is critical, i.e. that it cannot be further improved
by a pointwise bigger sequence. This result was subsequently extended to an arbitrary exponent p > 1 within
the dissertation of F. Fisher [11], namely, in the article [13] coauthored with M. Keller and F. Pogorzelski, where
the p-Hardy inequality

Z [ty — Un71|p > Z pEKP ‘un|p ) (7)
n=1 n=1
with the null-critical weight
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was verified for all real-valued u € Cy(N) with ug = 0.
Naturally, it was expected that even the higher-order discrete Hardy inequalities (4) admit an improvement

analogous to (6). Initially, some refinements were made in the Rellich case £ = 2 in [18, 15], and later the
hypothesis was confirmed in full generality in [32], where we established the optimal discrete Hardy inequality

of an arbitrary order £ € N:
Z|Veun| Z Zpg) |Un|
n=>~_ n=>~_

for all u € Cy(N) with u, = 0 for all n < £, where the weights are given by the formulas

(—=A)'gl!
PO = G~ foralln>¢ and o) =vn][(n—j) foralln>o. (9)
n j=1

Here the discrete Laplacian is defined as Au,, == up—1 — 2uy + upy1; confer also with Section 1. Optimality is
a rather strong property (see Definition 2.1), which, in particular, entails null-criticality and hence criticality of
the Hardy weight under consideration.

While both the discrete and continuous Birman inequalities are well-established classical results for the case
p = 2, the nonlinear setting p # 2 is substantially less developed in the existing literature. Although the
continuous p-Hardy inequality of order ¢ € N,

/Om|<p<e>(x)|17dx > (pl)l): /Ooo % de, (10)

which holds for all p > 1 and all ¢ € C§°(R), is probably well-known among experts, we have been unable to
identify a reference in which this statement is formulated explicitly, with the exception of the particular case
¢ =2, corresponding to the p-Rellich inequality, which appears in [25, Eq. (1.2)]. At an implicit level, inequality
(10) can be traced back to the classical work of Hardy, Littlewood, and Polya [17]; see Remark 4.12. Related
results in higher dimensions can also be found in [8].

Furthermore, an essential component of the framework is currently missing, leaving the theory of Hardy
inequalities on the half-line incomplete: the discrete p-Hardy inequalities of higher order. The primary objec-
tive of this paper is to address this gap by establishing and further analyzing new explicit discrete p-Birman
inequalities.

This paper is structured as follows:

e In Section 1, we introduce the necessary notation and compare it with the conventions adopted in recent
works [21, 18, 32] on Hardy-type inequalities.



OPTIMAL DISCRETE p-HARDY INEQUALITIES OF HIGHER ORDER 3

e Building on the approach developed in [32], where the analysis was restricted to the more tractable
linear case p = 2, we generalize these results to the nonlinear setting p > 1 in Section 2. Through
Theorems 2.7, 2.9, and 2.10, we develop a method to construct abstract p-Birman weights in terms of
a parameter sequence g subject to suitable monotonicity and growth conditions.

e In Section 3, we apply the results of Section 2 to the parameter sequences g(?) and §(é?), as defined
in (2.8) and (2.9) respectively, and obtain explicit optimal p-Hardy weights of an arbitrary order.

e In Section 4, we establish classical discrete p-Birman inequalities, which constitute direct discrete analogs
of the continuous inequality (10) and show that the optimal weights p®P)introduced in Section 3,
improve upon the corresponding classical weights. Finally, in Section 4.3, we present a new proof of the
continuous result by recovering it as a limiting case of its discrete analog.

1. NOTATION OF DISCRETE DIFFERENCE OPERATORS

The notation of discrete difference operators used in papers studying discrete Hardy inequalities [21, 18, 32]
varies and therefore may cause confusion for a non-specialized reader. In this section, our aim is to clarify, but
mainly unify, the miscellaneous conventions.

First, let us consider the Lebesgue space of square-summable sequences £2(N) indexed by natural numbers
N:={1,2,...}, and its standard basis {0, }°2; defined as

0 ifn#m,

] for all m,n € N,
1 ifn=m,

(0n)m = Opm = {

where § is the Kronecker delta. On this space, we define the discrete gradient and divergence by the formulas

— Uy ifn>2
YV, = tn = Un—1 1 =% and divt, = Uni1 —u, foralln eN.
U1 ifn=1,

Furthermore, the discrete Laplacian on ¢?(N) is then given by the familiar formula Ay = divV, i.e.

Up—1 — 2Up + Upy1  ifn>2
—2uq + uo if n=1.

(Anu),, = {

The index N is used to distinguish the operator from the Laplace operator used in the rest of the text, defined
below by the formula (1.4). The operator —Ay also coincides with the graph Laplacian associated with the
standard graph structure on N, which was studied in [21]. Notice that on the Hilbert space ¢?(N) endowed with
the Euclidean inner product, the adjoint of the discrete gradient is V* = —div, hence —Ayx = V*V is a positive
self-adjoint operator (we shall omit o when composing difference operators for concise notation).

In [18], the authors defined the half-integer powers of the Laplace operator as

(g2 = § SO ifl=2m €N,
V(-An)™ ifl=2m+1€ 2Ny +1,

and considered Hardy inequalities of higher order (4) in the form

o] 1 2 oo n2
> fan > (3) 3l (0
n=>~¢

n=[¢/2]

for all v € (%(N) satisfying u,, = 0 for all n < ¢, where [v] stands for the smallest integer greater than or
equal to v € R. With this convention, the left-hand side can be rewritten as the quadratic form of the operator
(—Ap)* since

oo
Z |(_AN)Z/2un|2 _ ||(_AN)Z/2uH2 _ <u, ((_AN)Z/2)*(_AN)Z/2u> — <u7 (—AN)EUJ>.
n=[¢/2]
Therefore, the inequality (1.1) amounts to the lower bound

(=An)* > p®  on the subspace {61,...,0,_1}F C £3(N), (1.2)

where pP stands for the operator of multiplication by the classical Birman weight p® given by the right-hand
side of (1.1).
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On the other hand, we will use the notation that utilizes solely the discrete gradient, where the left-hand
side of the Birman inequality (4) reads

Z’Vzunf = HV%HQ = (u, (—1)ediveveu>.
n=>~_
The Birman inequality then takes the form

(=1)*div*V* > pB  on the subspace {6y,...,0,_1}* C £3(N). (1.3)

It is important to emphasize the subtle differences between the operators (—Ay)¢ and (—1)¢div’V¢. While
the matrix elements of (—1)édiveve with respect to the standard basis can be straightforwardly computed as

_ (_1)m+n< 2

l+m—n
and define a symmetric banded Toeplitz (i.e. diagonal-constant) matrix on £2(N), the matrix elements of (—Ay)*
are given by [14, Proposition 2.1] as

20 20
o 4 — (_1\mtn o
(=AN)pp = (=1) Kf—l—m—n) <€+m+n>} for all m,n € N.

((—l)edivévl> ) for all m,n € N,

mn

Observe that the operator (—Ay) is no longer Toeplitz and differs from (—1)¢div*V* by an upper-left (£ — 1) x
(¢ — 1) Hankel matrix (i.e. a matrix with constant anti-diagonals). Nevertheless, the operators coincide on the
subspace {d1,...,8,_1}+ C £2(N), thus rendering the inequalities (1.2) and (1.3) equivalent.

The operator (—1)¢divaf can also be interpreted as the restriction of the /-th power of the discrete Laplacian
defined on the Hilbert space £2(Z) by

(Aw)y = Up—1 — 2up + up41 for alln € Z. (14)

Indeed, direct computation yields the corresponding matrix representation with respect to the canonical basis
{0n}nez of £2(Z) in the form

(=8 = 1m0

hence (—A)¢|pw) = (—1)tdiv' Ve,

Keeping these considerations in mind, we formally extend the sequences in question by zero for negative
indices and introduce the notation employed throughout this paper, which is adopted from our work [32]. We
denote by C(Z) the space of all complex-valued sequences indexed by Z and, for each ¢ € N, we define the
subspace

20

) for all m,n € Z,
{+m—n

H' = {ue€C(Z)|u, =0 for all n < £}
and its subspaces
HEP = H NP(Z) and  Hf = H N Cy(Z),
endowed with the fP-norm || - ||,, where Co(Z) denotes the subspace of C(Z) consisting of all finitely sup-

ported sequences. With a slight abuse of notation, we additionally introduce the discrete gradient and discrete
divergence operators acting on C(Z) as

(Vu)p = up —tp—1  and  (divu)y, =ty — up (1.5)

for all n € Z. Since these operators commute on C(Z), this convention simplifies subsequent arguments, as it
obviates the need to specify the subspaces on which the identity divV = Vdiv = A holds. We shall also make
use of the forward shift operator S and the middle operator M defined on C(Z) as

Un41 + Un
2
for all n € Z. Note also that we have the operator identities S™!'S =S8S™' =1, div=S—-1, V=1—-S"1, and
therefore div = VS = SV.
For p # 2, the absence of an inner product on ¢P(Z) makes it necessary to introduce further notation.
Although the p-Birman inequalities cannot be interpreted in the sense of quadratic forms, it is nevertheless
possible to polarize the fP-norm of Vu, for u € HE, as

St, == upy1 and  Mu, = (1.6)

oo

00
2NV " = 3w (=A ),
n=~{

n=>~¢
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where the nonlinear p-Laplace operator of order £ € N is defined by
0 ._ £3: Lol \(p—1 0) ._ -1
—AP = (—1)fdiv’ (V)P and - AP = ()Pl (1.7)

Moreover, for streamlined notation, we set v := v |V|’\_1 for all v € C and \ > 0, with the convention 0¥ = 0.

2. ABSTRACT OPTIMAL p-BIRMAN INEQUALITIES

In this section, we explain how to construct p-Hardy weights of any order ¢ € N given a parameter sequence
g that satisfies certain sufficient conditions. In fact, we slightly modify and extend the strategy from [32], where
we considered the linear case p = 2, to the more involved general case with an arbitrary p > 1. Furthermore,
we will discuss optimality of the acquired weights under stronger assumptions on the asymptotic behavior of g,
as n — o0o.

We begin by presenting the main results of this section. To avoid distracting the reader and to maintain
clarity, the corresponding proofs are postponed to Section 2.1. First, let us recall the definition of p-Hardy
weights of higher order and their optimality; see [12] and [32].

Definition 2.1. Let £ € N and p > 1. A non-negative sequence {p,}5%, is called a discrete p-Hardy weight
of order € (or discrete p-Birman weight) if and only if the discrete p-Hardy inequality of order ¢ (or discrete
p-Birman inequality)

Do IVun]" = pulunl” 2.1)
n=>~_ n=>~¢

holds for any u € H§. In addition, the weight p is said to be optimal if it exhibits the following three properties:

(i) Criticality: The weight p is called critical if for any p-Hardy weight p of order ¢, such that g, > p,, for
all n > ¢, it follows that p = p.
(ii) Non-attainability: The weight p is called non-attainable if, whenever the equality in (2.1) is attained
for u € H* such that the right-hand side is finite, necessarily u = 0.
(iii) Optimality near infinity: The weight p is called optimal near infinity if for any M > £ and € > 0 there
exists u € H{! such that

Z|v€un|P <(l+e¢) an |unl”.
n=>~_ n=~4

Remark 2.2. We complement the three optimality properties with several explanatory remarks:

(i) Criticality means that the p-Hardy weight enjoying this property cannot be further improved by a
pointwise bigger sequence.

(ii) The notion of non-attainability is not uniform in the existing literature. In [20], where first-order Hardy
inequalities on graphs are investigated, the property that corresponds to the combination of criticality
and non-attainability is referred to as null-criticality. Using the criticality theory for Schrédinger opera-
tors on discrete graphs, as developed in [21], the authors analyze whether the unique positive generalized
eigenvector of the operator —A — p, called the Agmon ground state, is, in fact, a genuine eigenvector.
This definition was later extended to the (P setting in [12, 10]. Moreover, it was shown in [11, Theorem
11.2] that for certain p-Hardy weights, null-criticality also implies optimality near infinity. Nevertheless,
it is evident that the notions of criticality and non-attainability employed in this work actually entail
null-criticality and therefore constitute a stronger condition.

We additionally introduce a slightly weaker property, which we refer to as non-attainability in H.
Specifically, the weight p is said to be non-attainable in H§ if, whenever equality in (2.1) is attained for
U € ’HS, necessarily u = 0.

(iii) Optimality near infinity means that the constant 1 appearing on the right-hand side of (2.1) cannot be
further improved, even if we restrict ourselves only to the sequences from the space H)! C H§ for any
M > {. Tt is equivalent to the identity

o net [Viun|”

S =1 forall M >/ (2.2)
weHIN{0} D omy P [t [”

Let us also remark that optimality does not characterize the weight uniquely as was observed in [32], where we
found infinitely many optimal Hardy weights of any order ¢ for p = 2.
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Our starting point shall be a weighted generalization of an abstract first-order p-Hardy inequality analogous
to [10, Theorem 3.1]. In [10], the authors study p-Hardy inequalities in an abstract graph setting for real-valued
sequences. For our purposes, we consider their results for the standard line graph on Ny. The proof of the
weighted generalization is reminiscent of the one in [10] or [13, Proposition 4], but for the reader’s convenience
and completeness, it will be revisited in Section 2.1 nonetheless. The inequality is potentially of independent
interest and will be employed to derive the Copson inequality (4.12) in Section 4.

Unless explicitly stated otherwise, we shall always assume ¢ € N and p,q > 1 to be Holder conjugate
exponents, i.e., they satisfy 1/p + 1/¢ = 1, throughout the following. Moreover, for two real numbers (or
functions) «, 8, we write o < 8 if and only if there exists a positive constant C),, > 0 such that a < C,3, where
the constant Cj, may depend only on p. We write o =~ § if and only if o S 8 S .

Theorem 2.3. Let V € C(N), such that V,, > 0 for alln > 1, and g € H*, such that g1 > g, > 0 for all
n > 1. Then for any u € HY, we have the inequalities

div(V(Vg)P~1),, >
Z Vi1 R(q; 9, u Z Vi [V, |” + Z (;pgl)) lun|? < Z Vo1 R(p; g, u)n (2.3)

n=1 n=1 n n=1

where the remainder terms are given by the formulas

dn ,gn+1
R(S o ‘\/ Ont1 Un+1 = 4/
’ o dn Gn+1
Onil Un+1 —

for all n > 1, with the convention 0P~2 =0 if p € (1, 2.

if s € (1,2],

-2
(|divun| + %divgn>p if s € (2,00),

(2.4)

Remark 2.4. The parameter s appearing in the remainder terms, defined by (2.4), serves as an indicator
specifying which of the two formulas is to be used for the lower and the upper bound in (2.3). Since the Holder
conjugate exponents p,q > 1 satisfy p > 2 if and only if ¢ € (1,2), this notation encodes the fact that the two
distinct remainder terms occurring on the left-hand and right-hand sides of the inequality (2.3) are interchanged
when passing from the regime p € (1,2) to the regime p > 2. The lower estimate in (2.3) asserts an abstract
weighted p-Hardy inequality for any complex-valued sequence u € Hg. On the other hand, the upper estimate
in (2.3) indicates how tight the inequality is, which will be essential later to derive the optimality of particular
p-Hardy weights. Both estimates are rooted in the fundamental inequalities given by Lemma 2.13.

Remark 2.5. In the case p = 2, the inequalities in (2.3) hold as equalities with the implicit constants in the
estimates < being equal to 1. This is analogous to the results of [32, Theorem 0], which asserts that for any
V € C(N) and g € H!, such that g,, > 0 for all n > 1, we have the identity

Z Vi [Vua|* + Z % Z Vot1 1/ Un+1 gnﬂ

n=1 n=1 n
for all u € H}. Note that the parameter sequence g is no longer required to be non-decreasing, nor is the
potential V' required to be non-negative.

Remark 2.6. In [10], the authors restrict their analysis to real-valued sequences, which makes the situation less
technically involved. In particular, if V € C(N), such that V,, > 0 for all n > 1, and g € H', such that g,, > 0
for all n > 1 (g no longer has to be non-decreasing), we have the equivalence

div(V(Vg) =1, > ~
ZV |v n|p+z g ) |un|pzzvn+172(p;gvu)na

n=1 n=1

for all real-valued sequences u € H{, where the remainder is given by the formula

p—2
n n n u'I’L .
R(p; g, u ‘,/ g u ( St = [+ M (H)|dlvgn|> (2.5)
In+1 In In

forall p > 1 and n > 1. The proof is analogoub to the proof of Theorem 2.3 and is therefore omitted; see [10,
Lemma 3.8, Eq. (3.9)] for the corresponding underlying inequality.

The weight V' in inequality (2.3) enables an iterative procedure that yields analogous inequalities for higher-
order difference operators. The key idea behind the derivation of such inequalities is a suitable selection of the
parameter sequence g in each step of the iteration. In this way, we obtain convenient representations of the
weights V' in terms of g, which, in turn, allows us to guarantee their non-negativity under additional assumptions
imposed on g.
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Theorem 2.7. Suppose that g € H® satisfies the assumptions
VFg, >0  foralln > and k € {0,...,(}, (A1)
—A](f*k)vkgn >0 foralln>Candke{l,...,0—1}. (A2)

Then for all u € H§, we have the inequalities
¢
4 gn
SR (gig.u) <Z|V‘ Z by |n\”<ZR“pg, u), (2.6)
k=1 = k=1
where the remainders are given by the formula

4 - _A(eik)vkgn 1 — _
Ré)(S;g,U) :ZZWR(S;Vk Ly, VF ), (2.7)

n=>~{

with R(s; g,u) defined by (2.4).

Remark 2.8. In view of Remark 2.6, for real-valued sequences, we may deduce an equivalence analogous to
inequalities (2.6) with remainders corresponding to (2.5). Namely, for g € H satisfying assumptions (A1) and
(A2), we have the equivalence

- AL = —Aj(f)gn P _ - -~ VkEanrl Skl kol
Z| ’U/n’ Z p—1 |un| NZ Z (vkg +1)p 1 ( 9 ) ’
n=~{ n=~{ n k=1 L n=¢( n

for all real-valued sequences u € H5. The proof works along the lines of the proof of Theorem 2.7 in Section
2.1.2, hence it is omitted as well.

Let us further assume that the inequality in assumption (A2) holds for k£ = 0, that is, —A](f) gn > 0 for all
n > {. Then
-A;g
p(g) = prE
defines a non-negative sequence in H?, and thus constitutes a p-Hardy weight of order ¢. Moreover, we prove
that this weight is not attainable in H§; see Remark 2.2 for the definition.

Theorem 2.9. Suppose that g € H® satisfies assumptions (A1), (A2), and, in addition,
—Ag)gn >0 foralln>{. (A3)

Then p(g) = —Az(f)g/gpfl is a discrete p-Hardy weight of order £, which is non-attainable in HE.

By imposing additional requirements on the asymptotic behavior of g,,, as n — oo, and strict positivity in
assumption (A3), we obtain sufficient conditions for the optimality of the discrete p-Hardy weights p(g). We
consider the following statement to be our first main result.

Theorem 2.10. Suppose that g € H* satisfies assumptions (A1), (A2), and (A3) with strict positivity, i.e.

A,(f)gn >0 for alln > £. In addition, suppose that g admits the asymptotic expansion

20
On = Zajne_j_l/p + O (n_e_l_l/p> , asn — 00, for some oj € R with g # 0. (A4)
3=0

Then the discrete p-Hardy weight p(g) = —A](f)g/g”_1 of order ¢ is optimal.

Remark 2.11. The strict positivity in assumption (A3) is required solely for the non-attainability of the weight
p(g), whereas the properties of criticality and optimality near infinity are already ensured by assumptions
(A1)-(A4).

Remark 2.12. Without going into technical details, we note that the asymptotic expansion in (A4) can be
replaced by one depending on a parameter s € (0,1). The admissible range of s then determines which of the
properties from the definition of optimality 2.1 are satisfied by the corresponding weight p(g). Specifically, for
g € H' subject to assumptions (A1), (A2), (A3) with strict positivity, and, in addition,
20
On = Zajné_j_s + O (n_é_l_s) as n — oo, for some a; € R with ag # 0, (A4)
j=0



8 BC. JAKUB WACLAWEK

the discrete p-Hardy weight p(g) of order ¢ is critical if s € [1/p, 1), non-attainable if s € (0,1/p], and optimal
near infinity if s = 1/p. Since the proof follows almost verbatim the arguments in Section 2.1.4, it will be
omitted; see also [32, Theorem 3] for an analogous result in the linear case p = 2.

The final piece of the puzzle is to construct an explicit parameter sequence g € H' that fulfills all the
assumptions (A1)—(A4). To this end, in Section 3, we shall examine the following candidate sequences:

e First, we consider a parameter sequence constructed in the form of a suitable Gamma function ratio:

I'(n+1/q)
Er) = L foralln € Z 2.8
gy Tt 1) or alln € Z, (2.8)
where T is the Euler Gamma function, and we consider 1/T" to be an entire function with zeros at the
points 0, —1,.... In Section 3.1, we show that g(*?) gives rise to an optimal p-Hardy weight of order £.
In particular, for £ = 1, we discover the optimal first-order p-Hardy weight
—1\"! 1 1
plp) = (2 - for all n > 1,
p (n—1/p)p=t  np7!
while in the linear case p = 2, we obtain the optimal Hardy weights of order ¢ in the form
1\? 1
02— (= fi 1In>/¢
o <2)¢ nm—1/2) -1 -+ T
These results complement the earlier works [13, 32], in which the optimal Hardy inequalities with the
weights p" X and p©), given by formulas (8) and (9), respectively, were established, and yield new weight

sequences of a simpler and more explicit form. On the other hand, prior to this work, no (optimal)
p-Hardy weights of order ¢ > 2 had been identified.
e Second, in light of the choice of g for p = 2 in (9), as well as the first-order p-Hardy weight (8) introduced

by Fisher—Keller—Pogorzelski [13], it is natural to investigate also the following extension:
-1
glbr) .= pl-1/p H(n —j) foralln>0 and g,:=0 foralln<O0. (2.9)
j=1

Even though it is fairly easy to verify assumptions (A1) and (A4) for the sequence (2.9), the nonlinearity

of the discrete p-Laplace operator —A,(gk) of order k € N makes validating assumptions (A2) and (A3) a
very non-trivial problem. Regrettably, we were unable to verify these assumptions in a general setting
given by a combination of p > 1 and ¢ € N. Partial results are summarized in Section 3.2.

2.1. Proofs. In this section, we systematically derive the proofs of Theorems 2.3, 2.7, 2.9, and 2.10.

2.1.1. Proof of Theorem 2.3. The proof of the inequalities in (2.3) relies on the following lemma, which provides
auxiliary fundamental estimates and extends [10, Lemma 3.8] to the complex domain.

Lemma 2.13. Lett € [0,1]. Then for any complex number z € C, we have the inequalities
tle—1P(le—t|+ 1P 2 Sz =t = (L=t (|2 —t) S22 =17 ifpe (1,2], (2.10)
tlz—1P(lz=t|+1 =) 2 2 [z =P — (1= t)P (2] —t) = t*2 |z — 1P if p € (2,0). (2.11)
(The left-hand side of (2.10) is to be understood as zero if z =1t =1.)

Proof (of Lemma 2.13). The proof is decomposed into two parts, in which we establish
a) the lower bound for p € (1, 2], and, respectively, the upper bound for p € (2, 00),
b) the upper bound for p € (1,2], and, respectively, the lower bound for p € (2, 00),
for the term |z — |” — (1 —t)P~1(|2|" —t). In both cases, the strategy is to extend the corresponding real-variable
estimates, originally formulated in [10, Lemma 3.8], to the complex setting. However, the methods employed in
a) and b) differ, which requires treating the two parts of the proof separately.
a) Suppose p € (1,2]. By [10, Lemma 3.8, Eq. (3.8)], there exists C), > 0 sufficiently small, such that the
inequality
Cotle =17 (lz —t|+1—-t)P > < |z —t|" — (1 — )P (|z]” — ) (2.12)
holds for all ¢ € [0,1] and 2 € R. For z € C, write z = re'?, where r = |z| > 0 and 6 € [0,27) is the phase of z.
Next, for u := cosf € [—1,1], denote

A(w) =z—t|=+vVr?2=2rtu+t> and B(u)=|z—1=+vr2—2ru+1.
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We will show, that the auxiliary function
F(u) = AP(u) — (1 — )P (r? —t) — Cp t B*(u)(A(u) + 1 — )P~

defined on the interval [—1, 1], is non-increasing, and hence attains its minimum at v = 1. Since F(1) > 0 by
inequality (2.12), it follows that F'(u) > 0 for all v € [—1, 1], which amounts to the lower estimate in (2.10).
Indeed, a routine calculation yields

dF B?
—— = —prtAPT2 L Cprt [2(A+1 )P 2 4 (p— 2)t— (A + 1 —t)P3
= ot [2A+1- 0024 (p— (A + 11 013
<rt[2C,(A+1—t)P72 — pAP~?] < rtAP3(2C, — p) <0,
for all u € (—1,1) where we used the fact that p € (1,2] twice and, without loss of generality, assumed that
Cp < p/2.

The case p € (2,00) can be treated in an analogous manner. Observe that reverse inequalities in (2.12) and
(2.13) hold for sufficiently large C, > 0, therefore the auxiliary function F' has a non-positive maximum at
uw=1and F(u) <0 for all u € [-1,1].

b) Suppose p € (1,2]. By [10, Lemma 3.8, Eq. (3.10)], there exists C,, > 0 sufficiently large, such that the
inequality

|z — [P — (1 = )P (|z? = t) < Cpt?/? |z — 1 (2.14)
holds for all t € [0,1] and x € R. We shall also make use of the elementary inequality [10, Lemma 3.8, Eq.
(3.12)]

257 (a® +b°) < (a+b)* < a® +b°,
which is valid for all a,b > 0 and s € (0, 1]. Denoting z = re' % and u := cos#, from the latter inequalities with
s =p/2 € (0,1], we infer
=t =r—tP+2rt(1—u) = |z —t]" <|r—t]" + 2rt)?2(1 — u)?/?, (2.15)
1P =l — 1P+ 2(1—u) = |z—17 >2v/2! (|7' — 17+ (2r)P2(1 - u)W) . (2.16)
Without loss of generality, suppose additionally that C,, > 1. Then estimates (2.15), (2.14), and (2.16) imply
2=t = (L=t (|2 =) < = t]” = (L= )P (P = t) + (2r)P/2(1 = w)?/?
< Cpt?2 (r = 1P 4 (2r)P/2(1 = w)/?) < 21P2C, 012 |2 1P

If p € (2,00), once more, all the inequalities (2.14), (2.15), and (2.16) are reversed, and the inverted final
estimates hold, provided that Cj, > 0 is chosen sufficiently small. The proof of Lemma 2.13 is complete. ]

We are now in a position to prove Theorem 2.3. Suppose g € H' is a non-decreasing sequence such that
gn >0 for all n > 1 and u € Hj. We will show that for all n > 2, we have the inequalities

Up|P Up—1|" _
R(Q; gau)n—l S/ |Vun|p - <|gp—|1 - | p—11| ) (VQH)p ! /S R(p;gvu)n—la (217)
n n—1

where the remainders are given by the formula (2.4) and the unspecified constant is independent of n. Next,
consider V;, > 0 for all n > 1. Multiplying both sides of (2.17) by V,, and summing over n from 2 to co, we
arrive at

|un| —1 ‘un‘p 2 200—2 VnR(% g, u)n—la
Vi IVun|P 4+ Vi1 (Vgni1)P Viu( Ll A~ san=
Z Z Z gt | S 0l VaR(pi 8, w)n—1-

n=2 n=1

Moreover, a shift of the index on the rlght—hand side reveals

ZV |V, |[” + Z div(V VQ “n un|? + Va(Vga)? p—1lual” J 2 3200 Va1 R(a; 8, u)n,
ng—l 5 zzozl Vn+1R(p; g, u)n

Recalling ug = go = 0 and g; > 0, we infer that

P
u
1% |VU1‘p = Vl(Vm)plgpl'l.
1

Adding and subtracting this term to the left-hand side of the latter inequality yields Theorem 2.3.
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To complete the proof, it remains to verify the inequalities stated in (2.17). We shall confine our attention to
the case p € (1,2]. The case p € (2,00) can be handled in a completely analogous fashion; the only modification
required is the reversal of the inequalities in (2.10), (2.18), and (2.19). For p € (1, 2], inequalities (2.17) read

-2
9n— Lot In Jun—1|
ol fna 2] e | (194 2 v,)
|Vunp<gp_1 gL (Van)" ! ‘\/Ll gg ! (2.18)
n n—1 9n n Un 1‘ .
Gn—

We first consider the case u,_; = 0. If in addition u,, = 0, then (2.18) holds trivially. If, on the other hand,
u, # 0, then (2.18) stems from the chain of inequalities

(p—-t<1—(1—t)P ' <t </, (2.19)

AN RV

which are valid for every t € [0, 1], upon substituting ¢t = g,—1/8» € (0, 1], where the latter inclusion is ensured
by the monotonicity of g (note that the first inequality in (2.19) is an application of the Bernoulli inequality).

Next, assume wu,—1 # 0 and temporarily set ¢, = u,/g, and substitute for z = ¢, /¢p,—1 € C and ¢t =
On—1/0n € (0,1] into (2.10). It yields the inequalities

2 p—2
—1 In—1 Pn Pn_ _ In—1 _ On—1
‘wn — Ln_l p— <1 — Ln_l >p <‘ 9071 P _ gn—l) Z In Pn—1 1‘ ( Pn—1 In + 1 In ) ’
Pn—1 In In Pn—1 In < (gn—l)p/2 i b
~ gn Pn—1

Finally, multiplying the latter inequalities by gF |, _1|” implies (2.18). The proof of Theorem 2.3 is complete.
O

2.1.2. Proof of Theorem 2.7. The proof proceeds by induction on ¢ € N. The base case ¢ = 1 is precisely Theo-
rem 2.3 in the particular case V' = 1. Indeed, in view of definition (1.5) of the discrete gradient, assumption (A1)
implies that g € H' defines a non-decreasing sequence; in fact, it is even increasing on {£ —1,/,...}.

Suppose ¢ > 2. Recalling definitions of discrete gradient and divergence (1.5) and our convention, where
divV = Vdiv, specified in Section 1, we have

Z|V£un|p = Z ’Vé_ldivun|p for any u € H.
n=~—1
Given g € HY, such that assumptions (A1) and (A2) are fulfilled, we infer that divg = SVg € H~!, where S
is the forward shift operator (1.6), satisfies these assumptions for £ — 1. The induction hypothesis, applied to
divu € H!, with divg, yields

oo 0o £—1
fA ) divgn,
g R(Z Y q,dng,diVU) S E |Veun|p* E (le)ng v, |” < E R(é 1) (p; divg, divu),  (2.20)
n=>~_ n=~{—1 n k=1

where the remainders are defined by formulas (2.7) and (2.4). Evidently, for all k € {1,...,£—1} and s > 1,
we have the identity

-1 ‘
R,(f_l)(s; divg, divu) = R,(ﬁl(s;g,u), thus ZR,(f_l)(s; divg, divu) = ZR,(f)(s;gm).
k=1 k=2

Next, we shift the index n in the second sum of the middle part of the latter inequality, arriving at

i A(L] 1)dlvgn

Sffl(,A(z 1)Vg )n
g > V8™ unl”

(S 1Vgn )P~

|divu,|P =

n=~—1 n=1

and we apply Theorem 2.3 with S*~1u € H}, non-decreasing sequence S*~'g € H', and the weight
"1 (-Ay V),
(S1vg,)p1

which is non-negative for all n > 1 by assumption (A2), obtaining

V, =

i V |vs€—1 + Z le Se ! ) ’ﬂ |SZ—1u |P Z Z:,C:l Vn+1R(Q7 Sf—lg7 Sf—lu)n’
n SZ lg,)p—1 n <y R(p: Sl et
~ anl n+1 (pa g, u)Tl'
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Let us examine the prefactor in the second sum in greater detail. We observe that

] B B . gl-1 _A(ffl)v B - -
div(V(VS'~'g)P 1>=d”< (sglvpg)plg) (S"1vg)rt ) = -8 (-Ag).

Recalling also the definition of the remainders (2.7), the previous inequality rewrites as

0o (6—1) . o0 (@]
¢ —Ap divg, | . —Ap gn ¢
n=0—1 n=~{( n

Note that all the unspecified constants that define the estimates are the same and are determined by the
fundamental inequalities (2.10), resp. (2.11).
Altogether, inequalities (2.20) and (2.21) combine to the desired estimate

Y ()
> RO (g;9.u) <Z\vfu pos T g" LT n\P<ZR<)p g, u),
k=1

n=»~¢ n k=1
which concludes the proof of Theorem 2.7. ([l

2.1.3. Proof of Theorem 2.9. Recalling the definition of the remainders in (2.7), assumption (A2) guarantees
their non-negativity. Furthermore, assumption (A3), i.e. the non-negativity of the sequence

pn(g) = —APg,/g87" foralln >,

combined with the lower bound provided by the abstract higher-order p-Hardy inequality (2.6) established in
Theorem 2.7, implies that p(g) is indeed a p-Hardy weight of order £.
In order to prove the non-attainability in ’Hé, suppose that u € ”HS fulfills the p-Birman inequality (2.1) as

equality, that is

S0l = 30

n=~ n=~
Since assumptions (Al) and (A2) are satisfied, Theorem 2.7 implies that all the remainder terms on the left-
hand side of inequality (2.6) vanish, i.e. R,(f)(q;g,u) =0 for all k € {1,...,¢}. In particular, for k = ¢, we
derive a necessary condition (which is, in fact, sufficient)

R(¢; Vg, Vi u), =0  foralln > ¢;

see definition (2.7). If p € (1,2) (and hence q € (2,00)), assumption (A1) implies in addition that both V*~1g,
and V'g, are strictly positive for all n > ¢. Thus, the vanishing of the second factor in formula (2.4) yields
Vvi-ly, = Vg_lunﬂ = 0. In any case, we conclude that the sequence u € ?—lf; satisfies the difference equation

of order ¢
[ V&lg, oy Vilgni ope 1,
—V el — 7V n=0 foralln>/¢,
= U1 = or all n >

with the boundary conditions u; = -+ = wuy_1 = 0.

However, this equation has the only solution g up to a multiplicative constant, i.e. u,, = cg, for some constant
¢ € Cand all n > ¢. By assumption (A1) for k =0, g, > 0 for all n > ¢; therefore, the sequence u has compact
support if and only if ¢ = 0, or equivalently v = 0. The proof of Theorem 2.9 is complete. (Il

2.1.4. Proof of Theorem 2.10. The proof is organized into three distinct parts, in which we demonstrate that
the weight p(g) = —Ag) g/gP~ ! satisfies the properties required for a sequence to be optimal in the sense of
Definition 2.1: criticality, non-attainability, and optimality near infinity. The proof is inspired by the linear case
p=2in [32].

The key idea of the proof of non-attainability is that, for any u € H§, equality in the p-Birman inequality
entails that all the remainder terms appearing on the left-hand side of inequality (2.6) must vanish. On the
other hand, the verification of criticality and optimality near infinity is obtained by substituting a suitable
regularization of the parameter sequence g into inequality (2.6). Specifically, we apply inequality (2.6) to se-
quences {u"} y>2 C H§ and analyze the asymptotic behavior, as N — oo, of the remainder terms Rgf) (p; g,ulY)
appearing on the right-hand side. To this end, we recall the following lemmas from [32]; the proofs can be found
therein.
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Lemma 2.14. Let k € N, A € R\ Ny, and g be a sequence admitting the asymptotic expansion

k
gn = Z ) (n’\_k_l) ,  asm— o0, (2.22)
j=0
for some a; € R and ag # 0. Then the following claims hold true:
(i) For all m € Z, there exist coefficients a;m) € R such that

k
S™g, = agn® + Zag-m)nk_j + O (n”\_k_l) ,  asn — oo.
j=1
(ii) For all m € Ny, there exist coefficients bg ™ e R with b 7é 0 such that

k
M™g, = Z b;-m)n)‘fj +0 (nAfk*l) ,  asm — oo.
=0

(#ii) For all m € {0,...,k}, there exist coefficients cg-m) c R with ™ # 0 such that

k
div™g, = Z cg-m)n)‘_j +0 (n’\_k_l) ,  asm — oo.

j=m

Claim (iii) of Lemma 2.14 asserts that the discrete derivative divg, for g € C(Z) of the form (2.22), can be
treated in a manner analogous to the continuous derivative g’, once g is naturally extended to a function on
(0,00), as far as the asymptotic behavior is concerned. The following auxiliary claim, which generalizes the
classical Mean Value Theorem, further elucidates the relationship between discrete and continuous derivatives.

Lemma 2.15. Let n € Z, m € N, and g € C([n,n + m]) such that g € C™((n,n + m)). Then there exists
& € (n,n+m) such that

div™ g, = g"(€),
where we denoted g, = g(n).

Finally, we will make use of the Leibniz formula for the discrete divergence (1.5).

Lemma 2.16. For all m € Ny and sequences f,g € C(Z), we have
m
div™(fg) = <m> (div/M™ f) (div™ M7 g),
. J
7=0
where the multiplication of sequences is to be understood point-wise.

a) Proof of criticality: Suppose that p is a p-Hardy weight of order ¢ such that g, > p,(g) for all n > ¢.
Employing the upper estimate in (2.6) for the weight p(g) and the discrete p-Birman inequality (2.1) for the
weight p, we find that

[eS) 4
O S Z (ﬁﬂ - Pn |u7l|p < ZR p7ga (223)
= k=1

for all sequences u € H.

Quick observation of the remainders determined by formula (2.7) reveals that they are all simultaneously
annihilated if we set u = g, i.e. R,(f) (p;8,0) =0 for all k € {1,...,¢} and p > 1. Unfortunately, we cannot
directly substitute u = g to (2.23) since g ¢ H§. To this end, we introduce the following regularization of g.
First, let us define a smooth cut-off function ¢V, for any N > 2, as

1 if 2 < N,
V@) =417 (Z‘Iﬂ%) if N <2< N2, (2.24)
0 if z > N2,

where 7 is a smooth function, such that n = 0 on (—o00,e) and n = 1 on (1 — €,00) for an arbitrary fixed
e €(0,1/2). We set u¥ == ¢Ng for all N > 2, where &Y = ¢N(n) for all n > 1.
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Notice that by definition (2.24), we have ¢V — 1, and therefore u”¥ — g, point-wise as N — co. We will
show that this regularization admits the estimates

1
R (pyg,u™) S ifpe(1,2] and R (pg,uV)S —= ifpe(2,00) (2.25)

log

for all k € {1,...,¢}. Here < means inequality < up to a N-independent constant, which may depend on k or
p. Fatou’s lemma, together with the inequality (2.23), then implies

logP ' N

> ~ o = ~ . N |P . . > ~ N|P
;(pn*pn(g))gﬁf;(pn pn()) Jim_|u| Sl}?ﬁ?@fn:g(”" pn(@)) |un |” =

Bearing in mind that all the terms in the sum on the left are non-negative and g,, > 0 for all n > £ by (A1), we
may conclude that p, = p,(g) for all n > ¢, which proves the criticality of the p-Birman weight p(g).

It remains to establish the estimates (2.25), which will be carried out in the remainder of part a). Recall
that the remainder terms are defined by formula (2.7). Upon replacing the gradient by the discrete divergence,

we obtain
s Ak

R(Z) b3 auN =
1 (pig,u) n;k (divk+lgn)p_1
for all k € {0,...,¢— 1}, and we proceed to analyze the asymptotic behavior of the summands as n — oo, with
N > 2 fixed.
We begin by deducing an upper bound of the first factor
O—k—1) j. k+1
_A;S) ) divkt 9n - pp(—t+1)
(divk"'lgn)pfl ~
for any n > ¢ —k and k € {0,...,¢— 1}, where the unspecified constant is n-independent. By assumption (A4)
and claim (iii) of Lemma 2.14, we observe that

i R(p; divhyg, divkuN)n

(2.26)

20

Cj »
divg, = con®™" VP | 14 Z L™+ O (nmfzéfl) , asmn — oo,
jmmy1 O
where ¢g # 0, for any m € {0, ...,2¢}. Furthermore, the generalized binomial theorem implies

20—m
(div™g,)? Z ¢n@=DE=m=1/p)=j (9< (p_l)(e_m_l/p)_%er_l) ,  asmn— oo, (2.27)
7=0
where ¢y # 0. Using the shift operator (1.6) and the definition of the p-Laplacian (1.7), we may rewrite the
numerator as
—Ag*]‘jfl)divkﬂgn = (—1)fHhHL gh—t1 gyt =k=1 (diylg, P,

-1

hence applying claims (i) and (iii) of Lemma 2.14 to the sequence (divig)?~!, we get

—A](f_k_l)divk"'lgn < k1P and (divkﬂgn)p_1 ~ nP-DE—k=1/p=1)
Inequality (2.26) follows immediately.
Next, we examine the asymptotic behavior of the second factor. Namely, we prove that
np(—k=1/p—1)

QiR Aok, Ny < T T
R(p, div g,le u )TL ~ 1Ogmin{P72}N

(2.28)

for all p > 1, where the unspecified constant does not depend on n nor N. First, we establish the inequality

divkgn div” On 14 nl—k=1/p—1
d' k le Un+1 + k N N W (229)
V divFg,41 V' divFg, 0g

forall N >2 n>¢ and k € {0,...,¢ — 1}. In fact, this result implicitly appeared in [32, Section 2.4] but for
the sake of completeness, we will include the derivation of the inequality nonetheless. By assumption (A4) and
claims (i) and (iii) of Lemma 2.14, we find that

-k
e <,
div In41
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and therefore the left-hand side of (2.29) can be estimated as

divkgn . divkgn 1. . divkgn 1.
& dlvk(ng)nJrl T Tk - dlvk(ng)n S dlvk(gNg)rHl T Tk - lek(gNG)n .
div¥gpn41 div®g, div®g,

Invoking the Leibniz formula from Lemma 2.16, the last expression rewrites as

k .k k
k . o div¥g,, k . o
S <]) (divIMF I g), iy (divFIMIEN ), 4y — % 3 (J) (divI MF =T g, (divF—IMIEN),,
Jj=0 no =0

k
k . )
g§ (,)(diM\/{’“—Jg)n+1
— \j
j=0

Yet another application of (A4) and formulas from Lemma 2.14 reveals that

divFg,1 divVMF g,  14+0(1/n) 1+ 0O (1/n)
divFg, div'MF-ig,.; 1+0(1/n)1+0(1/n)

divig,.1 diviMF-ig,

divF = IMIEN ), — ,
( ) divFg, diviMF—ig,

(divijij)n‘ .

(div/MFg), 1 Sn77VP and =1+p,
where p\/")) = O (1/n), as n — oo, i.e. pt) < 1/n, with p®%) = 0. Altogether, we deduce the upper bound of
the left-hand side of (2.29) in the form

k
> <k> nf=i=1/p (‘(div““Mjé“N)nH’ + ‘p;’“vﬂ(div’”Mﬂ'fN)nD (2.30)
— \Jj
Jj=0

forall N > 2, n>/¢ and k € {0,...,£ — 1}. In order to obtain the desired estimate (2.29), we have to inspect
also the asymptotic behavior of the terms with div™¢ in (2.30). To this end, note that for all x € [N, N?|, we
have

2log N — logx 1
Ny’ _
(fH@—n( . >me7

thus |(§N)’(x)| S 1/(xlog N), where we estimated 1 with max,e(o 1) |’ ()]. It is straightforward to generalize
this bound to higher-order derivatives, i.e.

1
Ny(m) < -
()@ S ey
for all m € N and = > 0. Consequently, Lemma 2.15 implies that
S
~ nmlog N

which is true for any m,n € N and N > 2. By monotonicity of the right-hand side in the variable n, we also
have

|div™elY

1
n™log N
for any j € Ny, from which we infer further upper estimate of (2.30)

k—1 l—k—1/p—1
Z k n[_j_l/p A 1 n l 1 +ne_k_1/p 1 < n /p
= j nk=itllog N = nnk-Jlog N nlogN ~ logN ’

finally arriving at the (2.29).
If p € (1,2], inequality (2.28) follows immediately from (2.29) and definition (2.4) of the corresponding

remainders. If p € (2,00), we must also estimate the second factor in the defining formula (2.4). In particular,
for all k € {0,...,¢ — 1}, we show that

|[div™"MIEY | < (2.31)

|divkuﬁ[|

‘divkﬂum + divftg, <nf~FVr=1 foralln > ¢ —k. (2.32)

divkgn

For any k € {0,...,¢}, Lemma 2.16 implies
koK . , o

diviu) = div (V) = (]) (div/MF =7 g),, (divFIMIEN),,.

=0
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Using claims (ii) and (iii) of Lemma 2.14, together with the inequality (2.31), we infer that
(divIMF=7g),, <nf~97YP  and  (divFTIMIEN), <nik

forall N >2,n>/¢—k,and j € {0,...,k}. Note that the second estimate for j = k follows from the obvious
inequality ¢V < 1. Altogether, we arrive at

divFul) < nf-k-1/p,
Moreover, employing claims (i) and (iii) of Lemma 2.14 once again, we find that
divFT! On _
divtg, ~

s |-

Combining the above inequalities yields the estimate (2.32). Recalling definition (2.4), inequalities (2.29) and
(2.32) amount to the desired inequality (2.28) for p > 2.
Finally, bearing inequalities (2.26) and (2.28) in mind, for all N sufficiently large, we obtain

N2 (0—1—Fk) . k+1 N’
—A div®" g, k1. k N L 1
R (prg.ul) = - R(p; divig, diviu™ ), S — s o
n;—k (le]ﬁngn)p—l 10g {p2} N 7L§—k n

1 N1 1
N 72/ —dn = Ty
log™™ 2y vy n log™™ {p,2}-1 py

for all k € {0,...,¢— 1}, which coincides with the aforementioned inequalities (2.25). The proof of criticality is
complete.

b) Proof of optimality near infinity: Fix an arbitrary M > ¢. Recalling the definition of optimality near
infinity (iii), (2.2), and inequality (2.6), we prove that the weight p(g) enjoys this property by finding a sequence
{’LLN}NZM C Héw such that

oy ke R (p;9,u")

N=oo 320° 0 pn(g) [ul 7
Once again, the idea is to find a suitable regularization of the parameter sequence g so that it becomes an
element of the space H}!. In particular, we set u”¥ = ¢V g, where ¢ is a smooth bump function determined by

=0. (2.33)

0 if z < N,
n(%) if N << N2,

N(z) =41 if N? <@ <2NZ,
. (%) if 2N2 < z < 2N3,
0 if x > 2N3,

where the function 7 exhibits the same properties as in (2.24). Hence, indeed, u™ € H}! for all N > M.
It is straightforward to show that inequality (2.31) still holds, i.e.

for all m,n € N, j € Ny, and N > M. Therefore, the same arguments as in the proof of criticality a) apply,
and we obtain the estimates (2.25) even with uV defined above. Subsequently

1 N2 2N*® 1
R (o 0") S —mmmr— ~+ ~| S —mpr e
k+1( ) 10gm1n {p,2} N n:ZMk n nl:QZ]Vz_k n logmln {p,2}—1 N

for all k € {0,...,¢ — 1} and N sufficiently large, where the unspecified constant does not depend on N nor n,
but may depend on p and k.

In order to finish the proof, we show that with our choice of u”, the denominator in (2.33) is bounded
from below by a positive constant. The above inequality then yields the desired limit. First, we inspect the
asymptotic behavior of the weight p,(g) = —AI(,Z)gn/gfL_1 as n — oo. Recalling the definition (1.7) of the
p-Laplacian, the numerator can be equivalently written as

~APg, = (~1)'s~div (div'g,)" "
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Therefore, claims (i) and (iii) of Lemma 2.14, together with the expansion (2.27), imply
nl/p—é—l 1
> 00—
pn(g) ~ =1 (—1/p) ntp (234)

for all n > ¢. Bearing (A4) in mind, we conclude that

00 2N? 2N? o1 2N? 1

p
S r@' = Y @z > Sz [ dn=log
n=>~_ n=N?2 n=N?2 N2

completing the proof of optimality near infinity.

¢) Proof of non-attainability: Under the additional condition of strict positivity in assumption (A3), we first
extend the lower bounds in (2.6) from H§, to the sequences in H*, for which equality is attained in the p-Birman
inequality (2.1) and both sides are finite. To this end, we first formulate the following lemma, which asserts the
density of the range of the operator V*.

Lemma 2.17. The range of the operator V[\HS is dense in HP.

Proof (of Lemma 2.17). Recalling definition (1.5) of the discrete gradient, it is obvious that V*(H§) C H§ C
#%P. By the Hahn-Banach Theorem, a subspace of a Banach space is dense if and only if its annihilator is
trivial. Consequently the density of V¢(H§) in H? will be established once we prove that if v € (HP)* ~ H"a
satisfies

(v, Viu) = vaeun =0 foralluec M, (2.35)
n=~{(

then v = 0. Moreover, up to the sign, the algebraic adjoint of the discrete gradient is divergence, i.e.
(v, Vu) = (—=dive,u)  for all v € H*? and u € H*P.

Therefore, by taking u = §,,, that is uy,, = dnm, where § is the Kronecker delta, for all n > /¢, in the condition
(2.35), we observe that v solves the linear difference equation of order ¢ with constant coefficients

4
(1) diviv, = (j) (1)1, =0 forall n > /.
=0

It is straightforward to verify that the fundamental system of solutions for the above linear difference equation
is given by the sequences 1,7, ...,n‘~!. Thus, we obtain

-1
Uy = chnj foralln >/
=0

and some coefficients ¢; € C. Furthermore, as v € ¢%(Z), it follows that ¢; = 0 for all j € {0,...,¢—1}.
Combining this with the assumption v € H*, we conclude that v = 0. The proof of Lemma 2.17 is complete. [

Now suppose that « € H* fulfills the p-Birman inequality (2.1) as equality whose (both) sides are finite, i.e.
D IV " = pule) unl” < oo, (2.36)
n=>~¢ n=~¢

hence, specifically V/u € H%P. By Lemma 2.17, there exists a sequence {ulV}_, C HE such that VN — Vi
as N — oo in the norm of ¢?(Z). In particular, the sequence is Cauchy in ¢P(Z).

Since assumptions (A1) and (A2) are satisfied, the Hardy inequality of order /¢, valid on H§, with the weight
p(g), which is non-negative by assumption (A3), implies
p N,M—oc0
Volg)(u” =), < ||V —u™)|| | === 0.

0<| )

Consequently, the sequence {/p(g) u’V}3_, is Cauchy and therefore convergent in ¢?(Z). Denote by v the £P-
limit of /p(g) u™ as N — oc. It is immediate that v € H*P and that, for every n € Z, we have v/p,,(g) ul) — v,
as N — oo. Since p,,(g) > 0 for all n > £ by the strict inequalities in assumption (A3), there exists @ € H* such
that v = v/p(g) % and, in addition, u) — @, as N — oo for all n € Z.

Moreover, the limits of all the above-mentioned ¢P-convergent sequences must coincide with their point-wise

limits, i.e.
Vil = V% and  p(e)uN — p(e) @
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in P(Z) as N — oco. In particular, we have V/u = V%4. This, however, implies u = @, because the linear
operator V! is injective on HY. Indeed, if w solves the difference equation

Véwn =0 foralln>/,

with the boundary condition w, = 0 for all n < ¢, corresponding to the assumption w € H*, we recursively
obtain w, = 0 for all n € Z.
Therefore, recalling (2.36), tending N — oo in the lower estimate in (2.6) for u

14 0o 00
0< > R (g0.0™) < D0V =3 pula) [ul]”
k=1 n=>~_ n=~¢

N je. in

yields that the remainders on the left-hand side must vanish as N — co. In view of definition (2.7), for k = ¢,
Fatou’s lemma entails
Jim R(q: Vg, VM), = R(g: Vg, VT ), = 0
— 00

for all n > ¢. Note that if p € (1,2) (and hence ¢ € (2,00)), assumption (Al) implies in addition that
both V*~lg, and V'g, are strictly positive for all n > ¢, hence the first identity remains valid even for
V¢~ lu, = V" u, 1 = 0 by inequality (2.18).

Similarly as in the proof of Theorem 2.9 in Section 2.1.3, we find that u, = cg,, for some constant ¢ € C
and all n > ¢. From the estimate (2.34) and the asymptotic behavior of the parameter sequence g, given by
assumption (A4), we obtain

1 1
P> _— pto-l
Pu(@)an 2 —pn ~ foralln>¢

Finally, we conclude that

00 > 4
Z:zpn(g) ‘un|p 2 Z:Z n = 00,

whenever ¢ # 0, thus, necessarily, w = 0. The proof of non-attainability and therefore of Theorem 2.10 is
complete. 0

3. EXPLICIT OPTIMAL p-BIRMAN WEIGHTS

In this section, we implement the abstract framework introduced in Section 2 for the parameter sequences
defined by formulas (2.8) and (2.9). Specifically, in view of Theorem 2.10, we focus on verifying assumptions
(A1)—(A4), which will allow us to identify the weights

0p) . _Az(f)gsf’p) ~(L,p) . _Az(f)@g’p)
plP) = W and plr) = W7 (3.1)
defined for all n > ¢, as optimal p-Hardy weights of order /.

The verification of assumptions (A1) and (A4) is straightforward. Assumption (A1) follows directly from
the generalized Mean Value Theorem 2.15, while assumption (A4) is established using the known asymptotic
expansions of the respective parameter sequences.

Conversely, the validation of assumptions (A2) and (A3) is substantially more involved, primarily due to the
nonlinear nature of the p-Laplace operator (1.7). Under the assumption that (A1) holds for k = ¢, the joint
validity of assumptions (A2) and (A3) is equivalently expressed as

(—1)*div*(div’g,)” ™ >0 foralln>0and k€ {0,...,/}, (3.2)
which naturally leads to the notion of completely monotone functions.

Intermezzo: Completely monotone functions. A function f : (0,00) — R is called completely monotone
if and only if it is of the class C'°° and it satisfies the Bernstein—Hausdorff-Widder condition

(=1)FfF)(z) >0 forall k>0 and z > 0. (3.3)
We denote the set of completely monotone functions as
CM :={f:(0,00) = R | f is completely monotone}.

The notion of a completely monotone functions dates back to 1914 and S. Bernstein, who studied functions on
(—00,0) with non-negative derivatives of all orders, i.e. functions satisfying (3.3) after omitting the alternating
sign (—1)*. Such functions are often called absolutely monotone in the literature. This, however, coincides with
complete monotonicity up to a change of sign in the variable. Since then, the properties of completely monotone
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functions have been thoroughly studied as they arise frequently in a wide range of mathematical disciplines,
such as the moment problem, probabilistic theory, and mathematical analysis. Here we discuss their surprising
relevance also in the context of Hardy inequalities.

The often-cited book by D. V. Widder [30] contains a detailed account of the properties of completely
monotone functions. We point out Bernstein’s theorem [30, Theorem 12a], which characterizes completely
monotone functions as the Laplace transform of a positive Borel measure. Namely, a function f : (0,00) = R
is completely monotone if and only if there exists a measure p on [0, 00) such that

flx) = / e "'du(t) forall z > 0. (3.4)
[0,00)
Remark 3.1. The Bernstein Theorem further implies that
(=1)F ) () = / the ®tdu(t) >0 forallk>0and z >0,
[0,00)
which, in particular, shows that f(*)(z) # 0 for all k > 0 and all z > 0, unless f € CM is constant; see also [27,
Remark 1.5]

Moreover, the aforementioned Hausdorff moment problem was studied therein. Analogously to the continuous
case (3.3), a sequence {u,}>2, C R is called completely monotone if and only if

(—1)kdivkun >0 forallk>0andn>0.
We denote the set of completely monotone sequences on Ny as
CM(Np) := {u € C(Np) | u is completely monotone}.

Hausdorff’s Theorem [30, Theorem 4a] provides a necessary and sufficient condition for a sequence {u, }n>0 to
be completely monotone, that it admits the integral representation

1
Uy = / t"dp(t) for all n >0, (3.5)
0

for some finite Borel measure u on the interval [0, 1].

This formula also explains the connection between completely monotone functions and sequences. If f € CM
is right-continuous at 0, i.e. the limit of f(z) as x — 04 is finite, then f,, = f(n) for all n > 0, where f(0) is
defined by the corresponding one-sided limit, defines a completely monotone sequence f € CM(Ny) by Lemma
2.15. On the other hand, if u € CM(Ny), one easily observes that

u(z) ::/0 7 du(t),

where the measure p is given by formula (3.5), defines a completely monotone function u € CM continuous at
0. Consequently, this reduces many problems concerning completely monotone sequences to the more tractable
continuous setting.

We now recall two classical properties of completely monotone functions. For the sake of completeness, we
also include their short proofs. The first proposition asserts that the class CM is closed under multiplication.

Proposition 3.2. If f,g € CM, then also fg € CM. Equivalently CM -CM C CM.

Proof. The proof follows immediately from the Leibniz formula

k
00 =3 (5) a7yt
— \J
J

for any k > 0 and definition (3.3). O

In view of the inequalities (3.2), we are particularly interested in determining whether the positive (p — 1)-st
power of the functions divlg € CM (see Lemmas 3.5 and 3.14) is itself completely monotone. However, a
positive power of a completely monotone function is, in general, not completely monotone. This stability under
positive powers is instead enjoyed by the class of infinitely divisible functions. A smooth function f : (0,00) — R
is called infinitely divisible if and only if

fAeCM forall A > 0.
We denote the set of infinitely divisible functions by ZD.
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Infinitely divisible functions are closely related to another class, the logarithmically completely monotone
functions. A smooth function f : (0,00) — (0,00) is said to be logarithmically completely monotone if and only
if

—(log ) € CM. (3.6)
We denote the set of logarithmically completely monotone functions by LCM.

Proposition 3.3. A logarithmically completely monotone function is infinitely divisible, and hence completely
monotone. Equivalently LCM C ID C CM.

Proof. Obviously, if f : (0,00) — (0,00) is logarithmically completely monotone, then so is the function f* for
any A > 0. Consequently, it suffices to establish the inclusion LCM C CM.

Let f € LCM and define a function g : (—00,0) — (0,00) :  — f(—z). Observe that the function f is
completely monotone if and only if g is absolutely monotone on (b, 0) for all b < 0, i.e.

g®(z) >0 forall k>0 and z € (b,0).
Fix arbitrary b < 0. By definition (3.6) and the Bernstein-Hausdorff-Widder condition (3.3), the function
(b,0) = (0,00) : . — (logg(z)) = —(log f)'(—=) is absolutely monotone on (b,0). Therefore, logg : (b,0) — R
is a non-decreasing function with a finite limit at the point b, thus there exist a constant C' € R, such that
C +logg: (b,0) — (0,00) is absolutely monotone on (b,0). Finally, we deduce that

g(m) — efCeCZHog g(x)
is absolutely monotone on (b, 0) as a constant multiple of a composition of absolutely monotone functions = — e*
and z — C +log g(x). The proof of Proposition 3.3 is complete. O

Remark 3.4. In fact, an even stronger connection between infinitely divisible and logarithmically completely
monotone functions was established, for instance, in [27, Theorem 5.9]: a function f : (0,00) — (0,00) is
infinitely divisible if and only if it is logarithmically completely monotone.

3.1. Parameter sequence as a ratio of Gamma functions. Recalling definition (2.8), we study the prop-
erties of the sequence
(&p) — m for all n € Z. (3.7)

In particular, we verify that the assumptions (A1)—(A4) are satisfied. Consequently, by Theorem 2.10, the
sequence p(“?) defined by formula (3.1), yields an optimal p-Hardy inequality of order £.

Firstly, since the reciprocal Gamma function 1/T" is an entire function on the complex plane with zeros at
the points 0, —1,. .., it follows that g(©») e H*.

We now analyze the behavior of the sequence g(“?) under the action of the discrete divergence operator
defined in (1.5). In particular, we uncover a full analog of the classical differentiation formula for monomials

dkgt—1/p
dzk
By extending the definition in (3.7) to all £ € Z, we obtain the following result.

= (—k+1/q), «*F1/7.

Lemma 3.5. Let £ € Z and k € Ny. Then, for all n € Z, we have the identity
divFg(tP) = (0 — k +1/q), g0 P). (3.8)
Proof. Bearing the operator identity div =S — I in mind, we obtain
k )
for all n € Z. Using the recurrence relation I'(z 4+ 1) = 2I'(z), valid for all z € C, we can further rewrite this
expression in terms of the regularized hypergeometric function (see [9, section 15]) as

k)j (n"‘l/Q)jl
n—L0+1+j) 4!

k J—
divFgléP) = (=1)*T(n + 1/q) Z ;(

= (~1)*T(n+1/q) QFl(k’ n+l/g ’ 1).

n—~0+1

Moreover, since k € Ny, the Chu—Vandermonde identity [9, Eq. (15.4.24)] implies

-k, n+1/q (—0—-1/q+1),
2F1 1)= )
n—~0+1 I'n—¢+k+1)
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hence, in view of the definition (3.7), we conclude that

, I'(n+1/q)
ka(6p) — 1Yk (_yp _ P Sl Ml i VAN
divign (=17 (=¢ 1/Q+1)k1"(n—£+k:+1)

for all n € Z. O

=U—-k+ l/q)kggffk*p)

The explicit formula (3.8) plays a crucial role, as it yields a closed-form expression for the sequence diveg(“’),
thereby substantially simplifying the subsequent computations. This feature is the main motivation for working
with the sequences g(“?) rather than with §(“»). Lemma 3.5, in turn, directly implies the following corollary.

Corollary 3.6. Let £ € N. Then the sequences g\“P), defined by (3.7), satisfy the assumption (A1), i.e.
VFgP) >0 foralln > € and k € {0,...,¢}.
Proof. By definitions of the discrete gradient and divergence (1.5), Lemma 3.5 implies
VEgltr) = (0 —k+1/q), g\ " > 0

for all m > £ > k > 0. The strict positivity follows directly from the defining formula (3.7). O
Moreover, the complete monotonicity of the sequence
1\ T 1
divig(tr) = () Lo+1/9) g ann >0, (3.9)
a/, T(n+1)

also follows directly from formula (3.8). In the subsequent proposition, we demonstrate that this sequence, in
fact, satisfies even the stronger condition of logarithmic complete monotonicity (3.6). The assertion is a direct
consequence of the more general result [I, Theorem 10]. Nevertheless, for the sake of completeness, we include
a brief explanatory proof.

Proposition 3.7. Let ¢ > 1. Then the function
I'(z+1/q)

G:(0,00) = (0,00) : & > TG T 1) (3.10)
1s logarithmically completely monotone.
Proof. Observe first that G(z) > 0 for all x > 0. We temporarily introduce the auxiliary function
H(z) = —(logG(z)) =¢(x+1) —¢(x+1/q) forall z >0,
where ¢ denotes the digamma function, which admits the integral representation [9, Eq. (5.9.16)]
P(z) = 1;/((;)) = -7+ /000 % dt for all x >0, (3.11)

and v € R denotes the Euler—Mascheroni constant. Substituting this representation into the definition of H

yields
eS] . e—t/q _ e—t
H(.’I]) = ‘/0 e t 1_76_)5 dt,

so that H can be written as a Laplace transform of the form (3.4). Since ¢ > 1, the density of the associated
Borel measure (=9 — e~*)/(1 — e~?) is strictly positive for all + > 0. Consequently,

oo —t/q _ ,—t
(_1)ch(l~c) (:E) — / e—mttk e €
0

————dt>0
for all k € Ny and all > 0. It follows that H € CM, and therefore G € LCM. a

1—e
Corollary 3.8. The sequences g\“P), defined by (3.7), satisfy the assumptions (A2) and (A3). In fact, we have
the strict inequalities
(—1)kdiv* (divzg%’p))p_1 >0 foralln>0 and k> 0. (3.12)
Proof. As a direct consequence of Propositions 3.7 and 3.3, the function G, defined in (3.10), belongs to the

class LCM, and hence to ZD. Recalling also the formula (3.9), the right-continuity of G at zero, together with
the Mean Value Theorem 2.15, implies that, for any A > 0, we have

(—1)kdiv* (divzgg’p)))\ >0 foralln>0and#k >0,

where the strict inequality follows from Remark 3.1. In particular, the choice A = p — 1 > 1 reproduces
inequalities (3.12), which, in turn, guarantee that the assumptions (A2) and (A3) are satisfied. O
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Finally, we recall the asymptotic expansion for the ratio of Gamma functions [9, § 5.11(iii)]:
Iz + a)

T(z +b) xa_b2$, as ¢ — oo, for all a,b € R,

where the coefficients G (a,b) are explicitly determined in terms of generalized Bernoulli polynomials ng) [9,
§ 24.16(1)] as

—-b ae
Grla,b) = (“ . >B§c "(a) for all k € N,
in particular, Go(a,b) = 1.

Corollary 3.9. The sequences g\“P), defined by (3.7), satisfy the assumption (A4). In particular, g"“?) admits
the asymptotic expansion

— Gr(1/q, 11
gif?) ~ né_l/pz Giell/a,1-0) /TqL,; ), as n — oo.
k=0

In light of Theorem 2.10, the results established in this section collectively yield the following theorem, which
we regard as the second main result of this paper.

Theorem 3.10. Let £ € N and p > 1. Then the sequence

0 (¢, - I —1
PP = A g = (p l)p 1 11y 1 (3.13)
" (g%’p))p ! P /e (n—ﬁ—&—l—l/p VPt o (n—L€+ I)Jp_l gl

for all n > £, where g\“P) is given by (3.7), is an optimal discrete p-Hardy weight of order (.

Remark 3.11. If p > 2 is an integer, the weight p(*?) can be represented in terms of generalized hypergeometric
functions [9, § 16] as
1) |

p—1 1 1
p%p):(p—l) 1 pr1<—£,n—£+1—p,...,n—€+l—p
p )i (n—t+1-1/p)F7" n—f+1,...,n—0+1
for all n > £. In particular, for p = 2, an application of Lemma 3.5 yields the further simplification
o _ (LY ! (LY L (3.14)
P =\2), ntn—1/2)n—1)--(n—(+1/2) ~ \2), n2*’ '
for all n > ¢. Consequently, this provides an additional, more explicit example of an optimal Hardy weight of
order £ in the linear case p = 2, thereby expanding the family of such weights constructed in [32, Section 3].

Remark 3.12. In view of Remark 2.12; we further observe that the parameter sequences

[(n+s)
EP)(s) = ———— 2 forallneZ
gy, P (s) T+ 1)’ or all n € Z,
generate discrete p-Hardy weights of order ¢, given by
1
_A(Z)ggfap) s B ¢ (- n €—|—s)p 1
PP (s )::H = (s)P7! T i foralln>¢,
(a7 (s)) <n—f+s < n_eH) jt

which are critical if s € (0,1/¢], non-attainable if s € [1/¢,1), and optimal near infinity if s = 1/q.

3.2. Parameter sequence as a linear combination of monomials. Motivated by the specific choice of the
parameter sequences in (9), as well as by the optimal first-order p-Hardy inequality (7), we also analyze our
second candidate g(“?) defined by (2.9).

For n € Nand k € {0,...,n — 1}, we denote by

s(n, k) = (=1)"+F > i1h ik
1<ip < <ip_p<n

the (signed) Stirling numbers of the first kind (see [9, § 26.8]). By convention, we additionally set s(n,n) =1
for all n € N. Using the combinatorial identity [9, Eq. (26.8.7)], we obtain

l—1 J4
| (PR SR @19
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for all n > 0.

It is evident that §“?) € H® automatically satisfies assumption (A4). We now proceed to verify assumption
(A1).

Proposition 3.13. The sequences §“P), defined by formula (3.15), satisfy the assumption (A1), i.e
V) >0 foralln > € and k € {0, ..., ¢}, (3.16)

Proof. Notice that since gi?) € H® by (3.15), it suffices to show inequalities (3.16) for k& = ¢. Indeed, by
definition of discrete gradient (1.5), vfgﬁf P) 5 0 for all n > ¢ means that the sequence V¢~1g“P) is strictly
increasing on {£ — 1,¢,...}. Since V¢~1g?) ¢ H’ hence Véflgy_”{) = 0, we conclude that folgﬁf’p) > 0 for
all n > ¢. Tteration of this argument yields (3.16) for all k € {0, ..., ¢}.

In order to finish the proof, we establish the inequality

Vi >0

for all n > £. The key idea is to examine the natural extension of the sequence §{**) to all positive real numbers,
defined by
-1
ghP) () = = 1/p H(x - ), (3.17)
j=1
and make use of Lemma 2.15, which implies that for any n > ¢ there exists £ € (n — ¢, n), such that

iy den
n dzt
Furthermore, bearing (3.15) in mind, we have
‘g d ;
e Zs ,7) —xj Up — Zb( P) pi—t=1/p (3.18)
r j=1 j=1
for any = > 0, where
-1

b = (~1) (6, ) [[ i = k= 1/p] > 0

for all j € {1,...,¢}. The desired inequality follows immediately. a
Recalling the operator formula div =S — I, we define the function
¢
~ N L -
G:(0,00) = R : 2+ divigP) (z) = Z (j> (=1 5P (1 4 5), (3.19)
j=0

where §(?) is given by (3.17). Observing that higher-order derivatives of the function g(“?) in (3.18) begin to
change sign, we arrive at the following lemma.

Lemma 3.14. The function G : (0,00) — (0,00), defined by formula (3.19), is completely monotone.

Proof. Consider an arbitrary k € Ny. Evidently, for any z > 0, we have
k dk
oF div'gP) (z) = (—=1)kdiv* - g ().
Therefore, by Lemma 2.15, we readily infer that there exists £ € (x,z + ¢) such that
- dttkger)
(‘UkG(k)(iﬁ) = (—1)kw(f)

Furthermore, recalling formula (3.15), we find that

(~)*GW () = (-1)*

X d€+kg(€71))

k
-1) dpttF Zs d Tk
Jj=1

0
i ¢ ke
x] 1/p :ch' J’)xj l—k—1/p

j=1

for any = > 0, where
k-1

P = (—1)F (=) s, 5) T 17 —m—1/pl >0

m=0
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for all j € {1,...,¢}. Altogether, we conclude that
(-1)*G®)(z) >0 forall k>0 and z > 0,
hence the function G is completely monotone. (Il

The generalized Mean Value Theorem 2.15 ensures that div'g(é?) € CM(Ny) as well, thus inequalities (3.2)
are fulfilled if the exponent p — 1 is omitted, in fact

(=1)*divFdivig&?) >0 for all n >0 and k > 0.

In contrast to the function G € LCM defined in (3.10), we were unable to establish the logarithmic complete
monotonicity of @, and consequently we could not derive the inequalities in (3.2) for arbitrary p > 1. Never-
theless, by imposing suitable restrictions on the admissible values of £ € N and p > 1, we can infer the following
result from Lemma 3.14.

Proposition 3.15. Assume that one of the following conditions is satisfied:
(i) £ € N and p > 2 is an integer,
(i) € € {3,4,5,6,7} and p > 2,
(iii) =1 or€=2andp>1.
Then the sequence §P), given by (3.15), satisfies the assumptions (A2) and (A3), i.e.

(—1)kdiv* (diveﬁgf’p))p_l >0 foralln>0andke{l,... 0}

Proof. The proof is carried out in three separate steps, each corresponding to the fulfillment of the conditions
(1), (ii), and (iii), respectively.

a) Let £ € N and p > 2 be an integer: Recall that the set of completely monotone functions is closed under
multiplication by Proposition 3.2. Consequently, from Lemma 3.14, we infer that GP~1 € CM and, by Remark
3.1 and Lemma 2.15, also

(—=1)FdivF (divig©®)" ™' > 0 for all n >0 and k > 0. (3.20)
In particular the inequalities hold for all k € {1, ..., ¢}, which completes the proof of part a).
If p > 1 is non-integer, the validation of inequalities (3.2) is much more complicated. In contrast to part a)
of this proof, the inequalities will only be established for k € {0,...,¢}, for which reason we introduce the
following notation; see [28].

Let N € N* := N U {oo}, the function f : (0,00) — R is called completely monotone of order N if and only
if it is of the class CV and

(-1)kf®(z) >0 forall ke {0,...,N} and z > 0.

The set of completely monotone functions of order N is denoted as CM™Y | in particular, we have CM* = CM.
Furthermore, we define the set of functions, whose positive power is completely monotone, as

CM = {f : (0,00) = [0,00) | f* € CM™}
for any A > 0 and N € N*. In particular, we have CMY = CM?" and we abbreviate the notation if N = oo as
CMy, = CMY. .
Invoking Lemma 2.15 once more, we observe that in order to show (3.2), it suffices to establish G € C/\/lf;,l.
To this end, we will make use of the following results from [28, Theorem 4| and [29].

Lemma 3.16. The following inclusions hold true:
(i) For any N € {0,...,5}, we have CMY c CMY if 0 <k <\
(ii) For any N € {0,...,7}, we have CM  C CMY if A > 1.

Remark 3.17. Furthermore, the authors show that both claims of Lemma 3.16 fail to hold for sufficiently large
N, thus the following strategy cannot be extended for all ¢ € N.

b) Let £ € {3,4,5,6,7} and p > 2: Let us recall that G € CM by Lemma 3.14. Invoking claim (i) of Lemma
3.16 with A =p —1 > 1, we observe that G e C/\/lf,fl. The statement then stems from the generalized Mean
Value Theorem 2.15.

¢) Let £ =1 or £ =2 and p > 1: For ¢ = 1, the inequality is obvious. In fact, one straightforwardly observes
that g(“P) always satisfies (3.2) with strict inequalities for k = 1, i.e.

(divige) ™t > (divig!?)P ™ foralln >0, (3.21)
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by Lemmas 3.14 and 2.15 and Remark 3.1. For ¢ = 2, we shall make use of the following auxiliary statement.
See [24, Theorem 7] for the proof.

Lemma 3.18. Let N > 1. Then for any f € CMNTL, the function fY/N is convex.

Let us temporarily denote H = div?§®?). By Lemmas 3.14 and 3.18, we have
!/ 1 "
(Hl/N(x)) = FHNN@)H' (@) <0 and (Hl/N(x)) >0

for all N > 1 and = > 0, therefore H € CMf/N. Employing also claim (i) of Lemma 3.16, we conclude that

H € CM3 for any A > 0, hence, in particular, H € CMf,fl. Quick application of Lemma 2.15 reveals the
desired result once again. The proof of Proposition 3.15 is complete. (I

In view of Theorems 2.9, Propositions 3.13 and 3.15 together imply that the sequences ), defined by
(3.1), constitute p-Hardy weights of order £, which are non-attainable in H§, for all combinations of £ € N and
p > 1 specified in (i), (ii), and (iii).

In fact, a multitude of numerical tests using a suitable CAS such as Wolfram Mathematica suggest that not
only G € CM, but also G € LCM. Consequently, we expect the following conjecture to hold true.
Conjecture 3.19. Let £ € N and p > 1. The sequence p“P), given by (3.1), i.e.

£)~ (¢,
Sep) — -85
n ~ (¢, —1
(87"
for all n > ¢, where §°P) is defined by (2.9), is an optimal discrete p-Hardy weight of order £.

Remark 3.20. In the cases where £ = 1 or p > 2 is an integer, the hypothesis is an immediate consequence of
Theorem 2.10 and the strict inequalities (3.20) and (3.21). In particular, for £ = 1, we extended the first-order
p-Hardy inequality (7), originally derived by Fisher—Keller—Pogorzelski in [13], to complex-valued sequences
and, in addition, we established that the weight pFXP = 5(1:?) is not only null-critical, but also optimal in the
sense of Definition 2.1.

4. CLASSICAL p-BIRMAN INEQUALITY

In this section, we derive a discrete analog of the classical p-Birman inequality (10) on the half-line. Specifi-
cally, we establish the following theorem, which we regard as the third main result of this work.

Theorem 4.1 (classical discrete p-Birman inequality). Let £ € N and p > 1. Then the inequality
- e, P p—1 = |Un|p
Svml = (7)o 28
n=

n=~
holds for all u € HE§ and the constant appearing on the right-hand side is optimal.

p
y4

Remark 4.2. Inequality (4.1) can be equivalently written in discrete integral form. By solving the difference
equation V¢u,, = v, for n > ¢, with the initial condition u,, = 0 for n < ¢, one finds

n

Uy = Z Vg, = Z (n+§:11_j) v;

<k < <he<n j=¢

for n > ¢. Substituting into (4.1) yields the inequality

Sur () 5

n=»~¢ n=>~¢

1 n+l—1—k b
WZ( -1 )U’f

k={

(4.2)

for any v € Cy(N). In fact, using Fatou’s lemma, inequality (4.2) extends to all complex sequences v. After
shifting the index, Theorem 4.1 states that the generalized discrete Hardy operator

1 - “1-
HOy — L Z (n+€ 1 k) .
n —_1\¢ {—1
(n+£-1) Pt
is bounded on ¢?(N), for all 1 < p < oo, with the operator norm equal to 1/(1 — 1/p).

The classical discrete p-Birman inequality (4.1) will be determined using two distinct methodological ap-
proaches:
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e First, we derive a lower bound for the optimal weights p(“?), defined in (3.1), and demonstrate that
these weights yield an improvement over the corresponding classical weights on the right-hand side of
(4.1).

e Second, we establish a Copson-type inequality with power weights of the form n?. This inequality is
then applied iteratively in order to obtain the classical higher-order p-Hardy inequalities.

Finally, in Section 4.3, we derive the continuous p-Birman inequality (10) from its discrete counterpart and
establish the optimality of the p-Birman constant

B = <pl>p : (4.3)

P /e

demonstrating that this value remains sharp also in the continuous setting. The Sections 4.2 and 4.3 closely
follow our recently published paper [33], which extends the framework of [18] to the general case p > 1.

4.1. Lower bound for the optimal weight p?). By detailed analysis of the optimal p-Hardy weights of
order /
0 (e, -1 -1 ¢ . -1
p0p) — —A gl (1>p [F(" —(+ 1>r S 1y (5) F(n —(+j+1/9)]" (4.4)
)y \de [Tt/ i) LT —t+j+1) 4

we will prove our next principal result:

=0

Theorem 4.3. Let £ € N and p > 1. Then the sequence p“P) | given by formula (4.4), satisfies the inequality

»
pléP) > (p—l) % for alln > £.
p p NP
Proof. The proof will be carried out separately for the cases £ = 1 and ¢ > 2, because Lemma 4.5, which plays
a pivotal role in the latter case, does not remain valid in the regime ¢ = 1.

a) The case £ = 1: Since for £ = 1 the weight pIP) assumes a relatively simple form, we establish an even
stronger result: namely, that this weight admits a convergent series expansion in negative powers of n with all
coeflicients strictly positive, and with the leading coefficient coinciding with the classical p-Hardy constant. By
formula (3.13), we have

ot = @ [<n T nl] - (zlz)” Kl - p1n>‘ !

for all n > 1. Moreover, the generalized binomial theorem yields the series representation

() B

k=1

which is valid for any n > 1, given that p > 1. Taking also into account the elementary identity

(; ;’1’)(_1%+1 = (p(;i)l(i)k for all k > 0,

after shifting the index k, we finally obtain

p p
(p) _ (P=1 () 1 1 p—1y 1 45
& < p ) ,; P itk T\ ) (145)

for all n > 1.
b) The case £ > 2: We now estimate the two factors appearing in (4.4) separately, by means of the following
two lemmas.

Lemma 4.4. Let £ € N and p > 1. Then the inequality
—_ > p
Tn+1/g) ~ nf"
holds for alln > .



26 BC. JAKUB WACLAWEK

Proof (of Lemma 4.4). By using the recurrence relation I'(n +1) = nT'(n), which holds for all n > 1, iteratively
¢ times, we obtain

I'n—£+1) 1 I'(n+1) 1 T(n+1)

> )
I'(n+1/q) nn—1)---(n—L+1) T(n+1/q) = nf T'(n+1/q)
Application of the Gautschi inequality [9, Eq. (5.6.4)]

T 1
i ng_—s; <(z4+1)"* forallz >0ands € (0,1), (4.6)
withz =n>¢>0and s =1/q € (0,1), to the last term, yields the claim of Lemma 4.4. ]

Lemma 4.5. Let £ > 2 and p > 1. Then the inequality

>0 (§) ] 2 (3), v

=0

holds for all n > £.

Proof (of Lemma 4.5). The proof will be divided into two steps. First, we replace the ratio of Gamma functions
on the left-hand side of the inequality with a more tractable power sequence. Second, we obtain a lower bound
for this new sequence that coincides with the right-hand side of the inequality above.

Step 1: We derive the inequality

S ()Pt e S Ym0

j=0 J

for all n > ¢ > 0, or, equivalently

. L(n+1/q)\’ ! 1
£3: €
(—1)"div [( CEE) 77(71 /s >0 forallZ>0andn>0.

Recalling the definition of complete monotonicity (3.3), together with the generalized Mean Value Theorem
2.15, the latter inequalities will be established once we show that the function

F:(O,oo)%R:xH(w>_ _(95—1—11)1/‘1

is completely monotone, which shall be done in the remainder of this step.
First, we demonstrate that the function

1p D@+ 1/9)

I(z+1)
is logarithmically completely monotone, refining the result of Proposition 3.7; see (3.6) for the corresponding
definition. Observe that the function g is indeed strictly positive and temporarily denote the auxiliary function

g:(0,00) = (0,00) : z — (z+1)

1
h(x) = —(1 "= 1) — 1/q) — ——= forall z > 0.
(x) (logg(z)) =v(x+1) —(z+1/q) o) or all z
Invoking the integral representations (3.11) for the digamma function ¢ and
1

= / e” @Dt qt  for all z > 0,
z+1 0

we write the function h as a Laplace transform (3.4) of the form

> —xt . ¢ et/p —1 1
h(z) = e k(t)dt forall z >0, with k(t):=e ot o for all t > 0.
0 —e D

Elementary computations reveal that the density & is strictly positive on the interval (0,00), from which we
infer h € CM, and therefore g € LCM.

From the Gautschi inequality (4.6), we additionally deduce that g(x) > 1 for all x > 0. Therefore, in view
of Proposition 3.3, which asserts that logarithmically completely monotone functions are infinitely divisible,
it follows that g?~! — 1 € CM. Finally, multiplying this function by the completely monotone function = +
(z +1)71/4, we conclude that F' € CM as well, by Proposition 3.2.
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Step 2: We further estimate the right-hand side of (4.7) as

,io(_l)j (j) (n—¢ —i—lj ¥ 1)l/d 2 CI)@ ﬁ (4.8)

J

for all n > £ > 2 (note that the inequality fails for £ = 1). To this end, we will make use of the integral formula

> (A
/ et dt = (A), valid for all X,z > 0, (4.9)
0 X

and rewrite the left-hand side of the latter inequality as

)4 /¢ 1 1 ‘ ¢ -
1yt , = —1)7 (" / tl/a-tom =ttt gy,
_:0( ) (J) (n—C+j+1)Ye  T(1/q) ':0( ) (3> 0

J J

Moreover, upon interchanging the order of summation and integration, an application of the binomial theorem

reveals
S ()

Jj=0

9 00
/ tl/q—le—(n—£+j+1)t dt = / tl/q_l(l _ e—t)le(é—l)te—nt dt.
0 0

Next, we estimate the integrand

t_ 1 4
(1—e Hfelt=Dt >4 or equivalently (6 ; > > el

Since (e — 1)/t > 1 for all t > 0 and ¢ > 2, it suffices to verify that

2
(et — l> > et,
t

which, after taking square roots, stems from the elementary inequality sinh¢/2 > ¢/2 for all ¢ > 0.
Subsequently, invoking the identity (4.9) once more, the above integral is bounded from below as

h /a1 — e~ t)lell= Vet gt > T /a1 gont gy - D V)
0 ~Jo PYASYPEE

which, in turn, implies the desired inequality

‘ it 1 re+1/q) 1 (1 1
Z(_l) <J) (n—L0+j+ 1)1 = I'(1/q) nttl/a <q>£ nt+1/q

§=0
for all n > ¢ > 2. Combining inequalities (4.7) and (4.8) concludes the proof of Lemma 4.5. O

Finally, from Lemmas 4.4 and 4.5, we obtain the desired estimate

p—1 P
o) 5 1 1 nl/a 1 L _(p=1\ 1
n q ) n(P_l)z q ) n[‘f‘l/q D ’ neP

for all n > £. The proof of part b), and therefore of Theorem 4.3 is complete. (]

As an immediate corollary, we are now able to prove Theorem 4.1.

Proof (of Theorem 4.1). Since, by Theorem 3.10, the sequences p(‘*) constitute (optimal) p-Hardy weights of
order ¢, Theorem 4.3 yields, in turn, the classical p-Birman inequality

I Y s D
n=~{ n=>~{ p £ op=¢ n

for all u € HY5. Notice that this inequality is sharp for every nontrivial sequence u # 0. Moreover, it is
straightforward to verify that
¢ p—1\" 1
pﬁl"p) ~|\—— | =, asn— oo
p p WP
Therefore, the optimality near infinity of the weights p(“?) implies the optimality of the p-Birman constant on
the right-hand side. The proof of Theorem 4.1 is complete. O
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In [32], we investigated another remarkable property of the optimal Hardy weights p of order ¢, defined

in (9). In analogy with the expansion (4.5) of the weight p(1?), we proved that pgf) admits a convergent series
representation in negative powers of n, whose coefficients are all non-negative (and, in fact, strictly positive
for ¢ > 2) for every n > ¢. This representation is particularly useful, since including additional terms of the
truncated series yields progressively tighter Birman inequalities with very explicit weights.

We observed the same behavior also for the optimal first-order p-Hardy weight pFXP = 5(12) introduced by
Fisher, Keller, and Pogorzelski; see definitions (8) and (3.1). This phenomenon was originally conjectured in
[13] and subsequently established in [31] using the theory of Herglotz—Nevanlinna functions. In contrast, the
proof of the expansion (4.5) for the new weight p(1:?) is considerably more elementary.

For higher-order weights, the situation becomes substantially more intricate. Nevertheless, numerical exper-
iments indicate that the following conjecture is valid. We will establish this conjecture in the cases £ = 1 or

p=2.
Conjecture 4.6. Let { € N and p > 1. Then the sequence p“P), given by formula (3.13), admits a convergent

series expansion
(¢,p)
p—1\' ¢ 4
plep) = ( 5 ) Znél;ﬂc for allm > ¢,

k=0

with A,(f’p) >0 for all k>0 and Aéé’p) =1.

Proof (for £ =1 or p=2). For £ = 1, the expansion is given by formula (4.5), with
A(l,p) _ (p)k 1

X = Pl N for all £ > 0.

On the other hand, in the special case p = 2, the weight p(®?) reduces to the expression given in (3.14).
Consequently, invoking the identity [9, Eq. (26.8.11)], we have

2 oo
1 S20—-1+k,20—-1) 1 . S(20—1+k,20-1)
0,2) __ ) (l,p) )
P2 = () Z o R e AV = oF
£ k=0
for all £ > 0, where
S(n, k) = Z 1rgi2 gk for allm € Nand k € {0,...,n — 1},
J1seeJk >0

Jittie=n—k
denote the Stirling numbers of the second kind, with the convention S(n,n) =1 for all n € N. |
4.2. The Copson inequality with negative exponents. Here, we prove the classical p-Birman inequality

(4.1) by an iterative application of a weighted discrete p-Hardy inequality, similar to the classical Copson
inequality

[e%e] _ -1 p

S [Funl = (P ) Y (410)
p

n=1 n=1

where u € H} and 0 < o < p— 1. The non-negativity of o in (4.10) is essential, as the inequality fails for o < 0,
which is precisely the regime required for our proof of (4.1). If o < 0, a slightly smaller weight is required on the
right-hand side. We present this version of Copson inequality in the next theorem, as it may be of independent
interest. Copson’s original work [1] contains a proof of (4.10), while the optimality of the Copson constant

o) . p—o—1\"
clo) = <p> (4.11)

is established, for example, in [2, Corollary 3].

Theorem 4.7. Let 0 < 0 and p > 1. Then the inequality

= o D p—o—1 s o— p
Zn [Vu,[" > ) Z(n—i— 177 P |u,|”, (4.12)
n=1 n=1

holds for all w € H} and the constant appearing on the right-hand side is optimal.
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Proof. We prove (4.12) by choosing V,, in Theorem 2.3 as a power sequence and g, once again, as a suitable
Gamma ratio. In particular, we set

0 ifn=1 0 ifn=20
Vi, = ’ = ’ 4.13
" {(n—l)" ifn>2 O {F(n+1—";1)/r(n) ifn>1. (4.13)

Since for all n > 2, we have
o+1
p—o—1T(n-2)
n— Yn—-1 = >07
fn = P I'(n)

the sequence g is increasing. As the other assumptions of Theorem 2.3 are fulfilled trivially, we obtain the

inequality
o0
Z n—1)7 |Vu,|” > an [tn|”
n=2 n=2

for all u € H3 (here we additionally require that u; = 0), where

d. p—1 " o _ 1 p—1 1
po =~ VO ) (p 7 ) nP+1 H<) (4.14)
(gn)p_ p n
and H is an auxiliary function defined on the interval [0,1) by
1 _ o
H(x) — <—x)71 -1
(1-=ay’
P
In order to establish the inequality (4.12), it suffices to show that H satisfies
—o—1
H(x) > % x  forall x € (0,1). (4.15)

Since H(0) = 0 and H'(0) = (p — 0 — 1)/p, inequality (4.15) can be written as H(z) > H(0) + H'(0)z, and so

it holds true if H is strictly convex on (0,1). A routine calculation yields

p—o—1 (1—x)°2

P2 (1 . L'HLE)p-H [
P

H'(z) = (p— o)1 +0)*2® = 2(1+0)(p— o)z +p(l—0)].

Since the discriminant 40(1 + o)?(p — 1)(p — o) of the quadratic term is negative, we conclude that H” (z) > 0
for all z € (0,1), indeed.

Furthermore, in complete analogy with the proof of Theorem 2.10 in Section 2.1.4, one can verify that the
weight p, defined by (4.14), is optimal (the notion of optimality given in Definition 2.1 can be extended in a
straightforward manner to the setting of weighted Hardy inequalities). In particular, p is optimal near infinity,
and hence the optimality of the Copson constant (4.11) on the right-hand side of inequality (4.12) follows
immediately from the asymptotics

—og—1\¢

Pr ~ <pg> n? P, asn— oo.
p

The details are left as an exercise for the reader. See also Remark 4.13 for an alternative proof of the optimality

of the Copson constant. The proof of Theorem 4.7 is complete. O

Remark 4.8. The Copson inequality (4.10) can also be established using the approach described above. Assuming
0 <o <p-—1, we apply Theorem 2.3 with V,, := n? and g,, defined in (4.13). This yields the inequality

> 07 [Vunl” 2> pn fual” (4.16)
n=1 n=1
with p,, given by (4.14), but with the function H redefined on [0, 1] by

H(z) = (1 _ "; lx)l_p (1+2)°.

Although this version of H is no longer convex on (0, 1), inequality (4.15) remains true and can be verified
as follows. First, we observe that H(?1+1)(z) > 0 for all + € (0,1). Noticing also that H(0) = 0 and
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H'(0) = (p — o — 1) /p, the Taylor-Lagrange formula implies, for any x € (0,1), the existence of £ € (0,1) such
that

71 k) ([o1+41)
p—o—1 H®(©0) ,  H ©) ro141
H e — o
o P x+kZ=2 N (P SV I

from which the desired inequality follows if H®*)(0) > 0 for all k € {2,...,[0]}. To verify also the last claim
and finish the proof, we estimate

(p+k—2)p+k—3)---(p—1)
pk

1 1
> (1—p> (c+1)F —o"> (1—U+1) (c+ 1)~ =0+ 1)1 —c">0.

H®(0) = (c+1D)f—a(c—1)---(c —k+1)

Furthermore, inequality (4.16), once again, offers an optimal version of the Copson inequality, which can be
of independent interest, as the existing literature on such refinements, for example [5, 6, 7|, seems to consider
only the special case p = 2.

Proof (of Theorem 4.1). Here, we restrict our attention to establishing the inequality (4.1). An alternative

proof of the optimality of the p-Birman constant By (6 , distinct from the argument developed in Section 4.1 and
independent of the optimal weights obtained in Theorem 3.10, is provided in Remark 4.13.

The proof proceeds by induction on ¢ € N. For the base case £ = 1, inequality (4.1) coincides with the
classical p-Hardy inequality (1).

Assume ¢ > 2 and pick u € H§. Recalling definitions of the discrete gradient and divergence (1.5), we have
the identities div = VS = SV and divV = Vdiv. It follows that

> > = |divu, |
D_IViunl" = 3 [V diven " > B Y e
n=»~¢ n=~—1 n=~—1

where we applied the induction hypothesis on the sequence divu € 7—[671. Using once more the identity div = VS
and applying the already proven inequality (4.12) with 0 = —(/—1)p < 0 and the sequence Su € H}, we further

estimate
o [divu,[” |VSUT,| 1 e)p) |Sun|

Shifting the index in the last sum and noticing that B,(, - C’,(;(l_e)p) = B;,e), see formulas (4.3) and (4.11), the
above inequalities combine to

- e, |P () = |unl”
D |Viun|" = BO
n=4~¢ n=>~
The proof of inequality (4.1) is complete. O

4.3. Continuous p-Birman inequality. In this section, we derive the continuous p-Birman inequality from
its discrete counterpart (4.1), following an approach utilized for p = 2 in [18]. Beyond the fact that the transition
from discrete to continuous inequalities is interesting in itself, this step is motivated by two other objectives.
First, it provides an alternative proof of the p-Birman inequality to the standard procedure, which naturally
avoids the discrete formulation and is indicated in Remark 4.12. Second, we take advantage of this passage to
prove the optimality of constants in Theorems 4.1 and 4.7 in Remark 4.13.

Theorem 4.9 (continuous p-Birman inequality). Let £ € N and p > 1. Then the inequality

/Ooo | (2)[" dz > (p;l): /OOO |¢g(:Z2|P de, (4.17)

holds for all ¢ € C§°(Ry) and the constant appearing on the right-hand side is optimal.

The proof will be developed progressively over the course of this section. We begin by establishing inequal-
ity (4.17), after which we demonstrate the optimality of the p-Birman constant Bz(,e) in (4.17). Prior to the
proof of inequality (4.17), we state a preparatory lemma that relates the discrete derivatives to the continuous
ones.
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Lemma 4.10. For N >0, n € Ny, and p € C°(R.), we denote vYY = o(n/N). Then for any £ € N, we have
1 n 1
Y ¢
V’l}n—]\mtp()(N)“rO(W), as N — oo,

uniformly for allm > £, i.e. the constant hidden in the Landau O-symbol is n-independent.
Proof. By definition (1.5), we have
I
4
v = S () )
k=0 k
Moreover, applying the Taylor—Lagrange formula, we obtain

) |
N n—Fk\ 1 (y/n —k\’ 1
”n—k“"( N )Zﬂ@(”(w) (N) O\ )

=0

where the constant in the Landau O-symbol can be taken n-independent since ¢ € C3°(R4). It follows that

£

e -0 () [$0 () () -0 ()

k=0 j=0
¢y [l | o
G (B (] e ) o ()

as N — oo, uniformly in n > ¢. Now, it suffices to apply the identity [9, Eq. (26.8.6)]

¢ .
AN 0 f 14
Z(_]‘)k (k)kj = { i Or]. =5
P (=Dt for j =2,
to the term in the square brackets to finish the proof. O

Proof (of inequality (4.17)). First notice that, by scaling of the variable x in both sides of (4.17), it is sufficient
to prove the inequality for test functions ¢ supported in (0, 1).

Fix ¢ € C§°(0,1), £ € N, and define v)Y := ¢(n/N) for all n € Ny and N > 0 sufficiently large, such that
vN =0 for n < £. Since also v = 0 for all n > N, applying Lemma 4.10, we infer that

SV = ST = 3 L ()0 (e )| = s S| (2o ()
n=~{ ! n=1 ! n=1 Nt N NEH N n=1 N N )

as N — oo. For the sequence u := N*~1/PypN it follows that

[e) N
Z’Véump = % Z ‘(p(é) (%)‘p +0 (]1[) , as N — oo.
n=»~¢ n=1

Since also u?Y =0 for n < £ and n > N, we may apply the discrete p-Birman inequality (4.1) to obtain

2wl G o ()= (5 - (5 s

£ p=1

for N — oco. Recognizing the Riemann sums and taking the limit N — oo in the above inequality, we arrive at
the desired integral inequality (4.17). O

Remark 4.11. We remark, without going into details, that one can proceed analogously as in the proof of
inequality (4.17), using, this time, the sampling sequence

(o n
W = NI-C+D/p (N)
to deduce from (4.10) and (4.12) their continuous counterpart
00 —o—-1 p oS}
[T e as (P [Te o a (118)
0 0

which holds for all ¢ € C§°(R4) and o < p— 1 (the continuous limit takes the same form regardless of the sign
of o).
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Remark 4.12. An integral form of the inequality (4.18) appeared already in the classical book by Hardy,
Littlewood, and Pdlya |17, Theorem 330, see also [23, Theorem 2|. The continuous p-Birman inequality (4.17)
can be quickly proved through an iterative application of (4.18). Specifically, starting with the ¢-th derivative
of a test function ¢ and selecting o = —(j — 1)p in the j-th step for j € {1,..., ¢}, the result follows directly.

)

Proof (of optimality of the p-Birman constant BZ(,Z in Theorem 4.9). We verify the optimality of the constant

BZ(,Z) in the continuous p-Birman inequality (4.17), which amounts to proving

{%oo | ()P da _ gw®
0£peCERY) [ [o()[P /P da P

(4.19)

by construction of an approximating sequence of test functions oy € C§°(R;), for which the ratio in the
infimum converges to B;(,é) as N — oo. Concretely for N > 2 and x > 0, we set

pn(x) =2 PN (), (4.20)
with the cut-off function &y € C§°(Ry) satisfying
fn(z) = 1 ifze[2/N,1], and |£(j)(m)| < CN’ ifxz € [1/N,2/N], (4.21)
0 ifzeRy\[1/N,2], NI e ifeell,2) ‘

for all j € {0,...,¢}, where C > 0 is a constant. Such a function can be constructed, for instance, as

Ev(@) =n(Ne —1)n(2 - ),
where 7 is a smooth function on R satisfying n(z) = 0 for z < 0 and n(z) = 1 for > 1. This regularization

has been utilized in a slightly different situation in [25, Note 2.6].
Using the Leibniz rule, we estimate the LP-norm of the ¢-th derivative of py as

([ eore)” <§0)(-bes) (Lo svore)”

Employing the properties (4.21), we further estimate the integrals in the last sum separately for j = 0 and
je{l,...,£}. For j =0, we have

i~ 2/N 4 1y 2 g
/ |x*1/p5N(z)|”dx§OP/ —x+/ —x+cp/ £ 2CPlog2 + log(N/2),
0 /N T 2/N T 1

while for j € {1,..., £}, we obtain

/ |27~ 1/PeQ) ()P dar < CPNJ’P/
0 1

Recalling formula (4.3), we obtain the upper bound

2/N 2P _ 1

Jp

2
xjp*ld:chCp/ 2P~ dx = 207
/N 1

(/O“W%) (:C)‘pdm)l/p < [ B (4o +log(/2)) | o

where Ag and A; are N-independent constants. Conversely, we find

Flev@l oo [t de
/0 d Z/z = log(N/2).

‘
xtP /N T

Altogether, bearing the continuous p-Birman inequality (4.17) in mind, we have
o) 1/p p
1O @) d (857 (Ao +1og(N/2)| " + 44
BO <« _Jo 1PN )AL

T len(@)P/atrde T log(N/2)
which yields (4.19). The proof of Theorem 4.9 is complete. O

4
_>BZ(7)’

as N — oo,

Remark 4.13. The proof of the continuous p-Birman inequality shows that inequality (4.17) follows from (4.1)
regardless of the explicit form of the constant Bﬁf). Consequently, the optimality of the constant B](f) de-
fined by (4.3) in the continuous p-Birman inequality (4.17) immediately implies its optimality in the discrete
counterpart (4.1).
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Moreover, the proof of the optimality of the Copson constant C’,(,U) in the continuous inequality (4.18), and
consequently in the discrete counterparts (4.10) and (4.12), follows an argument similar to the one detailed
above. In this case, the test functions (4.20) are replaced by

on(x) =t~ ey ().

The sharpness within a space of non-smooth functions is also proved in [23, Theorem 2(iii)].
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