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Introduction

In 1915, the renowned English mathematician Godfrey Harold Hardy published one of his most famous
theorems. While seeking an elementary proof of the Hilbert inequality,

o0 a a o0
2: mYn Sﬂ'jjai,
m-+n
n=1

n,m=1

which holds for all non-negative square-summable sequences a € £2(N), he unexpectedly uncovered a
remarkable fact: the convergence of the series 7 a? implies the convergence of the series of squared
cumulative averages > oo (A, /n)?, where A, = >.7_, ar. Now, for more than a century, this result
has been widely recognized as the weak form of the discrete Hardy inequality.

Following Hardy’s groundbreaking discovery, several leading mathematicians joined him in explor-
ing and advancing this beautiful field of mathematics. Among the first was E. Landau, who, in 1921,
extended the discrete Hardy inequality from sequences in ¢? to those in ¢ for an arbitrary exponent
p > 1. Namely, denoting a,, =: u,, — up,—1, for any finitely supported complex sequence u € Cp(N) with

ug ‘= 0, he established the discrete p-Hardy inequality

i~ p p

p—1 |4
§:|un—un_1|pz< 5 ) > (1)
n=1 n=1

along with the optimality of the constant on the right-hand side.
Shortly after, in 1924, Hardy formulated the well-known continuous form of the Hardy inequality,

which reads - NS »
0 D 0 xP

and holds for all smooth functions ¢ € C§°(R4) compactly supported in Ry = (0,00). We refer the
reader to |29, 30] for more historical details and proofs of inequalities (1) and (2).

Given the wide range of applications of the Hardy inequality in probability theory, the theory
of partial differential equations, and numerous other domains, its various generalizations have been
the subject of extensive investigation. Most research has focused on the linear case p = 2 where
inequalities (1) and (2) represent lower bounds on the discrete and continuous Dirichlet Laplacians on
the half-line in the sense of quadratic forms. In the context of the present work, we focus on higher-
order variants of inequalities (1) and (2), which we refer to as the Birman inequalities or the Hardy
inequalities of higher order. In 1961, Birman [] generalized inequality (2), with p = 2, to higher-order

derivatives:
P02 1\? [ ()
; | (2)|" dz > 2), ), a0 dz, (3)

where p € C°(Ry), £ € N, and (v) :=v(v+1)--- (v+£—1) denotes the Pochhammer symbol for any

v € R. A proof of (3), together with the optimality of the constant, can be found in [35]; see also the

recent paper [20] for other proofs and generalizations. The particular case £ = 2 of (3) was discovered

earlier by Rellich [36], even in higher dimensions, and is commonly referred to as the Rellich inequality.
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Surprisingly, the discrete version of (3) was proven only recently in [24]. For any ¢ € N and
u € Cp(N) with w, = 0 for all n < ¢, the authors found the discrete Birman inequality

> IVl 2 ()Z'Zéf, ()

n=4{

where the discrete gradient is defined as Vu,, = u, — u,—1 for all n > 1 with the convention ug = 0;
see Section 1.1 for details about the notation of discrete difference operators. The optimality of the
constant on the right-hand side was proven therein.

The key idea behind their proof of the optimality relies on an interesting observation: assuming the
discrete Hardy (or even Birman) inequality (1), one may derive its continuous version (2). Similarly,
as E. Landau already noted in 1921, by examining a suitable step function, an integral version of the
continuous Hardy inequality leads to the corresponding discrete inequality. This equivalence renders
the following discrepancy between the two versions all the more intriguing.

It is a well-known fact that the classical Hardy weight 1/(42?) in the first-order continuous Hardy

is critical. This means that if (5) holds for all test functions ¢ € C§°(Ry) with 1/ (43; ) replaced by
a measurable function p(z) > 1/(42?) for a.e. x > 0, then, necessarily, p(z) = 1/(42?) for a.e. z > 0.
In contrast, the opposite was found to be true in the discrete setting. In [26], M. Keller, Y. Pinchover,
and F. Pogorzelski proved the discrete Hardy inequality

S Vual = 3 K (6)

n=1 n=1

inequality

for all u € Cy(N) with ug := 0, where the improved weight is given by the formula

KPP n—1 \/n+1 1
2 - > —
Pn \/ n n 4n?

for all n € N. Additionally, the authors proved in [27] that the weight pXFY is null-critical (see
Remark 1.2 for the definition), which, in particular, implies that the weight is critical, i.e. that it
cannot be further improved by a pointwise bigger sequence. This result was subsequently extended
to an arbitrary exponent p > 1 within the dissertation of F. Fisher [15], namely, in the article [17]
coauthored with M. Keller and F. Pogorzelski, where the p-Hardy inequality

[e.e] o0
S e — P > 3 P P "
n=1 n=1

with the null-critical weight

priT = <1 - <1 - i)l_l/pyl— (<1 + ;)H/p - 1>p1 > (T)p % (8)

was verified for all real-valued u € Cyp(N) with ug = 0.
Naturally, it was expected that even the higher-order discrete Hardy inequalities (4) admit an
improvement analogous to (6). Initially, some refinements were made in the Rellich case ¢ = 2 in [24,
|, and later the hypothesis was confirmed in full generality in [13]|, where we established the optimal
discrete Hardy inequality of an arbitrary order £ € N:

ZW%} >ZPSW ) [ (9)

9



for all u € Cy(N) with u, =0 for all n < ¢, where the weights are given by the formulas

(—8)‘gi" (n)

-1
T forallm>¢, and gV (n):=vn][(n—j), foralln>0. (10)

Jj=1

pi% (n) =

Here the discrete Laplacian is defined as Au, = up—1 — 2up + upy1; see also Section 1.1. Optimality
is a rather strong property (see Definition 1.1), which, in particular, entails null-criticality and hence
criticality of the Hardy weight under consideration.

In this thesis, we obtain new results in two rather unexplored directions within the theory of discrete
Hardy-type inequalities:

e In Chapter 1, we study p-generalizations of the discrete Birman inequalities (4) and (9) for
arbitrary p > 1. Building on the approach of |13], where only the more tractable linear case
p = 2 was considered, optimal p-Hardy inequalities of any order £ € N are derived in Sections 1.2
and 1.3. The classical higher-order p-Hardy inequality is established in Section 1.4.

e In Chapter 2, we once more restrict our attention to the linear case p = 2. We reformulate
the discrete Birman inequalities (4) and (9) in the sense of quadratic forms as the lower bounds
(=AY > p, where p stands for the operator of multiplication by a given Birman weight p. Using
spectral representation of the positive self-adjoint operator —A, we define its general positive
powers and derive analogous estimates

(=A)* =p

for any o > 0, answering the questions raised in [13, Section 1.4].

10



Chapter 1

p-Hardy inequalities of higher order

For p = 2, Hardy inequalities of arbitrary order ¢ € N
o) 2 00 2 00 2 oo 2
002 1 ()] e 12< (1 |t
/ ‘80( )(m)} dz > <2> / e dz, resp. Z|V up|” > 5 Z peTa
0 ¢ J0 n={ £ p=¢

valid for all p € C§°(R4), resp. all u € Cp(N) with u,, = 0 for all n < ¢, are well-established classical
results proved, for instance, in |4, 24]. See also [30] for a generalization of the continuous Birman
inequality to higher dimensions.

In contrast, the nonlinear case p # 2 is significantly less developed in the existing literature.
Although the continuous p-Hardy inequality of order £,

J e an> (22) [THERE @ )

which holds for all p > 1 and all ¢ € C§°(R;.), is well-known among experts, we have been unable to
identify a reference in which this statement is formulated explicitly, with the exception of the particular
case { = 2, corresponding to the p-Rellich inequality, which appears in [35, Eq. (1.2)]. At an implicit
level, inequality (1.1) can be traced back to the classical work of Hardy, Littlewood, and Pélya [22];
see Remark 1.49. Related results in higher dimensions can also be found in [12].

Furthermore, an essential component of the framework is currently missing, leaving the theory of
Hardy inequalities on the half-line incomplete: the discrete p-Hardy inequalities of higher order. The
primary objective of this chapter is to address this gap by establishing and further analyzing new
explicit discrete p-Birman inequalities.

This chapter is structured as follows:

e In Section 1.1, we introduce the necessary notation and compare it with the conventions adopted
in recent works [28, 24, 13] on Hardy-type inequalities.

e In Section 1.2, we extend our results from the paper [13] to the general case p > 1. Through
Theorems 1.7, 1.9, and 1.10, we develop a method to construct abstract p-Birman weights in
terms of a parameter sequence g subject to suitable monotonicity and growth conditions.

e In Section 1.3, we apply the results of Section 1.2 to the parameter sequences g(?) and §i»),
as defined in (1.18) and (1.19) respectively, and obtain explicit optimal p-Hardy weights of an
arbitrary order.

e In Section 1.4, we establish classical discrete p-Birman inequalities, which constitute direct dis-
crete analogs of the continuous inequality (1.1) and show that the optimal weights p(“?), intro-
duced in Section 1.3, improve upon the corresponding classical weights. Finally, in Section 1.4.3,
we present a new proof of the continuous result by recovering it as a limiting case of its discrete
analog.

11



1.1 Notation of discrete difference operators

The notation of discrete difference operators used in papers studying discrete Hardy inequalities [25,
, 13] varies, and therefore it may cause confusion for a non-specialized reader. In this section, our
aim is to clarify, but mainly unify, the miscellaneous conventions.
First, let us consider the Hilbert space of square-summable sequences ¢2(N) indexed by natural
numbers N := {1,2,...}, and its standard basis {0, }°°; defined as

0 if
(0n)m = Opm = { ifn 7 m, for all m,n € N,

1 if n=m,

where ¢ is the Kronecker delta. On this space, we define the discrete gradient and divergence by the
formulas
Uy — Up— ifn>2
Vau, =4 " "t 777 and  divu, == upy1 —u, foralln e N.
Uy if n=1,

Furthermore, the discrete Laplacian on ¢?(N) is then given by the familiar formula Ay = divV (we
shall omit o when composing difference operators for concise notation), i.e.

Up—1 — 2Up +Upy1  ifn > 2
—2u1 + ug ifn=1.

(Anu), = {

The index N is used to distinguish the operator from the Laplace operator used in the rest of the
text, defined below by the formula (1.5). The operator —Ap also coincides with the graph Laplacian
associated with the standard graph structure on N, which was studied in [28]. Notice that on the
Hilbert space £2(N) endowed with the Euclidean inner product, the adjoint of the discrete gradient is
V* = —div, hence —Ay = V*V is a positive self-adjoint operator.

In [24], the authors defined the half-integer powers of the Laplace operator as

(—Ap)/2 = | CAN™ ifl=2m €N,
V(—AN)m if ¢ =2m+1€ 2Ny + 1,

and considered Hardy inequalities of higher order (4) in the form

00 ) 1 2 oo |Un|2
n=[¢/2] n=>¢

for all u € £2(N) satisfying u,, = 0 for all n < ¢, where [v] stands for the smallest integer greater than
or equal to v € R. With this convention, the left-hand side can be rewritten as the quadratic form of
the operator (—Ay)* since

[e.o]

S A0 ] = [[(—Aw)2ul? = (u, (2072 (—Aw)2u) = (u, (~Ax) u).
n=[¢/2]

Therefore, the inequality (1.2) amounts to the lower bound
(—=An)* > p®  on the subspace {d1,...,8_1}* C 3(N), (1.3)

where pB stands for the operator of multiplication by the classical Birman weight pP given by the
right-hand side of (1.2).
12



On the other hand, we will use the notation that utilizes solely the discrete gradient, where the
left-hand side of the Birman inequality (4) reads

Z‘Vzun‘Q = HVKuH2 = (u, (—1)£divgveu>.
n={

The Birman inequality then takes the form
(=1)4div*V* > p®  on the subspace {d1,...,0,_1}* C £2(N). (1.4)

It is important to emphasize the subtle differences between the operators (—Ay)¢ and (—1)¢div* V..
While the matrix elements of (—l)fdivevé with respect to the standard basis can be straightforwardly
computed as
20

((—1)’fdiv’fvf) e

mn

—-imn(

and define a symmetric banded Toeplitz (i.e. diagonal-constant) matrix on ¢?(N), the matrix elements
of (—An)? are given in [18, Proposition 2.1] as

(-Ay)t = (—1)mtn K 2t ) — ( 2t )} for all m,n € N.

f+m-—n {4+m-+n

) for all m,n € N,

Observe that the operator (—Apy)? is no longer Toeplitz and differs from (—1)¢div*V*¢ by an upper-left
(¢—1) x (£ —1) Hankel matrix (i.e. a matrix with constant anti-diagonals). Nevertheless, the operators
coincide on the subspace {61,...,5_1}* C £3(N), thus rendering the inequalities (1.3) and (1.4)
equivalent.

The operator (—1)€div€ V¢ can also be interpreted as the restriction of the /-th power of the discrete
Laplacian defined on the Hilbert space £2(Z) by

(Au)p = tup—1 — 2up + upy1 forallm € Z. (1.5)

Indeed, Proposition 2.2 yields the corresponding matrix representation with respect to the canonical
basis {6, }nez of £2(Z) in the form

2¢

)4
(—A),,, = (_1)m+n<£+m—n) for all m,n € Z,
hence (—A) 2oy = (—1)fdivt Ve,
Keeping these considerations in mind, we formally extend the sequences in question by zero for
negative indices and introduce the notation employed throughout this thesis, which is adopted from
our work [13]. We denote by C(Z) the space of all complex-valued sequences indexed by Z and, for

each £ € N, we define the subspace
H' = {ue C(Z) | u, =0 for all n < ¢}

and its subspaces
HEP = H N P(Z) and  H = H N Cy(2), (1.6)

endowed with the ¢P-norm || - ||, where Cy(Z) denotes the subspace of C'(Z) consisting of all finitely
supported sequences. With a slight abuse of notation, we additionally introduce the discrete gradient
and discrete divergence operators acting on C(Z) as

(Vu)p = tp —up—1 and  (divu), = tpt1 — Un (1.7)
13



for all n € Z. Since these operators commute on C(Z), this convention simplifies subsequent arguments,
as it obviates the need to specify the subspaces on which the identity divV = Vdiv = A holds. We
shall also make use of the forward shift operator S and the middle operator M defined on C(Z) as

Up+1 + Up
2

for all n € Z. Note also that we have the operator identities S!S =SS! =1, div=S—-1, V=1-S"1,
and therefore div = VS = SV.

For p # 2, the absence of an inner product on ¢P(Z) makes it necessary to introduce further
notation. Although the p-Birman inequalities cannot be interpreted in the sense of quadratic forms, it
is nevertheless possible to polarize the fP-norm of V¢u, for u € Hé, as

SIvul = (a0
n=~_

where the nonlinear p-Laplace operator of order £ € N is defined by
) . £ y: bl -1 0) . —1
—A = (-1 div/(V) P and - A = ()P, (1.9)

Stn = upr1 and Muy, = (1.8)

Moreover, for streamlined notation, we set v = v \1/\)‘_1 for all v € C and A > 0, with the convention
0N = 0.

1.2 Abstract optimal p-Birman inequalities

In this section, we explain how to construct p-Hardy weights of any order £ € N given a parameter
sequence g that satisfies certain sufficient conditions. In fact, we slightly modify and extend the
strategy from [13]|, where we considered the linear case p = 2, to the more involved general case with
an arbitrary p > 1. Furthermore, we will discuss optimality of the acquired weights under stronger
assumptions on the asymptotic behavior of g, as n — oo.

We begin by presenting the main results of this chapter. To avoid distracting the reader and
to maintain clarity, the corresponding proofs are postponed to Section 1.2.1. First, let us recall the
definition of p-Hardy weights of higher order and their optimality, in accordance with [16] and [43].

Definition 1.1. Let £ € N and p > 1. A non-negative sequence {p,}°° , is called a discrete p-Hardy
weight of order ¢ (or discrete p-Birman weight) if and only if the discrete p-Hardy inequality of order ¢

(or discrete p-Birman inequality)
o o
DAVl =Y pulual” (1.10)
n={ n=>~¢

holds for any u € 7—[6. In addition, the weight p is said to be optimal if it exhibits the following three
properties:

(i) Criticality: The weight p is called critical if for any p-Hardy weight p of order ¢, such that
Pn > pp for all n > £, it follows that p = p.

(ii) Non-attainability: The weight p is called non-attainable if, whenever the equality in (1.10) is
attained for v € H® such that the right-hand side is finite, necessarily u = 0.

(iii) Optimality near infinity: The weight p is called optimal near infinity if for any M > ¢ and € > 0
there exists u € ’Héw such that

SoIViul" < 0 +) Y pufunl”
n=/{ n=>~¢
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Remark 1.2. We complement the three optimality properties with several explanatory remarks:

(i) Criticality means that the p-Hardy weight enjoying this property cannot be further improved by
a pointwise bigger sequence.

(ii) The notion of non-attainability is not uniform in the existing literature. In [27], where first-order
Hardy inequalities on graphs are investigated, the property that corresponds to the combination
of criticality and non-attainability is referred to as null-criticality. Using the criticality theory for
Schrodinger operators on discrete graphs, as developed in [28], the authors analyze whether the
unique positive generalized eigenvector of the operator —A — p, called the Agmon ground state,
is, in fact, a genuine eigenvector. This definition was later extended to the P setting in [16, 14].
Moreover, it was shown in [15, Theorem 11.2] that for certain p-Hardy weights, null-criticality
also implies optimality near infinity. Nevertheless, it is evident that the notions of criticality and
non-attainability employed in this thesis actually entail null-criticality and therefore constitute
a stronger condition.

We additionally introduce a slightly weaker property, which we refer to as non-attainability in
’Hé. Specifically, the weight p is said to be non-attainable in Hé if, whenever equality in (1.10)
is attained for u € HY, necessarily u = 0.

(iii) Optimality near infinity means that the constant 1 appearing on the right-hand side of (1.10)
cannot be further improved, even if we restrict ourselves only to the sequences from the space
HY C HE for any M > (. Tt is equivalent to the identity

D et Wg“n |p _

1 0o =1 for all M > /. 1.11
weHIN\{0} D _peg P |tn|” (1.11)

Let us also remark that optimality does not characterize the weight uniquely as was observed in [13],
where we found infinitely many optimal Hardy weights of any order ¢ for p = 2.

Our starting point shall be a weighted generalization of an abstract first-order p-Hardy inequality
analogous to [14, Theorem 3.1|. In [14], the authors study p-Hardy inequalities in an abstract graph
setting for real-valued sequences. For our purposes, we consider their results for the standard line graph
on Ny. The proof of the weighted generalization is reminiscent of the one in 1] or [17, Proposition 4].
However, due to the non-triviality of the extension of the result to complex-valued sequences, it will
be revisited in Section 1.2.1 nonetheless. The inequality is potentially of independent interest and will
be employed to derive the Copson inequality (1.80) in Section 1.4.

Unless explicitly stated otherwise, we shall always assume ¢ € N and p, g > 1 to be Hélder conjugate
exponents, i.e. they satisfy 1/p 4+ 1/q = 1, throughout what follows. Moreover, for two real numbers
(or functions) «, 5, we write o S 3 if and only if there exists a positive constant C, > 0 such that
a < Cpf, where the constant Cp, may depend only on p. We write o = 8 if and only if o S 5 < .

Theorem 1.3. Let V € C(N), such that V,, > 0 for alln > 1, and g € H', such that g,41 > gn > 0
for alln > 1. Then for any u € H}, we have the inequalities

= = = div(V(Vg)P 1), S
S ViR 0,0 £ S Ve [Vu P+ 3 I épgﬁ P €S Ve Rpg e (112)
n=1 n=1 n

n=1 n=1

where the remainder terms are given by the formulas

o gy, o | Va0 =5 e,
$;9,U)n = 2 p—2
‘\/EU"H - \/QZTUH‘ (|divun| + %dngn> if s € (2,00),

for all n > 1, with the convention 0P~2 =0 if p € (1,2].
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Remark 1.4. The parameter s appearing in the remainder terms, defined by (1.13), serves as an
indicator specifying which of the two formulas is to be used for the lower and the upper bound in (1.12).
Since the Holder conjugate exponents p, g > 1 satisfy that p > 2 if and only if ¢ € (1,2), this notation
encodes the fact that the two distinct remainder terms occurring on the left-hand and right-hand sides
of the inequality (1.12) are interchanged when passing from the regime p € (1,2) to the regime p > 2.
The lower estimate in (1.12) asserts an abstract weighted p-Hardy inequality for any complex-valued
sequence u € 7—[(1). On the other hand, the upper estimate of (1.12) indicates how tight the inequality
is, which will be essential later to derive the optimality of particular p-Hardy weights. Both estimates
are rooted in the fundamental inequalities given by Lemma 1.13.

Remark 1.5. In the case p = 2, the inequalities in (1.12) hold as equalities with the implicit constants
in the estimates < being equal to 1. This is analogous to the results of [13, Theorem 0], which assert
that for any V € C(N) and g € H', such that g, > 0 for all n > 1, we have the identity

9] oo . o] 2

div(VVyg g On+1
ZVn]VunIQ—FZMWnF:ZVnH \/ = — T,
n=1 n=1 9n n=1 On+1 On

for all u € 7—[(1). Note that the parameter sequence g is no longer required to be non-decreasing, nor is
the potential V' required to be non-negative.

(1.14)

Remark 1.6. The situation is less involved if only real-valued sequences are considered instead. In
particular, if V' € C(N), such that V;, > 0 for all n > 1, and g € H!, such that g, > 0 for all n > 1
(g no longer has to be non-decreasing), we have the equivalence

= — div(V(Vg)—1), — 5
S vuvup+ 3 PG < S v R
n=1

n=1 n n=1

for all real-valued sequences u € Hg, where the remainder is given by the formula

2 p—2
R(97 u)n = ‘ in Up+1 — fnt Un, <‘ in Up+1— fnt1 un |+ M <|un|> ‘divgn|> (1'15)
V 9nt1 On V On+1 On On

for all p > 1 and n > 1. The proof is analogous to the proof of Theorem 1.3 and is therefore omitted;
see |14, Lemma 3.8, Eq. (3.9)] for the corresponding underlying inequality.

The weight V in inequality (1.12) enables an iterative procedure that yields analogous inequalities
for higher-order difference operators. The key idea behind the derivation of such inequalities is a
suitable selection of the parameter sequence g in each step of the iteration. In this way, we obtain
convenient representations of the weights V' in terms of g, which, in turn, allows us to guarantee their
non-negativity under additional assumptions imposed on g.

Theorem 1.7. Suppose that g € H' satisfies the assumptions

Vg, >0 foralln>{ andk {0,...,¢}, (A1.1)
~AUTPTkg, >0 foralln>(and ke {1,...,0—1}. (A1.2)
Then for all u € ?-[6, we have the inequalities
¢ , SN )g ¢
> R (q:0,u) <Z|v€u " - Z%| unl? S 3" R (pr g, w), (1.16)
k=1 n={ n k=1

where the remainders are given by the formula

R(é)(S'g u) = i _Agik)VanHR(S‘Vk*lg AR (1.17)
k ’ 0 N ~ (ngn.H)p_l 9 9 ns .

for allk € {1,...,¢}, with R(s;g,u) defined by (1.13).
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Remark 1.8. In view of Remark 1.6, for real-valued sequences, we may deduce an equivalence anal-
ogous to inequalities (1.16) with remainders corresponding to (1.15). Namely, for g € H? satisfying
assumptions (A1.1) and (A1.2), we have the equivalence

Zor p o= —AY g, N I A T PP
p_ _ _
S S M D ab e

n=>~¢ n={ k=1 L n=¢
for all real-valued sequences u € Hé. The proof works along the lines of the proof of Theorem 1.7 in
Section 1.2.1.2, hence it is omitted as well.

Let us further assume that the inequality in assumption (A1.2) holds for k = 0, that is, —A;(f) gn >0
for all n > ¢. Then
l
—
gt

p(g) =

defines a non-negative sequence in H*, and thus constitutes a p-Hardy weight of order ¢. Moreover,
we prove that this weight is non-attainable in Hé; see Remark 1.2 for the definition.

Theorem 1.9. Suppose that g € H® satisfies assumptions (A1.1), (A1.2), and, in addition,

fAz(f)gn >0 foralln >/ (A1.3)

Then p(g) = —AZ(,Z)g/gp*1 is a discrete p-Hardy weight of order £, which is non-attainable in 7—[6.

By imposing additional requirements on the asymptotic behavior of g, as n — oo, and strict
positivity in assumption (A1.3), we obtain sufficient conditions for the optimality of the discrete p-
Hardy weights p(g). We consider the following statement to be our first main result.

Theorem 1.10. Suppose that g € H' satisfies assumptions (A1.1), (A1.2), and (A1.3) with strict
positivity, i.e. —Ag)gn > 0 for alln > £. In addition, suppose that g admits the asymptotic expansion

20
On = Zajnefjfl/p + O(nff*l*l/p), as n — 0o, for some a; € R with ag # 0. (Al1.4)
=0

Then the discrete p-Hardy weight p(g) = —Al(,e)g/gp_l of order £ is optimal.

Remark 1.11. The strict positivity in assumption (A1.3) is required solely for the non-attainability of
the weight p(g), whereas the properties of criticality and optimality near infinity are already ensured
by assumptions (Al.1)—(A1.4).

Remark 1.12. Without going into technical details, we note that the asymptotic expansion in (Al.4)
can be replaced by one depending on a parameter s € (0,1). The admissible range of s then determines
which of the properties from the definition of optimality 1.1 are satisfied by the corresponding weight

p(g). Specifically, for g € H® subject to assumptions (A1.1), (A1.2), (A1.3) with strict positivity, and,
in addition,

20
On = Zozjnéfjfs + O(nff*lfs) as n — oo, for some o; € R with ag # 0, (A1.47)
§=0

the discrete p-Hardy weight p(g) of order ¢ is critical if s € [1/p, 1), non-attainable if s € (0,1/p],

and optimal near infinity if s = 1/p. Since the proof follows almost verbatim the arguments in
Section 1.2.1.4, it will be omitted; see also [13, Theorem 3| for an analogous result in the linear case
p=2.
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The final piece of the puzzle is to construct an explicit parameter sequence g € HY that fulfills all
the assumptions (A1.1)—(A1.4). To this end, in Section 1.3, we shall examine the following candidate
sequences:

e First, we consider a parameter sequence constructed in the form of a suitable Gamma function
ratio:

I'(n+1/q)
Ep) = T foralln € Z 1.18
gy Tin—lt 1) orallneZ, (1.18)
where T' is the Euler Gamma function, and we consider 1/T" to be an entire function with zeros
at the points 0,—1,.... In Section 1.3.1, we show that g(e’p) gives rise to an optimal p-Hardy

weight of order /.
In particular, for £ = 1, we discover the optimal first-order p-Hardy weight

— 1\t
pg’p) = p=1 ! _ for all n > 1,
p (n—1/p)p=t P!

while in the linear case p = 2, we obtain the optimal Hardy weights of order ¢ in the form

1\? 1
2 ._ (1 for all n > 0.
Pn <2>é nn—1/2)n—1)---(n—£11/2) "=

These results complement the earlier works [17, 43], in which the optimal Hardy inequalities with
the weights p P and o7V, given by formulas (8) and (10), respectively, were established, and
yield new weight sequences of a simpler and more explicit form. On the other hand, prior to this
thesis, no (optimal) discrete p-Hardy weights of order ¢ > 2 had been identified.

e Second, in light of the choice of g for p = 2 in (10), as well as the first-order p-Hardy weight (8)

introduced by Fisher—Keller—Pogorzelski [17], it is natural to investigate also the following ex-
tension:
(-1
gler) .= pl-t/p H(n —j) foralln>0 and g :=0 foralln <O0. (1.19)
j=1

Even though it is fairly easy to verify assumptions (A1.1) and (A1.4) for the sequence (1.19), the

nonlinearity of the discrete p-Laplace operator —Apk of order £ € N makes validating assump-
tions (A1.2) and (A1.3) a very non-trivial problem. Regrettably, we were unable to verify these
assumptions in a general setting given by a combination of p > 1 and ¢ € N. Partial results are
summarized in Section 1.3.2.

1.2.1 Proofs

In this section, we systematically derive the proofs of Theorems 1.3, 1.7, 1.9, and 1.10.

1.2.1.1 Proof of Theorem 1.3

The proof of the inequalities in (1.12) relies on the following lemma, which provides auxiliary funda-
mental estimates and extends |1, Lemma 3.8| to the complex domain.

Lemma 1.13. Let t € [0,1]. Then for any complex number z € C, we have the inequalities
tlz=1P (2=t + 1=t 2 S e =t = (1= t)P (2P =) S |e = 1P ifpe(1,2],  (1.20)
tlz=1P(z =t/ + 1=t 2> |z =t — (A= t)P Y (|2 —t) 2?2 |z — 1] ifpe(2,00). (1.21)

(The left-hand side of (1.20) is to be understood as zero if z=t=1.)
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Proof (of Lemma 1.13). The proof is decomposed into two parts, in which we establish
a) the lower bound for p € (1, 2], and, respectively, the upper bound for p € (2, ),

b) the upper bound for p € (1,2], and, respectively, the lower bound for p € (2, c0),

for the term |z — ¢’ — (1 — )P~ 1(|z|’ — t). In both cases, the strategy is to extend the corresponding
real-variable estimates, originally formulated in |14, Lemma 3.8], to the complex setting. However, the
methods employed in a) and b) differ, which requires treating the two parts of the proof separately.

a) Suppose p € (1,2]. By [I4, Lemma 3.8, Eq. (3.8)], there exists Cj, > 0 sufficiently small, such
that the inequality

Cotle —1P (|Jz =t +1—t)P 2 < |z —t]P — (1 —t)P " L(|zP — 1) (1.22)

holds for all ¢ € [0,1] and x € R. For z € C, write z = 7!, where r = |2| > 0 and 6 € [0,27) is the
phase of z. Next, for u := cosf € [—1, 1], denote

Au) =z —t|=vVr2 =2rtu+t> and Bu)=|z—1]=vr2—2ru+1.

We will show that the auxiliary function
F(u) = AP(u) — (1 — )P (rP — t) — Cp t B*(u)(A(u) + 1 — t)P~2,

defined on the interval [—1,1], is non-increasing, and hence attains its minimum at v = 1. Since
F(1) > 0 by inequality (1.22), it follows that F'(u) > 0 for all u € [—1, 1], which amounts to the lower
estimate in (1.20). Indeed, a routine calculation yields

dF B2

1= —prtAPT2 4 Cprt |2(A+1—t)P 2+ (p— 2t—r(A+1- t)P=3
u

<1t [2C,(A+1—t)P7% — pAP~?] < rtAP*(20, — p) <0,

(1.23)

for all u € (—1,1) where we used the fact that p € (1, 2] twice and, without loss of generality, assumed
that C), < p/2.

The case p € (2,00) can be treated in an analogous manner. Observe that reverse inequalities
in (1.22) and (1.23) hold for sufficiently large C), > 0, therefore the auxiliary function F' has a non-
positive maximum at v = 1 and F'(u) <0 for all u € [-1,1].

b) Suppose p € (1,2]. By [I4, Lemma 3.8, Eq. (3.10)], there exists C}, > 0 sufficiently large, such
that the inequality

lz —tP — (1 —t)P Y|z —t) < C’ptp/2 |z — 1|7 (1.24)
holds for all ¢ € [0,1] and = € R. We shall also make use of the elementary inequality |14, Lemma 3.8,
Eq. (3.12)]
2571(a3+b5) < (a+b)s < as+bs7
which is valid for all a,b > 0 and s € (0,1]. Denoting z = re? and u = cosf, from the latter
inequalities with s = p/2 € (0, 1], we infer
1

2=t =r—tP+2rt(1—u) = |z—t]P <|r—tF + 2rt)??(1 —u)P/?, (1.25)
1P = =12+ 2r(1—w) = |z— 1P > 20/ (|r AP 4 (2r)P/2(1 - u)p/Z) . (1.26)
Without loss of generality, suppose additionally that Cp, > 1. Then estimates (1.25), (1.24), and (1.26)
imply
[z =t = (=P (|2 =) < Jr =t = (L= )P (P — 1) + (2rt)"2 (1 = w)?/?
< C, 2 (]r — 1P+ (2r)P/2(1 - u)p/Q) < Q1P20 2| PP
19



If p € (2,00), once more, all the inequalities (1.24), (1.25), and (1.26) are reversed, and the inverted
final estimates hold, provided that C, > 0 is chosen sufficiently small. The proof of Lemma 1.13 is
complete. O

We are now in a position to prove Theorem 1.3. Suppose g € H'! is a non-decreasing sequence such
that g, >0 foralln >1and u € ’Hé. We will show that for all n > 2, we have the inequalities

upl?  up—1l? _
/R'(Q;Ebu)nfl S |vun|}7 - (l p_’1 - ’ p—ll‘ ) (VQTL)p ! 5 R(p§gvu)nfla (1'27)
n n—1

where the remainders are given by the formula (1.13) and the unspecified constant is independent of n.
Next, consider V,, > 0 for all n > 1. Multiplying both sides of (1.27) by V,, and summing over n from
2 to oo, we arrive at

Un WP ] 2 o ViR 39, U)n—1,
ZV |V, [P + ZVn+1 (Vgnt1)P~ 1| | ZV )P 1|1;_|1 ~ ZZJQ (¢; 9, u)n—1
In S Doz VaR(p; 8, u)n—1-

n=2 n=1

Moreover, a shift of the index on the right-hand side reveals

SV Vi 30 D D Gt [ 2 T Vi Rl g
=S g ' o [ S 20t Ve R(pi g w)n

Recalling up = go = 0 and g; > 0, we infer that

|l
V1 \Vullp = Vl(Vgl)p 1
91
Adding and subtracting this term to the left-hand side of the latter inequality yields Theorem 1.3.
To complete the proof, it remains to verify the inequalities stated in (1.27). We shall confine our
attention to the case p € (1,2]. The case p € (2,00) can be handled in a completely analogous fashion;

the only modification required is the reversal of the inequalities in (1.20), (1.28), and (1.29). For

€ (1, 2], inequalities (1.27) read

2 p—2
P P ‘Jgn_lu — /2y _1‘ (|Vu R ) ,

|Vt [P~ ’1;",'1 —’u’;ﬁ' (Van)™! o Vs T A e R (1.28)

gn g ’,/gg:un— gfﬁlun_l( :

n—1
We first consider the case u,—1 = 0. If in addition w, = 0, then (1.28) holds trivially. If, on the
other hand, u,, # 0, then (1.28) stems from the chain of inequalities

NV

(p—-Dt<1—(1—tppt <<t (1.29)

which are valid for every ¢ € [0, 1], upon substituting ¢t = g,—1/g» € (0, 1], where the latter inclusion
is ensured by the monotonicity of g (note that the first inequality in (1.29) is an application of the
Bernoulli inequality).

Next, assume u,—1 # 0 and temporarily set h,, := wu, /g, and substitute for z = h,,/h,_1 € C and
t = gn_1/9n € (0,1] into (1.20). It yields the inequalities

In—1 hn _1 2(‘ hn . On—1 +1— gn—1>p_2
On | hno1 hn—1 In In
< hn B On—1 P . <1 . gn1>p_1<‘ hn P o gnl) < <gn1>p/2 ‘ hn _1 P
~ hnfl In In hnfl 9n ~ In hnfl

Finally, multiplying the latter inequalities by g} |h,_1|" implies (1.28). The proof of Theorem 1.3 is
complete. O
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1.2.1.2 Proof of Theorem 1.7

The proof proceeds by induction on ¢ € N. The base case £ = 1 is precisely Theorem 1.3 in the
particular case V' = 1. Indeed, in view of definition (1.7) of the discrete gradient, assumption (A1.1)
implies that g € H! defines a non-decreasing sequence; in fact, it is even increasing on {£ —1,¢,...}.

Suppose ¢ > 2. Recalling definitions of discrete gradient and divergence (1.7) and our convention,
where divV = Vdiv, specified in Section 1.1, we have

oo o0
Z’Veun’p = Z ’Ve_ldivun‘p for any u € ’Hg.
n=~¢—1
Given g € H', such that assumptions (A1.1) and (A1.2) are fulfilled, we infer that divg = SVg € H*™!,
where S is the forward shift operator (1.8), satisfies these assumptions for ¢ — 1. The induction
hypothesis, applied to divu € /Hgfl, with divg, yields
/-1 00 00 —A( )dlvg -1
ZR,(f_l)(q; divg, divu) < Z‘Veun‘p - Z @T)n |divu,|? < R,(f_l)(p; divg, divu),
= n=>¢ n=¢—1 k=1
(1.30)
where the remainders are defined by formulas (1.17) and (1.13). Evidently, for all k € {1,...,¢—1}
and s > 1, we have the identity

¢
R;(fil)(s;divg,divu) = Rz(ﬁﬂs;g,w, thus ZR(IZ 1) (s;divg, divu) = ZRI(CZ)(S;Q’“

Next, we shift the index n in the second sum of the mlddle part of the latter inequality, arriving at

X A Vdive, . ST (AY IV Cwr
Z (dngn)p_l |d1 ’U,n’ _Z (SK—IVQn)p—l ‘VS u"‘ ’

and we apply Theorem 1.3 with St 1y € ’H(l), non-decreasing sequence S*"'g € H', and the weight

s (—AYVvg),
(Sfflvgn)pfl )

which is non-negative for all n > 1 by assumption (A1.2), obtaining

n=~¢(—1 n=1

V=

S TS+ 30 ST 0 D g, o f 2 D Ve R(a S 0,8 T
" o (St 1tg,)p1 tn < Joo .gl-14 gt-1
n ~ anl VnJrlR(pa g, U)n

Let us examine the prefactor in the second sum in greater detail. We observe that

S (-4, V)
(Séflvg)pfl

n=1

div(V (VS lg)P~t) = div ( <s“w>p1> = -S1(-aly).

Recalling also the definition of the remainders (1.17), the previous inequality rewrites as

0 ( 1) o0 (£)
Rg )((ﬁgau) < Z W |divug, [P — Z % unl” < R( )(p;g,u). (1.31)
n=0—1 " n=~{ n

Note that all the unspecified constants that define the estimates are the same and are determined by
the fundamental inequalities (1.20), resp. (1.21).
Altogether, inequalities (1.30) and (1.31) combine to the desired estimate

. AW
SR (gi9,u) < ZIVZU "= - gp I < ZR@ (p: g, ),
k=1

n=>¢ n k=1
which concludes the proof of Theorem 1.7. O
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1.2.1.3 Proof of Theorem 1.9

Recalling the definition of the remainders in (1.17), assumption (A1.2) guarantees their non-negativity.
Furthermore, assumption (A1.3), i.e. the non-negativity of the sequence

pn(g) = —Az(f)gn/gfl_l for all n > ¢,

combined with the lower bound provided by the abstract higher-order p-Hardy inequality (1.16) estab-
lished in Theorem 1.7, implies that p(g) is indeed a p-Hardy weight of order ¢.

In order to prove the non-attainability in 7—[6, suppose that u € 7-[6 fulfills the p-Birman inequal-
ity (1.10) as equality, that is

oo o
Z‘vzun‘p = an(g) |unl”.
n=>¢ n=~_

Since assumptions (Al.1) and (A1.2) are satisfied, Theorem 1.7 implies that all the remainder terms on

the left-hand side of inequality (1.16) vanish, i.e. R,(f)(q; g,u) =0 for all k£ € {1,...,¢}. In particular,
for k = ¢, we derive a necessary condition (which is, in fact, sufficient)

R(q; vilg, nglu)n =0 foralln>{¢;

see definition (1.17). If p € (1,2) (and hence ¢ € (2,00)), assumption (A1.1) implies in addition that
both V¢~ lg, and V'g, are strictly positive for all n > £. Thus, the vanishing of the second factor in
formula (1.13) yields V¢~ tu,, = V¢ lu, 1 = 0. In any case, we conclude that the sequence u € H
satisfies the difference equation of order ¢

vi-1 vi-1
ng:lvg_lun—i-l - w_i’igﬂvﬁ_lun =0 for all n > £7
n n

with the boundary conditions u; = -+ = uy_1 = 0.

However, this equation has the only solution g up to a multiplicative constant, i.e. u, = cg, for
some constant ¢ € C and all n > ¢. By assumption (Al.1) for k£ = 0, g,, > 0 for all n > ¢; therefore, the
sequence u has compact support if and only if ¢ = 0, or equivalently v = 0. The proof of Theorem 1.9
is complete. O

1.2.1.4 Proof of Theorem 1.10

The proof is organized into three distinct parts, in which we demonstrate that the weight p(g) =
—AI(,Z) g/gP~! satisfies the properties required for a sequence to be optimal in the sense of Definition 1.1:
criticality, non-attainability, and optimality near infinity. The proof is inspired by the linear case p = 2
in [13].

The key idea of the proof of non-attainability is that, for any u € ’Hé, equality in the p-Birman
inequality entails that all the remainder terms appearing on the left-hand side of inequality (1.16) must
vanish. On the other hand, the verification of criticality and optimality near infinity is obtained by
substituting a suitable regularization of the parameter sequence g into inequality (1.16). Specifically,
we apply inequality (1.16) to sequences {uN Ins2 C 7—[6 and analyze the asymptotic behavior, as
N — o0, of the remainder terms Rl(f) (p; g,uN) appearing on the right-hand side. To this end, we recall
the following lemmas from [13]; the proofs can be found therein.

Lemma 1.14. Let k € N, A € R\ Ny, and g be a sequence admitting the asymptotic expansion

k
gn = Zajn)‘fj + C’)(n)‘fkfl), asn — oo, (1.32)
j=0

for some aj € R and ag # 0. Then the following claims hold true:
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i) For all m € Z, there exist coefficients al™ € R such that
J

k
S™g, = agn® + Z ag»m)n)‘fj + (’)(n)‘fkfl), as n — o0o.
j=1

1) For all m € Ny, there exist coefficients b, " € R wit such that
For all m € Ny, th i o™ € R with b{™ # 0 such th

k
M™g, = Z bgm)n)‘_j + O(n)‘_k_l), as n — 0o.
=0

(11i) For allm € {0, ..., k}, there exist coefficients cg- ™ e R with " 75 0 such that

k
div™g, = Z cg-m)n)‘_j + (’)(n/\_k_l), as n — oo.

j=m

Claim (iii) of Lemma 1.14 asserts that the discrete derivative divg, for g € C(Z) of the form (1.32),
can be treated in a manner analogous to the continuous derivative g’, once g is naturally extended to a
function on (0, 00), as far as the asymptotic behavior is concerned. The following auxiliary claim, which
generalizes the classical Mean Value Theorem, further elucidates the relationship between discrete and
continuous derivatives.

Lemma 1.15. Letn € Z, m € N, and g € C([n,n + m]) such that g € C™((n,n +m)). Then there
exists £ € (n,n + m) such that
div™g, = g™ (€),

where we denoted g, == g(n).
Finally, we will make use of the Leibniz formula for the discrete divergence (1.7).

Lemma 1.16. For all m € Ny and sequences f,g € C(Z), we have

div™(fg) = Z <’r]n> (divam_jf) (divm_ijg) ,
=0

where the multiplication of sequences is to be understood point-wise.

a) Proof of criticality: Suppose that p is a p-Hardy weight of order ¢ such that p, > p,(g) for
all n > ¢. Employing the upper estimate in (1.16) for the weight p(g) and the discrete p-Birman
inequality (1.10) for the weight p, we find that

l
0< Z D lunl” < 3" R (99, (1.33)
k=1

for all sequences u € H.
A quick inspection of the remainders determined by formula (1.17) reveals that they are all simulta-

neously annihilated if we set u = g, i.e. Rl(f) (p;9,9) =0forallk € {1,...,¢} and p > 1. Unfortunately,
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we cannot directly substitute u = g to (1.33) since g ¢ H§. To this end, we introduce the following
regularization of g. First, let us define a smooth cut-off function £V, for any N > 2, as

1 if <N,
V(@) = { g (W) if N <z <N?, (1.34)
0 if £ > N2,

where 7 is a smooth function, such that n = 0 on (—oo,e) and n = 1 on (1 — €, 00) for an arbitrary
fixed € € (0,1/2). We set u”¥ = Vg for all N > 2, where & = ¢V (n) for all n > 1.

Notice that by definition (1.34), we have ¢V — 1, and therefore v’V — g, point-wise as N — oo.
We will show that this regularization admits the estimates

1
ifpe(1,2] and R,(f)(p;g,uN) S—— ifpe(2,00) (1.35)

@) (. Ny <«
Rk (p?g7u ) IOgN

~ logP I N

forall k € {1,...,¢}. Here < means inequality < up to an N-independent constant, which may depend
on k or p. Fatou’s lemma, together with the inequality (1.33), then implies

o o) 00
D (o= (@) 85 = (5n — pn(8)) i |up | < liminf > (5, — pu(a)) [ul|” = 0.
n=>~{ n=>~{ oo N=eo n={

Bearing in mind that all the terms in the sum on the left are non-negative and g,, > 0 for all n > ¢
by (A1.1), we may conclude that p, = p,(g) for all n > ¢, which proves the criticality of the p-Birman
weight p(g).

It remains to establish the estimates (1.35), which will be carried out in the remainder of part a).
Recall that the remainder terms are defined by formula (1.17). Upon replacing the gradient by the
discrete divergence, we obtain

00 _AZ(JE—k—l)d. k41

£) N v In
Rk+1(p§gvu ) = Z o k1 —
nor e (divTign )Pt

R(p; divFg, divFu™),

for all £ € {0,...,¢ — 1}, and we proceed to analyze the asymptotic behavior of the summands as
n — oo, with IV > 2 fixed.
We begin by deducing an upper bound of the first factor

(—k—1) ;.
_Az(7 JdivEtlg, et

1.36
(divk+1gn)p—1 ( )

for any n > ¢ — k and k € {0,...,¢ — 1}, where the unspecified constant is n-independent. By
assumption (A1.4) and claim (iii) of Lemma 1.14, we observe that

2¢
div™g, = cont ™V [ 1+ Z & ym=i + (’)(nm*%*l) , asmn — 0o,
jemt1 0
where ¢g # 0, for each m € {0, ..., 2¢}. Furthermore, the generalized binomial theorem implies
20—m
(div™g, )P~ ! = Z g P E=m=1/p)=j 4 (9(n(pfl)(ffmfl/p)ﬁﬂmfl)7 as n — 00, (1.37)
j=0
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where ¢y # 0. Using the shift operator (1.8) and the definition of the p-Laplacian (1.9), we may rewrite
the numerator as

—AUED Qi g, = (—1)fFRHL R gyt oR L (diveg,, )P

hence applying claims (i) and (iii) of Lemma 1.14 to the sequence (div‘g)?~!, we get
—Aff‘k_l)divk“gn <pECHP and (divktlg,)Pt m p®DEk-1/p1),
Inequality (1.36) follows immediately.
Next, we examine the asymptotic behavior of the second factor. Namely, we prove that

p(l—k=1/p=1)

1k vk Ny, <
R(p;divig, diviu® ), < logmin{pﬂ}N

(1.38)

for all p > 1, where the unspecified constant does not depend on n nor N. First, we establish the

inequality
di k di k (—k—1/p—1
Ki%divkun]vﬂ - Wdivkug S A (1.39)
div®gn11 div®g, log N

forall N > 2 n> /¥ and k € {0,...,¢ — 1}. In fact, this result implicitly appeared in [13, Section
2.4], but for the sake of completeness, we will include the derivation of the inequality nonetheless. By
assumption (A1.4) and claims (i) and (iii) of Lemma 1.14, we find that

div¥g, <1
divkgn_H ~

and therefore the left-hand side of (1.39) can be estimated as

divF gn . divF an . . divF On .
k. div* (N g)ns1 — %lek(fNG)n S v (EN )i — — = & Hdlvk(fNG)n :
div®gn41 div®g, div®g,

Invoking the Leibniz formula from Lemma 1.16, the last expression rewrites as

ko . . o divk ko /k . . o

3 < > (div/MF I ), (divFIMIEN )y — L ( ) (divIM* ), (divFIMIEN),,
— \J div®g, “— \J

7=0 7=0

divFg,,1 divVMF-ig,

divF=IMIeN — : .
( E nw divFg, diviMk-ig,

J

ko A _
< ( ) (div/MF I g), 41
7=0

(divF=IMIeN )n| .

Yet another application of (A1.4) and formulas from Lemma 1.14 reveals that

divFg,1 diviMF g, 1+ 0(1/n)1+0(1/n)

div/M*¥ I g),, 1 Snf77YP and . , = =1+ pka),
(div Ot 3 divFg, diviMkF-ig,.; 1+ 0(1/n) 1+ O(1/n) P
where p%k’j) = O(l/n), as n — oo, i.e. p%k’j) < 1/n, with pkk) = 0. Altogether, we deduce the upper
bound of the left-hand side of (1.39) in the form
$ (S o s peranen)
j=0
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foral N > 2, n >/ and k € {0,...,£—1}. In order to obtain the desired estimate (1.39), we have to
inspect also the asymptotic behavior of the terms with div™¢ in (1.40). To this end, note that for all

x € [N, N?], we have
2log N —logx 1
N/ !
€@ = (PE ) e

thus [(¢V)(z)| < 1/(zlog N), where we estimated n with max,c(o 1) [/ ()| It is straightforward to
generalize this bound to higher-order derivatives, i.e.

Ny(m) o
)@ S oy

for all m € N and x > 0. Consequently, Lemma 1.15 implies that

1

‘divmfm S W’

which is true for any m,n € N and N > 2. By monotonicity of the right-hand side in the variable n,

we also have 1

(1.41)

for any j € Ny, from which we infer a further upper estimate of (1.40)

At —k—1/p—1
]Z:o J nk=itllog N = nnk—Jlog N nlogN ~ logN '’

finally arriving at (1.39).

If p € (1,2], inequality (1.38) follows immediately from (1.39) and definition (1.13) of the cor-
responding remainders. If p € (2,00), we must also estimate the second factor in the defining for-
mula (1.13). In particular, for all k € {0,...,¢ — 1}, we show that

’divkunN|

k

- divFtlg, <nfF=1P=1 foralln >0 — k. (1.42)
div®g,

|divk+1u£[‘ +

For any k € {0,...,¢}, Lemma 1.16 implies
divFu) = divF(ENg), =) (J) (div/ MF I g),, (divF I MIEN),,.
j=0
Using claims (ii) and (iii) of Lemma 1.14, together with the inequality (1.41), we infer that
(divVMF I g), <nf=71P  and  (divFIMIEN), < ik

foral N >2 n>/¢—k,and j € {0,...,k}. Note that the second estimate for j = k follows from the
obvious inequality ¢V < 1. Altogether, we arrive at

divFuY < nf=k=1/p,
Moreover, employing claims (i) and (iii) of Lemma 1.14 once again, we find that

- k41
div gnS

S |-

div¥g,
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Combining the above inequalities yields the estimate (1.42). Recalling definition (1.13), inequali-
ties (1.39) and (1.42) amount to the desired inequality (1.38) for p > 2.
Finally, bearing inequalities (1.36) and (1.38) in mind, for all N sufficiently large, we obtain

N? (=1-k) 1. k+1 N2
—A diviT g 1 1
R(f) (p;gv uN) — p. nR(p; divkg, divkuN) ,S - 1
k+1 n:z]\f—k (dlvk’-l-lgn)p*l n logmln{p,Q} N n:Z]V_k n
1 N? 1 dn— 1
~ 1Ogmin{l’72} N/v n n = 1Ogmin{p,2}—1 N

for all £ € {0,...,¢ — 1}, which coincides with the aforementioned inequalities (1.35). The proof of
criticality is complete.

b) Proof of optimality near infinity: Fix an arbitrary M > ¢. Recalling the definition of optimality
near infinity (iii), (1.11), and inequality (1.16), we prove that the weight p(g) enjoys this property by
finding a sequence {u¥}n>p C HY! such that

¢ O o N
o St By g u™)
N=voo 3207, pn(9) Jup P
Once again, the idea is to find a suitable regularization of the parameter sequence g so that it becomes

an element of the space Hé\/l . In particular, we set v’V = ¢Ng, where ¢ is a smooth bump function
determined by

=0. (1.43)

(

0 if x <N,
log z—log N : 2
n(%) if N <2< N2,
Ny =41 if N2 <z < 2N,
n(%) if 2N2 < 2 < 2N3,
0 if z > 2N3,

where the function 7 exhibits the same properties as in (1.34). Hence, indeed, u” € HSJ forall N > M.
It is straightforward to show that inequality (1.41) still holds, i.e.

. . 1

N . N

|M‘7£n ‘ S 1 and ’lemM]é-n ‘ 5 W

for all m,n € N, j € Ny, and N > M. Therefore, the same arguments as in the proof of criticality a)
apply, and we obtain the estimates (1.35) even with u!V defined above. Subsequently
N2 2N3

0 oNy< L 1 1) < 1
Rk+1(p,9au ) S logmm{p’Q} N ; o + % i nl ™~ 1Ogmin{p,2}71 N
n=N— n=2 —

for all kK € {0,...,¢ — 1} and N sufficiently large, where the unspecified constant does not depend on
N nor n, but may depend on p and k.

In order to finish the proof, we show that with our choice of uV, the denominator in (1.43) is
bounded from below by a positive constant. The above inequality then yields the desired limit. First,
we inspect the asymptotic behavior of the weight p,(g) = —Al(f)gn / gb ' as n — oco. Recalling the
definition (1.9) of the p-Laplacian, the numerator can be equivalently written as

~APg, = (-1)'S™div*(div'g, )P .
Therefore, claims (i) and (iii) of Lemma 1.14, together with the expansion (1.37), imply

nl/p—é—l 1

pnlg) 2 n-1(E=1/p) ~ plp
27
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for all n > ¢. Bearing (A1.4) in mind, we conclude that

[ee] 2N2 2N2 nép_l 2N2 1

N |P .
S @z Y ez Y oz [ dn—top2,
n=~¢ n=N?2 n=N2

completing the proof of optimality near infinity.

¢) Proof of non-attainability: Under the additional condition of strict positivity in assumption
(A1.3), we first extend the lower bounds in (1.16) from H§, to the sequences in H’, for which equality
is attained in the p-Birman inequality (1.10) and both sides are finite. To this end, we first formulate
the following lemma, which asserts the density of the range of the operator V¢ in the space HP; see
definition (1.6).

Lemma 1.17. The range of the operator V€|H€ is dense in HP.

Proof (of Lemma 1.17). Recalling definition (1.7) of the discrete gradient, it is obvious that V#(Hg) C
7-[6 C H%P. By the Hahn-Banach Theorem, a subspace of a Banach space is dense if and only if its
annihilator is trivial. Consequently the density of VK(”Hé) in H%P will be established once we prove
that if v € (H/P)* ~ H9 satisfies
oo
(v, Viu) = vagun =0 forall u e H§, (1.45)
n={

then v = 0. Moreover, up to the sign, the algebraic adjoint of the discrete gradient is divergence, i.e.
(v, Vu) = (—divo,u) for all v € H5? and u € H*?.

Therefore, by taking v = 9, that is u,, = d,m, where ¢ is the Kronecker delta, for all n > ¢, in
the condition (1.45), we observe that v solves the linear difference equation of order ¢ with constant
coefficients

¢

/ )

(—1)divie, = Z ( ) (=1)vpy; =0 foralln> 2
=0 M

It is straightforward to verify that the fundamental system of solutions for the above linear difference

equation is given by the sequences 1,n,...,n‘~!. Thus, we obtain

-1
Uy = chnj forallm > /¢
§=0

and some coefficients ¢; € C. Furthermore, as v € ¢9(Z), it follows that ¢; = 0 for all j € {0,...,¢ —1}.
Combining this with the assumption v € HY, we conclude that v = 0. The proof of Lemma 1.17 is
complete. O

Now suppose that u € H? fulfills the p-Birman inequality (1.10) as equality whose (both) sides are
finite, i.e.

DV Ul = pule) funl” < oo, (1.46)
n=¢ n=~¢

hence, specifically, Viu € H*?. By Lemma 1.17, there exists a sequence {u® ¥, C ’Hé such that
ViuN — Vu as N — oo in the norm of ¢P(Z). In particular, the sequence is Cauchy in ¢P(Z).

Since assumptions (A1.1) and (A1.2) are satisfied, the Hardy inequality of order ¢, valid on HS,
with the weight p(g), which is non-negative by assumption (A1.3), implies

N,M—00
E—

0< 0.

Vo )| < ||Vt —uth)
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Consequently, the sequence {/p(g) u”™ }35_, is Cauchy and therefore convergent in ¢7(Z). Denote by
v the P-limit of /p(g)u’ as N — oco. It is immediate that v € H*? and that, for every n € Z,
we have /pn(g)ul — v, as N — co. Since p,(g) > 0 for all n > ¢ by the strict inequalities in
assumption (A1.3), there exists & € H® such that v = ¥/p(g) @, and, in addition, u — @, as N — oo
for all n € Z.

Moreover, the limits of all the above-mentioned ¢P-convergent sequences must coincide with their

vV = Vi  and  /p(g)u’N — pla)
in P(Z) as N — oo. In particular, we have V/u = V*@. This, however, implies u = @, because the
linear operator V¢ is injective on HY. Indeed, if w solves the difference equation

point-wise limits, i.e.

Vﬁwn =0 foralln>4¢,

with the boundary condition w, = 0 for all n < ¢, corresponding to the assumption w € H*, we
recursively obtain w, = 0 for all n € Z.
Therefore, recalling (1.46), tending N — oo in the lower estimate in (1.16) for vV, i.e. in

0
0<Y R (g:9.u <Z!VZ W= an uy
k=1

yields that the remainders on the left-hand side must vanish as N — oco. In view of definition (1.17),
for k = £, Fatou’s lemma entails

Jim R(q; Vg, V) = R(g; Vg, V) = 0
—»00

for all n > ¢. Note that if p € (1,2) (and hence ¢ € (2,00)), assumption (Al.1) implies in addition
that both V¢~ 'g, and Vg, are strictly positive for all n > ¢, hence the first identity remains valid
even for V&~ u, = V/lu, 1 = 0 by inequality (1.28).

Similarly to the proof of Theorem 1.9 in Section 1.2.1.3, we find that u,, = cg, for some constant
c € Cand all n > ¢. From the estimate (1.44) and the asymptotic behavior of the parameter sequence g,
given by assumption (A1.4), we obtain

L o1 1
pl@)gh 2 —pn'? =~ foralln > ¢.

Finally, we conclude that
Z pu(@) [unl” 2 Z

whenever ¢ # 0, thus, necessarily, u = 0. The proof of non—attamability and therefore of Theorem 1.10
is complete. O

1.3 Explicit optimal p-Birman weights

In this section, we implement the abstract framework introduced in Section 1.2 for the parameter
sequences defined by formulas (1.18) and (1.19). Specifically, in view of Theorem 1.10, we focus on
verifying assumptions (A1.1)—(A1.4), which will allow us to identify the weights

o) (e, o)~ (L,
p) —Aé )g% D) _A](D )97(1 D)

- ~(¢, ) -
Pn = and Pr p) .— (ggvp))pfl 3

(gﬁf’p))pfl (1.47)
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defined for all n > £, as optimal p-Hardy weights of order £.

The verification of assumptions (A1.1) and (Al.4) is straightforward. Assumption (A1.1) follows
directly from the generalized Mean Value Theorem 1.15, while assumption (A1.4) is established using
the known asymptotic expansions of the respective parameter sequences.

Conversely, the validation of assumptions (A1.2) and (A1.3) is substantially more involved, pri-
marily due to the nonlinear nature of the p-Laplace operator (1.9). Under the assumption that (A1.1)
holds for k£ = /¢, the joint validity of assumptions (A1.2) and (A1.3) is equivalently expressed as

(—1)*div* (div’g,)” " >0 foralln>0and k € {0,...,¢}, (1.48)

which naturally leads to the notion of completely monotone functions.

Intermezzo: Completely monotone functions

A function f : (0,00) — R is called completely monotone if and only if it is of the class C*° and it
satisfies the Bernstein—Hausdorff-Widder condition

(=D f®)(z) >0  forall k>0 and x> 0. (1.49)
We denote the set of completely monotone functions as
CM :={f:(0,00) = R | f is completely monotone}.

The notion of completely monotone functions dates back to 1914 and S. Bernstein, who studied
functions on (—o0,0) with non-negative derivatives of all orders, i.e. functions satisfying (1.49) after
omitting the alternating sign (—1)¥. Such functions are often called absolutely monotone in the lit-
erature. This, however, coincides with complete monotonicity up to a change of sign in the variable.
Since then, the properties of completely monotone functions have been thoroughly studied, as they
arise frequently in a wide range of mathematical disciplines, such as the moment problem, probability
theory, and mathematical analysis. Here we discuss their surprising relevance also in the context of
Hardy inequalities.

The often-cited book of D. V. Widder |10] contains a detailed account of properties of completely
monotone functions. We point out Bernstein’s theorem [0, Theorem 12a|, which characterizes com-
pletely monotone functions as Laplace transforms of positive Borel measures. Namely, a function
f:(0,00) — R is completely monotone if and only if there exists a measure p on [0,00) such that

f(z) = / e tdu(t) forall x > 0. (1.50)
[0,00)
Remark 1.18. The Bernstein Theorem further implies that

(=1)F f®) () = / tFe=®tdu(t) >0 forall k> 0andz >0,
[0,00)

which, in particular, shows that f®*) () # 0 for all k > 0 and all x > 0, unless f € CM is constant;
see also [37, Remark 1.5]

Moreover, the aforementioned Hausdorff moment problem was studied therein. Analogously to the
continuous case (1.49), a sequence {u,}5>, C R is called completely monotone if and only if

(=1)kdivFu, >0 forall k>0 and n > 0.
We denote the set of completely monotone sequences on Ny as

CM(Np) == {u € C(Np) | u is completely monotone}.
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Hausdorff’s Theorem [10, Theorem 4a| provides a necessary and sufficient condition for a sequence
{tn}n>0 to be completely monotone, that it admits the integral representation

1
Up = / t"du(t) for all m >0, (1.51)
0

for some finite Borel measure p on the interval [0, 1].

This formula also explains the connection between completely monotone functions and sequences.
If f € CM is right-continuous at 0, i.e. the limit of f(x) as  — 04 is finite, then f, = f(n) for
all n > 0, where f(0) is defined by the corresponding one-sided limit, defines a completely monotone
sequence f € CM(Np) by Lemma 1.15. On the other hand, if u € CM(Ny), one easily observes that

1
u(x) = / t*du(t), for all x >0,
0

where the measure p is given by formula (1.51), defines a completely monotone function u € CM
continuous at 0. Consequently, this reduces many problems concerning completely monotone sequences
to the more tractable continuous setting.

We now recall two classical properties of completely monotone functions. For the sake of complete-
ness, we also include their short proofs. The first proposition asserts that the class CM is closed under
multiplication.

Proposition 1.19. If f,g € CM, then also fg € CM. Equivalently CM -CM C CM.

Proof. The proof follows immediately from the Leibniz formula

k

(D)™ = 32 (5) (1P s (1)
1"=2() g

for any k£ > 0 and definition (1.49). O

In view of the inequalities (1.48), we are particularly interested in determining whether the positive
(p—1)-st power of the functions div'g € CM (see Lemmas 1.22 and 1.31) is itself completely monotone.
However, a positive power of a completely monotone function is, in general, not completely monotone.
This stability under positive powers is instead enjoyed by the class of infinitely divisible functions. A
smooth function f : (0,00) — R is called infinitely divisible if and only if

fAeCM  forall A > 0.

We denote the set of infinitely divisible functions by ZD.

Infinitely divisible functions are closely related to another class, the logarithmically completely
monotone functions. A smooth function f : (0,00) — (0,00) is said to be logarithmically completely
monotone if and only if

—(log f)' € CM. (1.52)
We denote the set of logarithmically completely monotone functions by LCM.

Proposition 1.20. A logarithmically completely monotone function is infinitely divisible, and hence
completely monotone. Equivalently LCM C ID C CM.

Proof. Obviously, if f : (0,00) — (0, 00) is logarithmically completely monotone, then so is the function
f* for any A > 0. Consequently, it suffices to establish the inclusion LCM C CM.
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Let f € LCM and define a function ¢ : (—00,0) — (0,00) : z +— f(—x). Observe that the function
f is completely monotone if and only if ¢ is absolutely monotone on (b,0) for all b < 0, i.e.

g®(x) >0 forall k>0 and z e (b,0).

Fix arbitrary b < 0. By definition (1.52) and the Bernstein-Hausdorff-Widder condition (1.49), the
function (b,0) — (0,00) : z — (log g(z))" = —(log f)'(—x) is absolutely monotone on (b,0). Therefore,
logg : (b,0) — R is a non-decreasing function with a finite limit at the point b, thus there exist a
constant C' € R, such that C' + logg : (b,0) — (0,00) is absolutely monotone on (b,0). Finally, we
deduce that

g(l’) — e—CeC—I—logg(z)
is absolutely monotone on (b,0) as a constant multiple of a composition of absolutely monotone func-
tions z — e* and z — C + log g(x). The proof of Proposition 1.20 is complete. O

Remark 1.21. In fact, an even stronger connection between infinitely divisible and logarithmically
completely monotone functions was established, for instance, in [37, Theorem 5.9]: a positive function
f:(0,00) — (0,00) is infinitely divisible if and only if it is logarithmically completely monotone.

1.3.1 Parameter sequence as a ratio of Gamma functions

Recalling definition (1.18), we study the properties of the sequence

glbr) = m for all n € Z. (1.53)
In particular, we verify that the assumptions (A1.1)—(A1.4) are satisfied. Consequently, by The-
orem 1.10, the sequence p(?) defined by formula (1.47), yields an optimal p-Hardy inequality of
order /.

Firstly, since the reciprocal Gamma function 1/T" is an entire function on the complex plane with
zeros at the points 0, —1,..., it follows that g(é’p) € H'.

We now analyze the behavior of the sequence g?) under the action of the discrete divergence
operator defined in (1.7). In particular, we uncover a full analog of the classical differentiation formula
for monomials

dkxﬁfl/p
dzk
By extending the definition in (1.53) to all £ € Z, we obtain the following result.

= (0 —k+1/q), a"7FVp,

Lemma 1.22. Let £ € Z and k € Ny. Then, for all n € Z, we have the identity
divFg(t?) = (€ — k +1/q)x g ). (1.54)

Proof. Bearing the operator identity div =S — I in mind, we obtain

, b .r(n+j+1/q)
divteif? = k;() T(n—C+j+1)

for all n € Z. Using the recurrence relation I'(z + 1) = 2I'(2), valid for all complex numbers z ¢ —Nj,
we can further rewrite this expression in terms of the regularized hypergeometric function (see |13,
Chapter 15]) as

—k);(n+1/q); 1
n—£+1+1)j'
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divkgg’p) = (-1 (n+1/q) Z

Jj=

— (1 T(n + 1/q)21F1(_k’ n+l/g ' 1).
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Moreover, since k € Ny, the Chu—Vandermonde identity |13, Eq. (15.4.24)] implies

g (Fontl/a _ (=t=1/g+ 1),
P n—r+1 T In—Cl+k+1)

hence, in view of the definition (1.53), we conclude that

T'(n+1/q)
(n—{l+k+1)

for all n € Z. O

=W0—-k+ 1/q)kg7(f_k’p)

divigl ) = ()" (~0 = 1/q+ 1),

The explicit formula (1.54) plays a crucial role, as it yields a closed-form expression for the sequence
divfg(éP) | thus significantly simplifying subsequent computations. This feature is the main motivation
for working with the sequences g(e’p) rather than with g“@. Lemma 1.22, in turn, directly implies the
following corollary.

Corollary 1.23. Let £ € N. Then the sequences g“P), defined by (1.53), satisfy the assumption (A1.1),
1.e.

VFgEP) >0 foralln > € and k € {0,..., 0}

Proof. By definitions of the discrete gradient and divergence (1.7), Lemma 1.22 implies
VEglr) = (0~ k+1/q), g0 > 0
for all n > ¢ > k > 0. The strict positivity follows directly from the defining formula (1.53). O

Moreover, the complete monotonicity of the sequence

) 1\ T'(n+1/q)
divighr) = (=) ——ZL2 foralln > 1.
g, ), T+ D) or all n > 0, (1.55)

also follows directly from formula (1.54). In the subsequent proposition, we demonstrate that this
sequence, in fact, satisfies even the stronger condition of logarithmic complete monotonicity (1.52).
The assertion is a direct consequence of the more general result [2, Theorem 10]. Nevertheless, for the
sake of completeness, we include a brief explanatory proof.

Proposition 1.24. Let ¢ > 1. Then the function

Iz +1/q)

G :(0,00) = (0,00) : & Y

(1.56)

18 logarithmically completely monotone.

Proof. Observe first that G(x) > 0 for all x > 0. We temporarily introduce the auxiliary function
H(z) = —(logG(z)) =¢(x+1) —¢(x+1/q) forall z > 0,

where 1 denotes the digamma function, which admits the integral representation [13, Eq. (5.9.16)]

F/(l') o] e—t _ e—mt
= = — _— f 11 1.
() T(2) v+ /0 T dt forall x > 0, (1.57)

and v € R denotes the Fuler—Mascheroni constant. Substituting this representation into the definition
of H yields
9] 67t/q _ et
H(z) = / e % ————dt,
0

1—et
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so that H can be written as a Laplace transform of the form (1.50). Since ¢ > 1, the density of the
associated Borel measure (e=%/9 — e~t) /(1 — e~ t) is strictly positive for all ¢ > 0. Consequently,

00 —t/q _ et
—DFH®) (2) = / P A
() = [ >0
for all k € Ng and all z > 0. It follows that H € CM, and therefore G € LCM. O

Corollary 1.25. The sequences g\“P), defined by (1.53), satisfy the assumptions (A1.2) and (A1.3).
In fact, we have the strict inequalities

(—1)kdiv* (divgg,(f’p))p_1 >0 foralln>0 and k> 0. (1.58)

Proof. As a direct consequence of Propositions 1.24 and 1.20, the function G, defined in (1.56), belongs
to the class LCM, and hence to ZD. Recalling also the formula (1.55), the right-continuity of G in
zero, together with the Mean Value Theorem 1.15 implies that, for any A > 0, we have

(—1)kdiv* (divgggf’p)))\ >0 foralln>0andk >0,

where the strict inequality follows from Remark 1.18. In particular, the choice A = p—1 > 1 reproduces
inequalities (1.58), which, in turn, guarantee that the assumptions (A1.2) and (A1.3) are satisfied. [

Finally, we recall the asymptotic expansion for the ratio of Gamma functions [13, § 5.11(iii)]:
I'(z+a) 2. Gr(a,b)
m ~ .’L'a_bz kxik” as r — o0, for all a,b S R, (159)

where the coefficients G (a,b) are explicitly determined in terms of generalized Bernoulli polynomials
BW [13, § 24.16(1)] as

Girla,b) = <"’ ; b) B "™ (a)  for all k € Ny,

in particular Go(a,b) = 1 # 0.
Corollary 1.26. The sequences g\“P), defined by (1.53), satisfy the assumption (A1.4). In particular,

a(bP) admits the asymptotic expansion

() ~, pf=1/p i Gr(1/g,1 - 10)

g, F ,  asm — 00.

k=0

In light of Theorem 1.10, the results established in this section collectively yield the following
theorem, which we regard as the second main result of this thesis.

Theorem 1.27. Let £ € N and p > 1. Then the sequence

(&p)_—A](D)g%’p):(p—l)pl i jn—t+1-1/p)P " 1 (1.60)
(an )" P/ (n—f+1—1/p ! (n—¢+1)"! g

for all n > ¢, where g&?) is given by (1.53), is an optimal discrete p-Hardy weight of order £.

Jj=0
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Remark 1.28. If p > 2 is an integer, the weight p(®?) can be represented in terms of generalized

hypergeometric functions |13, § 16| as
p—1 _ _ _1 — 1
pg’p):<p_1> 1 F Ln—C+1—2,...on—C0+1—3 1)
P Je (n—t+1-1/p)p" n—0+1,...,n—L+1

for all n > ¢. In particular, for p = 2, an application of Lemma 1.22 yields the further simplification

e _ (LY 1 1 1
P <2>£ nn—1/2n-1)---(n—l+1/2) <2)£ 50 (1.61)

for all n > ¢. Consequently, this provides an additional more explicit examples of optimal Birman
weights in the linear case p = 2, thereby expanding the family of such weights constructed in [13,
Section 3|.

Remark 1.29. In view of Remark 1.12, we further observe that the parameter sequences

I(n+s)
() (5) = ——" " forallneZ
g,," (s) T+ 1)’ or alln € Z,
generate discrete p-Hardy weights of order ¢, given by
1
AD?) L(=0;(n—t+s)0
p%’p)(s) :_—()—(s)g’f1 — Z )] — forallmn >¢,

(g7 (s))! (n—L0+s)7 (n—e+1)r !

which are critical if s € (0,1/q], non-attainable if s € [1/¢,1), and optimal near infinity if s = 1/q.

Jj=0

1.3.2 Parameter sequence as a linear combination of monomials

Motivated by the specific choice of the parameter sequences in (10), as well as by the optimal first-order
p-Hardy inequality (7), we also analyze our second candidate §(é?) defined by (1.19).
For n € Nand k € {0,...,n — 1}, we denote by

s(n, k) = (- )n+k Z 1182 .« . lp_k

1<i1 <<y <n

the (signed) Stirling numbers of the first kind (see |13, § 26.8]). By convention, we additionally set
s(n,n) =1 for all n € N. Using the combinatorial identity [13, Eq. (26.8.7)], we obtain

-1 l
a7 =PI =) = > (e jyni /7 (162)
L <

for all n > 0.
It is evident that §(“?) € H! automatically satisfies assumption (A1.4). We now proceed to verify
assumption (Al.1).

Proposition 1.30. The sequences §P), defined by formula (1.62), satisfy the assumption (Al.1), i.e

VFgEP) >0 foralln > € and k € {0,. .., 0}. (1.63)

n

Proof. Notice that since §(“?) € H’ by (1.62), it suffices to show inequalities (1.63) for k = £. Indeed,
by definition of discrete gradient (1.7), Vg, EP) 5 0 for all n > ¢ means that the sequence V¢~—1§¢»)
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is strictly increasing on {¢ —1,¢,...}. Since VEi1ghr) € HY hence V4 1gé 1) = 0, we conclude that

nglﬁgf’p) > 0 for all n > £. Tteration of this argument yields (1.63) for all k € {0,...,¢}.
In order to finish the proof, we establish the inequality

viglr) > o

for all n > ¢. The key idea is to examine the natural extension of the sequence §\?) to all positive
real numbers, defined by

P () = o'~ l/pH (z — 7), (1.64)

and make use of Lemma 1.15, which implies that for any n > ¢ there exists £ € (n — £,n) such that

dfgp)
tp) — £ 8
Furthermore, bearing (1.62) in mind, we have
d'ger 1 e
dat (z) :ZS(E j)—xﬂ = Zb P) gi—t=1/p (1.65)
j=1
for any x > 0, where
-1
0p) ; . .
b = (~1)s(6,5) [] 15—k — 1/p] > 0
k=0
for all j € {1,...,¢}. The desired inequality follows immediately. O]

Recalling the operator formula div =S — I, we define the function

l
G :(0,00) = R : x> div'gP)(z) = Z <f> (=1)H9§EP) (2 4 §), (1.66)
5=0

where §(?) is given by (1.64). Observing that higher-order derivatives of the function §(“*) in (1.65)
begin to change sign, we arrive at the following lemma.

Lemma 1.31. The function G : (0,00) — (0,00), defined by formula (1.66), is completely monotone.
Proof. Consider an arbitrary k& € Ny. Evidently, for any = > 0, we have

dk ko

(-1 G® () = (-1) =

ordiv (0P () = (=1)*div

Therefore, by Lemma 1.15, we readily infer that there exists £ € (x,z + ¢) such that

4k~ (0,
(“1RGW) (2) = (—1)} dtrkger)

dgttk
Furthermore, recalling formula (1.62), we find that
dttkger) £ aQrk L
(1) = (@) = (1P Y sl ga? P = Y R
x x
j=1 Jj=1
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for any = > 0, where

l+k—1
oV = (D) st ) T 1 —m=1/pl >0

m=0
for all j € {1,...,¢}. Altogether, we conclude that
(-1)*G®(2) >0 forall k>0 and z > 0,
hence the function G is completely monotone. O

The generalized Mean Value Theorem 1.15 ensures that div‘g(é?) € CM(Np) as well, thus inequal-
ities (1.48) are fulfilled if the exponent p — 1 is omitted, in fact

(—=1)*divFdivig? > 0 for all n >0 and k > 0.

In contrast to the function G € LCM defined in (1.56), we were unable to establish the logarithmic
complete monotonicity of G, and consequently we could not derive the inequalities in (1.48) for arbitrary
p > 1. Nevertheless, by imposing suitable restrictions on the admissible values of £ € N and p > 1, we
can infer the following result from Lemma 1.31.

Proposition 1.32. Assume that one of the following conditions is satisfied:
(i) £ € N and p > 2 is an integer,
(i) € €{3,4,5,6,7} and p > 2,
(1ti)) £ =1 or £ =2 and p > 1.
Then the sequence (), given by (1.62), satisfies the assumptions (A1.2) and (A1.3), i.e.
(—1)kdivF (aivig) ™t >0 foralln >0 and k € {1,...,(}.

Proof. The proof is carried out in three separate steps, each corresponding to the fulfillment of the
conditions (i), (ii), and (iii), respectively.

a) Let £ € N and p > 2 be an integer: Recall that the set of completely monotone functions is closed
under multiplication by Proposition 1.19. Consequently, from Lemma 1.31, we infer that GP~ € CM
and, by Remark 1.18 and Lemma 1.15, also

. . -1
(—1)kdiv* (dlvegg’p))p >0 foralln>0and#k>0. (1.67)

In particular the inequalities hold for all k € {1,..., ¢}, which completes the proof of part a).

If p > 1 is non-integer, the validation of inequalities (1.48) is much more complicated. In contrast
to part a) of this proof, the inequalities will only be established for k € {0,..., ¢}, for which reason,
we introduce the following notation (cf. [35]).

Let N € N* := NU {oo}. A function f : (0,00) — R is called completely monotone of order N if
and only if it is of class CV and

(=1)*f®)(z) >0 forall k € {0,...,N} and z > 0.

The set of completely monotone functions of order N is denoted as CMY, in particular, we have
CM®> = CM. Furthermore, we define the set of functions, whose positive power is completely mono-
tone, as
CMY = {f:(0,00) = [0,00) | f* € CMN}

for any A > 0 and N € N*. In particular, we have CM{ = CM®¥ and we abbreviate the notation if
N =00 as CMy =CMS.

Invoking Lemma 1.15 once more, we observe that in order to show (1.48), it suffices to establish
that G € CMf;,l. To this end, we will make use of the following results from [38, Theorem 4] and [39].
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Lemma 1.33. The following inclusions hold true:
(i) For any N € {0,...,5}, we have CMY c CMY if 0 <k <\ .
(i) For any N € {0,...,7}, we have CM  C CMY if A > 1.

Remark 1.34. Furthermore, the authors show that both claims of Lemma 1.33 fail to hold for sufficiently
large N, thus, the following strategy cannot be extended to all £ € N.

b) Let £ € {3,4,5,6,7} and p > 2: Let us recall that G € CM by Lemma 1.31. Invoking claim (ii)
of Lemma 1.33 with A = p — 1 > 1, we observe that G € C./\/lf;_l. The statement then stems from the
generalized Mean Value Theorem 1.15.

c) Let £ =1 or £ =2 and p > 1: For ¢ = 1, the inequality is obvious. In fact, one straightforwardly
observes that §(é?) always satisfies (1.48) with strict inequalities for k = 1, i.e.

(@) > (@'a2) ! foralln >0 (169

by Lemmas 1.31 and 1.15 and Remark 1.18. For ¢ = 2, we shall make use of the following auxiliary
statement. See |32, Theorem 7| for the proof.

Lemma 1.35. Let N > 1. Then for any f € CMNTL the function /N is convex.
Let us temporarily denote H := div2§(®>?). By Lemmas 1.31 and 1.35, we have

"

(HI/N(:E))/:%Hl/N*I(:U)H’(x)<O and (B ()" >0

for all N > 1 and = > 0, therefore H € C/\/l%/N. Employing also claim (i) of Lemma 1.33, we conclude

that H € C./\/li for any A > 0, hence, in particular, H € CM%_l. A quick application of Lemma 1.15
reveals the desired result once again. The proof of Proposition 1.32 is complete. O

In view of Theorems 1.9, Propositions 1.30 and 1.32 together imply that the sequences p(?) | defined
by (1.47), constitute p-Hardy weights of order ¢, which are non-attainable in H§, for all combinations
of £ € N and p > 1 specified in (i), (ii), and (iii).

In fact, a multitude of numerical tests, with a suitable CAS such as Wolfram Mathematica, suggest
that not only G € CM, but also G € LCM, indeed. Consequently, we expect the following conjecture
to hold true.

Conjecture 1.36. Let £ € N and p > 1. The sequence ﬁ(z’p), given by (1.47), i.e.

0~ (4,
_(0p) _ _AZ(7 )97(1 p)
(gg,fp))p—l

for all n > ¢, where §4P) is defined by (1.19), is an optimal discrete p-Hardy weight of order (.

Remark 1.37. In the cases where £ = 1 or p > 2 is an integer, the hypothesis is an immediate
consequence of Theorem 1.10 and the strict inequalities (1.67) and (1.68). In particular, for £ = 1, we
extended the first-order p-Hardy inequality (7), originally derived by Fisher—Keller—Pogorzelski in |17],
to complex-valued sequences and, in addition, we established that the weight pFXF = 5(1:P) is not only
null-critical, but also optimal in the sense of Definition 1.1.
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1.4 Classical p-Birman inequality

In this section, we derive a discrete analog of the classical p-Birman inequality (1.1) on the half-line.
Specifically, we establish the following theorem, which we regard as the third main result of this thesis.

Theorem 1.38 (classical discrete p-Birman inequality). Let £ € N and p > 1. Then the inequality
00 p > P

£, |P p—1 |un|

SV > (r) >kl

holds for all u € 7—[6 and the constant appearing on the right-hand side is optimal.

(1.69)

Remark 1.39. Inequality (1.69) can be equivalently written in discrete integral form. By solving the
difference equation V¢u,, = v, for n > ¢, with the initial condition wu,, = 0 for n < ¢, one finds

n
= 3w =2 (")
j=t

{<k1<--<k¢<n

for n > ¢. Substituting into (1.69) yields the inequality

G =1\ =1 = npt—i-ky  |f

P n+l—1—
Sz (P57, S X (i (170
n=¢ =" k=t

for any v € Cy(N). In fact, using Fatou’s lemma, inequality (1.70) extends to all complex sequences v.
After shifting the index, Theorem 1.38 states that the generalized discrete Hardy operator

1 - -
HOy,, = CETE Z (nJrﬁ_i k:) o
k=1

is bounded on ¢P(N), for all 1 < p < oo, with the operator norm equal to 1/(1 — 1/p),.

The classical discrete p-Birman inequality (1.69) will be determined using two distinct methodolog-
ical approaches:

e First, we derive a lower bound for the optimal weights p(¢?), defined in (1.47), and demonstrate
that these weights yield an improvement over the corresponding classical weights on the right-

hand side of (1.69).

e Second, we establish a Copson-type inequality with power weights of the form n?. This inequality
is then applied iteratively in order to obtain the classical higher-order p-Hardy inequalities.

Finally, in Section 1.4.3, we derive the continuous p-Birman inequality (1.1) from its discrete counter-
part and establish the optimality of the p-Birman constant

p—1Y
Bl = <> , (1.71)
D Je

demonstrating that this value remains sharp also in the continuous setting. Sections 1.4.2 and 1.4.3
closely follow our recently published paper [11], which extends the framework of [24] to the general
case p > 1.
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1.4.1 Lower bound for the optimal weights p(‘?)
By detailed analysis of the optimal p-Hardy weights of order ¢

(6) (L) p—1 p—1 £ . p—1
(p) _ —Bp'gn” (1 (n—¢+1) () [T —=L+5+1/q)
SFCEI (Q>e [F(n+1/Q) ] 2 (=1 (]) [ Tm—t+;+n ] @ &P

we will prove our next principal result:

=0

Theorem 1.40. Let £ € N and p > 1. Then the sequence p\“P), given by formula (1.72), satisfies the
equality

-1\ 1
p;&p) > <p> —= foralln > /.
b ¢, NP

Proof. The proof will be carried out separately for the cases £ = 1 and ¢ > 2, because Lemma 1.42,
which plays a pivotal role in the latter case, does not remain valid in the regime ¢ = 1.

a) The case £ = 1: Since for ¢ = 1 the weight pP) assumes a relatively simple form, we establish
an even stronger result: namely, that this weight admits a convergent series expansion in negative
powers of n with all coefficients strictly positive, and with the leading coefficient coinciding with the
classical p-Hardy constant. By formula (1.60), we have

= e = Q)03

for all n > 1. Moreover, the generalized binomial theorem yields the series representation

() B

k=1

which is valid for any n > 1, given that p > 1. Taking also into account the elementary identity

<11< 3’) (=1 = (p(;i)l()p!)k for all k > 0,

after shifting the index k, we finally obtain

p »
(p _ (P—1 () 1 1 p—1\ 1 L3
fn < p ) kzzg pF (k+ 1) nptk > P np (1.73)

for all n > 1.
b) The case £ > 2: We now estimate the two factors appearing in (1.72) separately by means of
the following two lemmas.

Lemma 1.41. Let £ € N and p > 1. Then the inequality
T(n—
M > inl/p
F(n+1/q) = nt
holds for all n > £.

Proof (of Lemma 1.41). By using the recurrence relation I'(n + 1) = nI'(n), which holds for all n > 1,
iteratively ¢ times, we obtain

I'n—0+1) 1 I'(n+1) < 1 T'(n+1)

(n+1/q) n(n—l)---(n—i(—)l—l) T(n+1/q) ~ nf T(n+1/q)



An application of the lower estimate in the Gautschi inequality |13, Eq. (5.6.4)]

r 1
1=s FE:wcj—_s; <(x+1)% forallz>0andse(0,1), (1.74)
withz=n>/¢>0and s=1/q € (0,1), to the last term, yields the claim of Lemma 1.41. O

Lemma 1.42. Let £ > 2 and p > 1. Then the inequality

o (f) [Ftr ] (1)

J

holds for all n > ¢.

Proof (of Lemma 1.42). The proof will be divided into two steps. First, we replace the ratio of Gamma

functions on the left-hand side of the inequality with a more convenient power sequence. Second, we

obtain a lower bound for this new sequence that coincides with the right-hand side of the inequality.
Step 1: We derive the inequality

io(_l)j <j> [Fé?n_—ejﬁjtrl{;})r_l - z;(_l)j <j> (n—1 +1j + 1)l (1.75)

J

J
for all n > ¢ > 0, or, equivalently

. I'(n+1/q)\° ! 1
£q: b — | > > > 0.
(—1)"div [( n+1) n 1)1/q 0 forall/>0andn>0

Recalling the definition of complete monotonicity (1.49), together with the generalized Mean Value
Theorem 1.15, the latter inequalities will follow once we show that the function

p—1
F:(0,00) > R:2z— <F1£g(gx++1{§1)> T @ +11)1/q

is completely monotone, which we do in the remainder of this step.
First, we demonstrate that the function

yp L@ +1/9)

g:(0,00) = (0,00) :z+— (z+1) N

is logarithmically completely monotone, refining the result of Proposition 1.24; see (1.52) for the
corresponding definition. Observe that the function g is indeed strictly positive and temporarily denote
the auxiliary function

h(z) = —(logg(x)) = Y(xz+1) —Y(z+1/q) — p(:l:l—i-l) for all 2 > 0.

Invoking the integral representations (1.57) for the digamma function ¢ and

1 —
r+1

(e.)
/ e~ @t gt for all 2 > 0,
0

we write the function h as a Laplace transform (1.50) of the form

t/p _
ol LY Ao
l—et p

h(z) = / e “k(t)dt forallz >0, with k(t)=e" (
0
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Elementary computations reveal that the density & is strictly positive on the interval (0,00), from
which we infer h € CM, and therefore g € LCM.

From the Gautschi inequality (1.74), we additionally deduce that g(x) > 1 for all z > 0. Therefore,
in view of Proposition 1.20, which asserts that logarithmically completely monotone functions are
infinitely divisible, it follows that g?~! —1 € CM. Finally, multiplying this function by the completely
monotone function z — (x + 1)~'/4, we conclude that F' € CM as well, by Proposition 1.19.

Step 2: We further estimate the right-hand side of (1.75) as

L
[t 1 1 1
—1) = - -
-:0( g (J> (n—C+j+1)Y4 = (q)z ntti/a (176)

J

for all n > ¢ > 2 (note that the inequality fails for £ = 1). To this end, we will make use of the integral

formula - o
/ tMlem® dt = Q valid for all A,z > 0, (1.77)
0 T

and rewrite the left-hand side of the latter inequality as

¢

: (! 1 1 O\ [ a/g-1 —(n—ttjt1)t
S0 () = mag D) e

j=0 Jj=0

Moreover, upon interchanging the order of summation and integration, an application of the binomial
theorem reveals

I 0o 00
Z(_l)j (£> / 2fl/qflef(anJrqul)t dt = / 751/(171(1 _ eft)fe(ffl)tefnt dt.
0

=0 J 0

Next, we estimate the integrand

t L
e —1
(1—e BNt > or equivalently ( " ) > el

Since (e' — 1)/t > 1 for all t > 0 and ¢ > 2, it suffices to verify that

(et—1)2 .
> e,
t

which, after taking square roots, stems from the elementary inequality sinh(¢/2) > ¢/2 for all ¢ > 0.
Subsequently, invoking the identity (1.77) once more, the above integral is bounded from below as

b /a1 (1 — e tylel=Dignt 4 > Y pertfargon gy TEH1/4)

which, in turn, implies the desired inequality

L

it 1 re+1/g) 1 (1) 1
Z(_l) (j)(n—g—Fj—l-l)l/qZ I'(1/q) nf-i-l/q_(q)ew

Jj=0

for all n > ¢ > 2. Combining inequalities (1.75) and (1.76) concludes the proof of Lemma 1.42. O
Finally, from Lemmas 1.41 and 1.42, we obtain the desired estimate

p—1 D
plp) <1> b <1> 1 _ (P— 1) L
q/, np—1)¢ q/, nttl/q D ’ ntp

for all n > £. The proof of part b), and therefore of Theorem 1.40 is complete. O
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As an immediate corollary, we are now able to prove Theorem 1.38.

Proof (of Theorem 1.38). Since, by Theorem 1.27, the sequences p(*?) constitute (optimal) p-Hardy
weights of order ¢, Theorem 1.40 yields, in turn, the classical p-Birman inequality

Z\Veu P> Zp(e,p funl? > < ) Z |Un|

for all u € Hé. Notice that this inequality is sharp for every nontrivial sequence v # 0. Moreover, it
is straightforward to verify that
-1\’ 1
PP < > as n — 0o.

b ¢ n@

Therefore, the optimality near infinity of the weights p(“?) implies the optimality of the p-Birman
constant on the right-hand side. The proof of Theorem 1.38 is complete. O

In [13], we investigated another remarkable property of the optimal Hardy weights p W of order ¢,
defined in (10). In analogy with the expansion (1.73) of the weight p(1), we proved that p;W (n) admits
a convergent series representation in negative powers of n, whose coeﬂiments are all non-negative (and,
in fact, strictly positive for £ > 2) for every n > ¢. This representation is particularly useful, since
including additional terms of the truncated series yields progressively tighter Birman inequalities with
very explicit weights.

We observed the same behavior also for the optimal first-order p-Hardy weight pPKP = 5(1p)
introduced by Fisher, Keller, and Pogorzelski; see definitions (8) and (1.47). This phenomenon was
originally conjectured in [17] and subsequently established in [12] abusing the theory of Herglotz—
Nevanlinna functions. In contrast, the proof of the expansion (1.73) for the new weight p(?) is
considerably more elementary.

For higher-order weights, the situation becomes substantially more intricate. Nevertheless, numer-
ical experiments indicate that the following conjecture is valid. We will establish this conjecture in the
cases f =1 or p=2.

Conjecture 1.43. Let £ € N and p > 1. Then the sequence p\“P), given by formula (1.60), admits a
convergent series expansion

(€.p)
(47 ) _ P — 1 Ak
pliP) = <p >Z kZ:O e for allm > ¢,

with A,(f’p) >0 for all k>0 and Aég’p) =1
Proof (for £ =1 or p=2). For £ = 1, the expansion is given by formula (1.73), with

ap _ (P 1
AL _pik(k—i—l)! for all kK > 0.

On the other hand, in the special case p = 2, the weight ,o(m) reduces to the expression given in (1.61).
Consequently, invoking the identity [13, Eq. (26.8.11)], we have

1\ & S(20—1+k20—1) 1 S(20 —1+k,20—1)
02) P . £2) )
pt?) = <2> Z ok 2k b Ay = ok ’
£ k=0
for all k£ > 0, where
S(n, k) = Z 11272 ki forallm € Nand k € {0,...,n — 1},
J15eJk 20
Jittijk=n—k
denote the Stirling numbers of the second kind, with the convention S(n,n) =1 for all n € N. O
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1.4.2 The Copson inequality with negative exponents

Here, we prove the classical p-Birman inequality (1.69) by an iterative application of a weighted discrete
p-Hardy inequality, similar to the classical Copson inequality

Zn”]Vu P > ( ) Zna P up P, (1.78)

where u € H} and 0 < 0 < p — 1. The non-negativity of o in (1.78) is essential, as the inequality fails
for o < 0, which is precisely the regime required for our proof of (1.69). If o < 0, a slightly smaller
weight is required on the right-hand side. We present this version of Copson inequality in the next
theorem, as it may be of independent interest. Copson’s original work [7] contains a proof of (1.78),
while the optimality of the Copson constant

o). p—o—1 P
o (2=0=) am
is established, for example, in [3, Corollary 3].

Theorem 1.44. Let 0 < 0 and p > 1. Then the inequality

o0

Zn |Vu,|P > < —7= 1> Z(n+ 177 |uy, P, (1.80)

n=1
holds for all u € ’H,é and the constant appearing on the right-hand side is optimal.

Proof. We prove (1.80) by choosing V,, in Theorem 1.3 as a power sequence and g,, once again, as a
suitable Gamma ratio. In particular, we set

0 ifn =1, 0 if n <0,
(n—1)7 ifn>2, F(n+lf%)/lj(n) ifn>1.

Since for all n > 2, we have

p—o—1T(n—75)

> 0,

the sequence g is increasing. As the other assumptions of Theorem 1.3 are fulfilled trivially, we obtain
the inequality

o0 oo
Z(n =17 [Vu,|” > Z P |unl”
n=2 n=2

for all u € H32 (here we additionally require that u1 = 0), where

GV (V) (poo— 1\ (]
Pn (gn)p—l ) n n ( )
and H is an auxiliary function defined on the interval [0, 1) by
1 _ g
N
(1- =iy
P

In order to establish the inequality (1.80), it suffices to show that H satisfies

o1
Hz)>2=7" "¢ forallz € (0,1). (1.83)

p
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Since H(0) =0 and H'(0) = (p — o — 1)/p, inequality (1.83) can be written as H(z) > H(0) + H'(0)z,
and so it holds true if H is strictly convex on (0,1). A routine calculation yields

— 0 — — )2
(@) = 25— (l(i (,H)x)pﬂ (0 o)1 + 02 21+ 0)(p — )+ p(1— )]

Since the discriminant 40(1 4+ o)?(p — 1)(p — o) of the quadratic term is negative, we conclude that
H"(z) > 0 for all x € (0,1), indeed.

Furthermore, in complete analogy with the proof of Theorem 1.10 in Section 1.2.1.4, one can verify
that the weight p, defined by (1.82), is optimal (the notion of optimality given in Definition 1.1 can be
extended in a straightforward manner to the setting of weighted Hardy inequalities). In particular, p
is optimal near infinity, and hence the optimality of the Copson constant (1.79) on the right-hand side
of inequality (1.80) follows immediately from the asymptotics

—og—1\P
pn~<pa> n’ P asn— oo.
p

The details are left as an exercise for the reader. See also Remark 1.50 for an alternative proof of the
optimality of the Copson constant. The proof of Theorem 1.44 is complete. O

Remark 1.45. The Copson inequality (1.78) can also be established using the approach described above.
Assuming 0 < o < p — 1, we apply Theorem 1.3 with V,, :== n? and g,, defined in (1.81). This yields
the inequality

oo o0
ZnU|Vun|p > an|un\p, (1.84)
n=1 n=1

with p,, given by (1.82), but with the function H redefined on [0, 1] by

o+1
p

H(z) = (1 - x)l_p— (1+z)°.

Although this version of H is no longer convex on (0,1), inequality (1.83) remains true and can be
verified as follows. First, we observe that H(I71%1)(z) > 0 for all z € (0, 1). Noticing also that H(0) = 0

and H'(0) = (p — 0 — 1) /p, the Taylor-Lagrange formula implies that, for any = € (0, 1), there exists
¢ € (0,1) such that

[o]

H () (0) H((UHl)(g)

H(z)="——x+ zF + glol+t
(z) P kZ:Q k! ([o] +1)!

from which the desired inequality follows if H®*)(0) > 0 for all k € {2,..., [o]}. To verify also the last
claim and finish the proof, we estimate

p+k—2)(p+plz—3)“'(p_1)(a+1)k—a(a—1)~"(o—k+1)

1 1
> (1—) (c+1)F—ob > <1— >(0+1)k—ak:0(0+1)k_1—0k20.
D o+1

H®(0) = ¢

Furthermore, inequality (1.84), once again, offers an optimal version of the Copson inequality, which
can be of independent interest, as the existing literature on such refinements, for example [3, 9, 10],
seems to consider only the special case p = 2.
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Proof (of Theorem 1.38). Here, we restrict our attention to establishing the inequality (1.69). An
alternative proof of the optimality of the p-Birman constant B,(,Z)7 distinct from the argument developed
in Section 1.4.1 and independent of the optimal weights obtained in Theorem 1.27, is provided in
Remark 1.50.

The proof proceeds by induction on ¢ € N. For the base case ¢ = 1, inequality (1.69) coincides with
the classical p-Hardy inequality (1).

Assume £ > 2 and pick u € ’Hﬁ. Recalling definitions of the discrete gradient and divergence (1.7),
we have the identities div = VS = SV and divV = Vdiv. It follows that

0o o) > ’dIVU ‘p
SVl = 3 [V v 2 BYD Y SR
n=>~ n=¢—1 n=t=1

where we applied the induction hypothesis on the sequence divu € Hg_l. Using once more the identity
div = VS and applying the already proven inequality (1.80) with 0 = —(¢ — 1)p < 0 and the sequence
Su € H}, we further estimate
Z ]dlvun\ Z \VSun] (1 0)p) i |Sun\p
n— L (=1)p nt— L (=)p = p — (n + ]_)(p
n=~0—1 n=1

(=1 (-0 _ g0

Shifting the index in the last sum and noticing that B, , see formulas (1.71)

and (1.79), the above inequalities combine to

Z\vfu ” > BY Z |un”
ntr -’

n=4¢

The proof of inequality (1.69) is complete. O

1.4.3 Continuous p-Birman inequality

In this section, we derive the continuous p-Birman inequality from its discrete counterpart (1.69),
following an approach utilized for p = 2 in [24]. Beyond the fact that the transition from discrete to
continuous inequalities is interesting in itself, this step is motivated by two other objectives. First, it
provides an alternative proof of the p-Birman inequality to the standard procedure, which naturally
avoids the discrete formulation and is indicated in Remark 1.49. Second, in Remark 1.50, we take
advantage of this passage to prove the optimality of constants in Theorems 1.38 and 1.44.

Theorem 1.46 (continuous p-Birman inequality). Let ¢ € N and p > 1. Then the inequality

* 1Y le)P
) (z pdx><p) / P g, 1.85
| leOmprar= (B2 [T (1.85)

holds for all ¢ € C§°(R4) and the constant appearing on the right-hand side is optimal.

The proof will be developed progressively over the course of this section. We begin by establishing
inequality (1.85), after which we demonstrate the optimality of the p-Birman constant B,S“ in (1.85).
Prior to the proof of inequality (1.85), we state a preparatory lemma that relates the discrete derivatives
to the continuous ones.

Lemma 1.47. For N >0, n € Ny, and ¢ € C°(Ry), we denote vYY = @(n/N). Then for any £ € N,

we have ) .
n
Vi = < o (N) + O(Nm> ., as N — oo,

uniformly for alln > ¢, i.e. the constant hidden in the Landau O-symbol is n-independent.
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Proof. By definition (1.7), we have
‘ ¢
Vil = Z(—U’“(k)vff_k-
Moreover, applying the Taylor—Lagrange formula, we obtain
¢ .
N (n—k\ _ IYEAYEARAY 1
wh=e ("5 >—j§ﬂ¢ (W)~ ) +olzem):

where the constant in the Landau O-symbol can be taken n-independent since ¢ € C5°(R4). It follows
that

w3 ()| 354 () (5 o (i)
552 GO 3 o(ot)

as N — oo, uniformly in n > ¢. Now, it suffices to apply the identity |13, Eq. (26.8.6)]

Zf:(_l)k<z)kj: 0 for j < ¢,
k (—1)%e! for j = ¢,

k=0

to the term in the square brackets to finish the proof. O

Proof (of inequality (1.85)). First, notice that, by scaling of the variable z in both sides of (1.85), it
is sufficient to prove the inequality for test functions ¢ supported in (0, 1).

Fix ¢ € C’(‘)’O(O 1), £ € N, and deﬁne vl := p(n/N) for all n € Ny and N > 0 sufficiently large,
such that vY = 0 for n < £. Since also v} = 0 for all n > N, applying Lemma 1.47, we infer that

> Ivi Z\vﬁ M= Z\ ()50t )| = s S () 0 ()
N NE+1 Nt — N Nt |’

as N — oo. For the sequence vV := Nt=1/PyN it follows that
1 & N 1
(L NP _ - (" -
Z‘V a = NnZl’cp (N)‘ +(9<N>, as N — o0.
n=0 —

Since also u =0 for n < £ and n > N, we may apply the discrete p-Birman inequality (1.69) to
obtain
N

Bl eo(3)s (52 ST - (5] Sty

n=1

for N — co. Recognizing the Riemann sums and taking the limit N — oo in the above inequality, we
arrive at the desired integral inequality (1.85). O
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Remark 1.48. We remark, without going into details, that one can proceed analogously as in the proof
of inequality (1.85), using, this time, the sampling sequence

u,]y = Nl—(0+1)/p(p (%> ’

to deduce from (1.78) and (1.80) their continuous counterpart

[[evras (2 s o

p

which holds for all ¢ € C§°(R4) and 0 < p — 1 (the continuous limit takes the same form regardless
of the sign of o).

Remark 1.49. An integral form of the inequality (1.86) appeared already in the classical book by
Hardy, Littlewood, and Polya |22, Theorem 330|, see also [30, Theorem 2|. The continuous p-Birman
inequality (1.85) can be quickly proved through an iterative application of (1.86). Specifically, starting
with the ¢-th derivative of a test function ¢ and selecting ¢ = —(j — 1)p in the j-th step for any
j€{1,...,¢}, the result follows directly.

Proof (of optimality of the p-Birman constant Bz(f) in Theorem 1.46). We verify the optimality of the
(0)

constant B’ in the continuous p-Birman inequality (1.85), which amounts to proving

L lpO@Prde (1.87)
O;zégoec I ]go |p/x£pd1: P

by construction of an approximating sequence of test functions ¢ € C§°(R4), for which the ratio in
the infimum converges to BI(;E) as N — oo. Concretely for N > 2 and « > 0, we set

on(x) =2V ey (), (1.88)

with the cut-off function &y € C§°(R4) satisfying

1 ifx e [2/N,1], CNJ ifz € [1/N,2/N],
En(z) = . 2/, 1] and €0 (x (z)] < , L1/, 2/N] (1.89)
0 ifzeRy\[1/N,2], if x € [1,2],
for all j € {0,...,¢}, where C' > 0 is a constant. Such a function can be constructed, for instance, as
Ev(@) =n(Ne —1)n(2 - ),

where 7 is a smooth function on R satisfying n(z) = 0 for z < 0 and n(z) = 1 for x > 1. This
regularization has been utilized in a slightly different situation in [35, Note 2.6].
Using the Leibniz rule, we estimate the LP-norm of the ¢-th derivative of ¢n as

() (x)’pdxy/p : Z ( G g>“~ ([T larvme (x)\pdf'«“)l/p.

Employing the properties (1.89), we further estimate the integrals in the last sum separately for 7 = 0
and j € {1,...,¢}. For j =0, we have

0o 2/N 1 2
/ |27 /Pe () [P da < CP/ dz +/ dz Cp/ A oo log 2 +log(N/2),
0 /N % 2/N T x
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while for j € {1,...,¢}, we obtain

o ) - r2/N 2 2ip _ 1
/ |x3_1/p§J\J, (x)}pdang'pNJp/ :cjp_lda:+C’p/ Py =207 ————.
0 1/N 1 Jp
Recalling formula (1.71), we obtain the upper bound
1
O lPae) < [BO(4 P
’gpN (l‘)‘ dz <|B, ( 0+log(N/2)) + Ay,
where Ag and A; are N-independent constants. Conversely, we find
00 p 1 d
/ M dz > / L log(N/2).
0 P 2/N T
Altogether, bearing the continuous p-Birman inequality (1.85) in mind, we have
P
(0) r/p
© Jo o ()P da ([Bp (Ao +1og(N/2)) |+ A ©
By < — By’, as N — o0,

T len (@) /ate da T log(N/2)

which yields (1.87). The proof of Theorem 1.46 is complete.

Remark 1.50. The proof of the continuous p-Birman inequality shows that inequality (1.85) follows

from (1.69) regardless of the explicit form of the constant Bz(f). Consequently, the optimality of the

constant B,(,K) defined by (1.71) in the continuous p-Birman inequality (1.85) immediately implies its

optimality in the discrete counterpart (1.69).

Moreover, the proof of the optimality of the Copson constant CS’) in the continuous inequal-
ity (1.86), and consequently in the discrete counterparts (1.78) and (1.80), follows a similar argument

to the one detailed above. In this case, the test functions (1.88) are replaced by

on(x) = pi=(@+t)/p En(x).

The sharpness within a space of non-smooth functions is also proved in |30, Theorem 2(iii)].
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Chapter 2

Fractional Birman inequalities

Historically, higher-dimensional Hardy inequalities have attracted substantial attention because they
provide information on the spectral properties of the Laplace operator, which are closely related to the
transiency of Brownian motion described via the heat equation. It is a classical result that a Brownian
particle in R? almost surely leaves any bounded set and never returns if and only if d > 3. Conversely,
Brownian motion in R and R? is recurrent.

In parallel, the positive self-adjoint realization of the Laplacian —A on the Lebesgue space L? (]Rd)
is subcritical-that is, there exists a non-trivial Hardy weight p such that —A > p in the sense of
quadratic forms—whenever d > 3, whereas it is critical (i.e. not subcritical) for d € {1, 2}.

An analogous criticality transition arises also in the setting of fractional positive powers of the
one-dimensional Laplacian (—Ag)?%, for a € (0,1). Such nonlocal operators play a fundamental role
in the analysis of anomalous transport and diffusion processes [34], and they also appear in a range
of physical models, including, for instance, the relativistic Schrodinger-type equation in [33]. There
exist several equivalent definitions of the fractional powers of the Laplace operator. In particular, |31]
provides ten mutually equivalent characterizations of the fractional Laplacian on R%. Among these,
we recall the definition via the Fourier transform (an analogous definition will be used for discrete
Laplacians)

(—Ar)%p(z) = F ! [|§]2O‘ 97@(5)] (x), forall x € R, (2.1)

as well as the characterization in terms of the associated quadratic form

T(ax x) — 2
(2 (802 = 5 TRy o A 22)

valid for all ¢ € C§°(R). In [23], it was observed that the operator (—Ag)® is subcritical in L*(R) if
and only if a € (0,1/2), in which case the fractional Hardy inequality (—Ag)® > pll® holds with the

weight )
1’1(1—‘,—20() 1
He «a 4
P () =4 — ,
a ( ) [F(l 4204) |x’2a

for all z € R.

The optimality of the constant was proved in [11].

The discrete analog on Z completely resembles the continuous setting. The fractional powers of
the discrete Laplacian (1.5) admit a non-trivial Hardy inequality (—A)® > pS® with the null-critical
weight

for all n € Z,

o go | DO | Dl + 2572 T (fnl - 22)
P TR P(EE) | Tl + EE) (Il + )
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for all @ € (0,1/2) as was shown in [, 25]. In contrast, (—A)® is critical in ¢?(Z) for all a > 1/2.
Note that the leading term of the asymptotic expansion, as |n| — oo, is identical to the continuous
analog plle.

The situation on the half-line is more subtle, as there exist several non-equivalent definitions of
general positive powers of the Laplace operator. In particular, due to the inherently nonlocal nature of
fractional derivatives, the definition depends on whether the functions, resp. sequences, are formally
extended by zero to the negative half-axis or are instead treated without such an extension. We first
briefly discuss relevant results in the latter setting, after which we turn our attention to the former
option, which will be considered in the remainder of the thesis.

In the continuum, the positive fractional powers of the half-line Laplacian (—Ag, )*, defined for
a € (0,1) via its quadratic form

4°T(a +1/2 ) — 2
B ey

for all p € C3°(Ry) (compare with (2.2)), were analyzed in [5]. In this paper, the authors found the
Hardy inequality (—Ag, )" > pEP with the weight

I? 1/2) — I'(2a) si 1
PP (1) = (a+1/2) —T'(20) s1n(7ra)a:20“ for all 2 > 0.
T

While the constant is optimal for all & € (0, 1), it is only positive if o # 1/2. The case a = 1/2 was
studied, for example, in [1].

In the discrete setting, the corresponding operator (—Ay)® was investigated for all a > 0 in [18],
where the authors established that the operator (—Ay)? is subcritical if and only if o < 3/2. Further-
more, for this range of the parameter «, they explicitly identified Hardy weights of the form

da) ifa£1/2
PSKS(TL) = { 2(21/2) fa—1/2, for all n > 1,

nlogn

where c¢(«) is a positive constant depending on «, which was specified therein. Observe that for
a # 1/2 the Hardy weights decay as n~2% in the limit n — oo, matching the asymptotic behavior of
their continuous counterpart. For a € (0, 1], the weights have recently been refined in [11]. In this
regime, the null-critical Hardy weights are given in the form of the Gamma ratios

Dy g | D) Tl 52 T — )
: D) s ) T = )

for all n € N.

4

2o as n — oo, for every a € (0,1], including

Interestingly, these weights exhibit asymptotic decay n™
the critical value a = 1/2.
On the other hand, if we regard the test functions on Ry to be formally extended by zero to the

negative half-axis, the fractional Hardy inequality

[e'e) 2 a o] T 2
(o (000} = [P -Arret) o > I [T g

Y

where the operator (—Ag)® is defined by (2.1), was established in [5] for all ¢ € C§°(R4) and a € (0, 1).
Remark 2.1. In fact, the Fourier transform definition (2.1) of the Laplacian on R can be extended to
all @ > 0 and ¢ € C§°(R) as

(—Ar)%p(z) = F e (162 Fp(6)](z), forall z € R, (2.3)
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where || denotes the largest integer smaller than or equal to v € R. Consequently, invoking the latter
fractional Hardy inequality for the |«]-th derivative of ¢ € C§°(R4), we have

‘ 2

ot « a—|a a (a—|a +1/2 > (P(Laj)m
(0, (—0g)*) = (oD (—Ag)r-lallloy > T(a Z[o] +1/2) / | 2(a<w>)
™ 0 xT
Iteratively applying the continuous Copson inequality (1.86) with 0 = —2(av — |a] +j — 1) in the j-th
step for j € {1,..., |a|}, we obtain the fractional Birman inequality

[ s e (5) [T, 2.4

«

for all @ > 0 and ¢ € C§°(R4.). Here, the generalized Pochhammer symbol is introduced in the form

I'(v+A)

(v), = ) for all v, A > 0, (2.5)

in order to replicate the structure of the constants appearing in the continuous p-Birman inequal-
ity (1.1). To the best of our knowledge, the inequality (2.4) has not previously appeared in the
literature for non-integer parameters o > 1, while for a = ¢ € N, it coincides with the classical result
of Birman (3).

Surprisingly, the existing literature does not appear to address the discrete analog of the fractional
Laplacian, defined in (2.3), when restricted to functions supported on the half-line R;. The purpose
of this chapter is to close this gap by deriving a discrete counterpart of the inequality (2.4) for the

(0%

operator (—A)®.
The chapter is structured as follows:

e In Section 2.1, we define general positive powers (—A)?, for a > 0, of the discrete Laplacian (1.5)
on Z and examine several of their fundamental properties. In particular, we derive the matrix
representation with respect to the standard basis and analyze the corresponding matrix elements.

e In Section 2.2, we devise a method for constructing abstract fractional Birman weights associated
with a parameter sequence g that satisfies certain sufficient conditions. The main idea is to first
establish a fractional Hardy inequality for o € (0, 1], which is subsequently iterated with the aid
of the first-order weighted Hardy equality (1.14).

e In Section 2.3, we apply the abstract framework developed in Section 2.2 to the parameter
sequence g(®), given by formula (2.23), and thereby derive explicit fractional Birman inequalities
for all @« > 0 in Theorem 2.14. By obtaining a suitable lower bound for the relevant weight
sequence, we obtain a complete discrete counterpart of the continuous inequality (2.4).

e Finally, in Section 2.4, we briefly analyze the optimality properties of the explicit fractional
Birman weights p(® obtained in Section 2.3.

2.1 Positive powers of the discrete Laplacian on Z

Recall that the discrete Laplace operator on £2(Z) is determined by the bi-infinite Toeplitz matrix



with respect to the standard basis {d, }necz, that is, —Au, = —tp_1+2Up—un 1 for every u € £2(Z) and
n € Z. We define its general positive powers by diagonalizing —A via the discrete Fourier transform,
in direct analogy with (2.1), following the approach outlined in [18]. An equivalent formulation based
on the spectral calculus can be found in |25].

Let F : ¢2(Z) — L*(—m, w) denote the unitary operator specified by its action on the standard basis
{6n}nez, namely Fo, = f,, where {f,}nez is the orthonormal basis of the Hilbert space L?(—m,)
given by

1 inx

) = e for all z € (—m, ).
fulw) = (~m,m)
Under this Fourier transform, the discrete Laplacian —A on ¢2(Z) is unitarily equivalent to a mul-
tiplication operator on L?(—m, 7). More precisely, its action on the basis elements {f,}nez is given
by

1
v 2T

for all n € Z and © € (—m, ), where M () denotes the multiplication operator by the function
z +— ¢(x). Consequently, we may define the positive powers of the discrete Laplace operator by

(]—“(—A)]—"_lfn) (7) = e_im(—e_ix +2— eix) =(2—2cosz)fn(r) = Ma—2coszfn(T),

(—A)* == F "Mg_gcosz)eF  for all a > 0. (2.6)

We now proceed to compute the matrix elements of these operators. For this purpose, we introduce
the generalized binomial coefficient, defined by

a I'(a+1)
= for all -1 R. 2.
<b> O DN a—bs 1) or all a > and b € (2.7)
(Recall that the reciprocal Gamma function is an entire function vanishing at the points 0, —1,....)

Proposition 2.2. Let a > 0. Then the operator (—A)* acting on (2(Z) is represented by a bi-infinite
symmetric Toeplitz matrix whose entries read

2a
(8= (20 ) orattmnez 28)
Proof. By definition (2.6) of the operator (—A)® and unitarity of the discrete Fourier transform F, we
have

1 [7 .
(=)0 = (O, (=A)%0n) = (fm: Ma—2cosz)a fn) = / (2 — 2cosz) el (™7 qg

2 J_,

Since the function 2 — 2 cosz = 4sin? (x/2) is even, the integral representation further simplifies to

4 /2
(=A)p, =2— sin®® ¢ cos 2(m — n)t dt,
T Jo

where we used the substitution x = 2¢t. The latter integral may be computed with the aid of a slight
modification of the identity [21, § 3.631, Eq. (8)], which reads

/M2 sin” "1 (t) cos (20t) dt = (-1)m ()
0

= 2”F(”TH+€)F(”T+1_£) for all £ € Z and Rev > 0.

Altogether, in view of definition (2.7), we obtain the desired result

a _ (_1ymtn F(QOé—l—l) _ (_1\ymtn 2
(=AY = (=1 F(a+1+m—n)F(a+1—m+n)_( nm <a+m—n>

for all m,n € Z. The symmetry of the matrix follows directly from the middle expression. O
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Remark 2.3. By applying the Euler reflection formula |13, Eq. (5.5.1)]
L(z2)I'(1 — 2) = 7/sin(7z), (2.9)
which holds for all z ¢ Z, we further obtain

(~a), = et 172 sin (o) F;E”i;i;fl) (2.10)

for all m,n € Z and all non-integer o > 0.

Remark 2.4. In [18], the authors investigated fractional powers of the Laplace operator (—Ay)* for
any o > 0. The matrix elements of such an operator with respect to the standard basis of £?(N) read

(—AR)E = (—1)min [( 2a ) _ < 20 )] for all m, n € N. (2.11)

a+m-—n a+m-—+n

The corresponding matrix is no longer Toeplitz and differs from (—A)%|z2qy) by a Hankel matrix.

In order to preserve the notation introduced in Chapter 1 and specified in Section 1.1, we do not
restrict the operator (—A)® to the Hilbert space ¢?(N). Instead, we consider it on the spaces HJ and
H12 = (?(N), highlighting that the sequences are formally extended by zero to negative indices; see
the definitions in (1.6). We further extend this definition to all sequences for which the series in

o0

(=) Uy = Y (—A)% (2.12)

m=1

converges absolutely for every n € N, that is, to the domain
[o.¢]
D, = {v e H! ‘ S (= A)% | < o0, Vn € N}.
m=1

Observe that the asymptotic expansion (1.59), in conjunction with the formula (2.10), yields the
estimate

1

where, this time, the hidden constant may depend on « but is independent of m and n. In particular,
this implies the embeddings H'? = H' N ¢%(Z) ¢ H' N{>®(Z) C D, for every a > 0.

In [11], the authors exploit the fact that the fractional Laplacian (—Ay)®, determined by (2.11),
can be interpreted as a formal Schrodinger operator on a suitable nonlocal graph for a € (0, 1]. This
observation allows them to apply the abstract framework of optimal Hardy inequalities on graphs
developed in [27]. For completeness, we demonstrate that the Laplacian (—A)?®, defined by (2.12),
likewise induces a formal Schrodinger operator for a € (0,1] in the following sense. A graph over a
discrete set X is a symmetric function e : X x X — [0, 00), such that

e(rz,z) =0 and Z e(r,y) <oo foralze X.
yeX

If e(z,y) > 0, we say that x,y € X are connected by an edge and write x ~ y. The formal Laplacian L,
acting on the space

D(X) = {u X = C ‘ Ze(w,y) lu(y)| < oo Vz € X} DI (X),

Y~z
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where ¢°°(X) denotes the set of bounded functions on X, is defined by the formula

Lu(zx) = Ze(z, y)(u(z) —u(y)) forallz e X.

Y~z

Finally, the formal Schridinger operator H associated with the potential q : X — R is defined on D(X)
by H =L+ q, ie. Hu(x):= Lu(x)+ q(z)u(x) for all z € X and v € D(X).

We now set X := N, define e(m,n) = —(=A)%,, for all m # n, and e(n,n) := 0 for all n € N.
The resulting graph is well-defined for every o € (0, 1], since e is symmetric by Proposition 2.2 and
non-negative by virtue of the formulas (2.8) for o = 1, resp. (2.10) for a € (0, 1), where, without loss
of generality, it suffices to assume m > n. Moreover, we introduce the potential

g(n) = > (=A%, forallneN,
meN

where the series converges absolutely by (2.13). Therefore, in view of definition (2.12), we obtain

(=A)*u(n) = = Y (=A)im (uln) = u(m)) +u(n) Y (=A)7, = Lu(n) + g(n)u(n), (2.14)

m=1 1

and thus the operator (—A)® indeed induces a formal Schrodinger operator for all « € (0, 1]. Although
this fact will not be used explicitly, it constitutes the main idea behind the ground state transform
(cf. [27, Proposition 2.4]), given by the Hardy-type identity in Theorem 2.8 below.

Remark 2.5. The associated potential can be computed explicitly as

200 — 1
a—n

an) = 3 (A, = <—1>"+1(

m=1

) for all n € N, (2.15)

in fact the latter identity holds for any « > 0 and n € Z. Indeed, invoking the formula (2.8) and

Pascal’s rule . .
<a; ) X <‘Z:1) = (Z) valid for all a > 0 and b € R,

the series becomes a telescoping sum of the form

= ad 20 —1
(—=A)%, = (=1)" Y (=1)"(am + am-1), where ap, = <a o n)
m=1 m=1
We conclude that (—1)"q(n) = —ag + limy_o(—1)Nax = —ag, where in the last step we have used

the estimate |a,,| < m ™21, which follows from the Euler reflection formula (2.9) in combination with

the asymptotic expansion (1.59). This, however, coincides with the desired identity.

2.2 Abstract fractional Birman inequalities

In this section, we explain how to derive abstract fractional Birman inequalities for the operator
(—=A)*, a > 0, defined by (2.12). In analogy with Section 1.2, we consider a parameter sequence g
and establish fractional Birman identities that are structurally analogous to (1.12) and (1.16), with
the remainders expressed in terms of g. Under additional assumptions imposed on g, these remainders
become nonnegative, thereby yielding the desired fractional Birman inequalities.

Let us begin by introducing the fractional Birman weights and the associated inequalities in accor-
dance with Definition 1.1.
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Definition 2.6. Let o > 0. A non-negative sequence {py}>2, is called a discrete fractional Birman
weight if and only if the discrete fractional Birman inequality

Z%(—A)O‘un 2 Z Pn |Un|2 (2.16)
n=1 n=1

holds for any u € H}. In addition, the weight p is said to be non-attainable in ”H,é if, whenever the
equality in (2.16) is attained for u € H}, necessarily u = 0.

Analogously to the continuous framework discussed in Remark 2.1, the key step in deriving frac-
tional Birman inequalities for arbitrary a > 0 is to first analyze the Hardy regime o € (0,1]. After
establishing this fundamental case, the result is then generalized to higher-order derivatives by means
of an iterative application of the weighted first-order Hardy identity (1.14).

For this purpose, we begin by formulating the following auxiliary lemma, which, for o € (0, 1],
identifies the quadratic form associated with the formal Schrodinger operator (2.14) corresponding to
the fractional Laplacian (—A)®.

Lemma 2.7. Let oo > 0. Then for any u € ”H(l), we have the identity
= 1 = 200 — 1
_ 2 - 2
S A = =5 3 (Al — = S0 (207
n=1 m,neN n=1
Proof. In light of definition (2.12), the quadratic form on the left-hand side can be rewritten as
oo o0 o0 oo o0
_ _ ) _
DL NS DD DIEISAES 9 Dol EAEH D Y BT o)
n=1 n=1 m=1 n=1 \m=1 m,neN

Invoking the symmetry of the operator (—A)?, established in Proposition 2.2, we deduce that
1

Z (= A)nmtn(un — um) = Z (=A) i m (um — un) = 9 Z (=A)m [um — un|2 .
m,neN m,neN m,neN
The claim then follows directly from the identity (2.15). O

We are now in position to derive fractional Birman identities for any @ > 0, analogous to the ground
state representation |11, Proposition 3.4| of the operator (—Ay)® for a € (0, 1].

Theorem 2.8. Let a > 0 and g € D, such that g, > 0 for all n > 1. Then for any u € Hy, we have

the identity
[9n [am |
——Um — ]/ " Un
gm gn

IRTEIN ST QGO TR o N

n=1 1<n<m

(2.17)

Proof. For any m # n, elementary computations yield

‘ On on,
—Um,
Varm ™ Vgn "

| m] +g lu n[ — 2Re (Tpum,)

‘um—un‘ + ’ m’ + ‘“n‘ — |un|
Om g
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Multiplying both sides by —(—A)%,,/2 and summing over all m,n € N, we obtain

B S N IR DY SPS TR SV G I

1<n<m mneN n=1
=l (&
oyl (z<—A>s;ngm),
n=1 n m=1

where we used the symmetry (—A)%, = (—A)%. and the formula (2.15). Applying Lemma 2.7 to the

first line of the right-hand side and employing definition (2.12) in the second, we arrive at the desired
identity (2.17). O

In analogy with Section 1.2, our goal is to ensure the non-negativity of the remainder term appearing
on the right-hand side of the fractional Birman identity (2.17). However, according to formula (2.10),
the inequality (—A)%, < 0 is valid for all m > n only when « € (0,1]. To overcome this limitation,
we combine Theorem 2.8 for « € (0, 1] with an iteration of the weighted Hardy identity

Z Vi [V, [* Z dlv(Xg/Vg Z Vit |y / gn“

which holds for all V € C(N), g € H' satisfying g, > 0 for all n > 1, and u € H}; see Remark 1.5.
The iteration is reminiscent of the one used in the proof of Theorem 1.7 in Section 1.2.1.2.
For streamlined notation, we define

(2.18)

{v} =v—(v]-1) forallveR,

that is, {v} denotes the fractional part of v, with the modified convention that integer arguments are
mapped to 1 rather than 0.

Theorem 2.9. Let o > 0. Suppose that g € H' satisfies the assumption
VFg €Dy with Vg, >0 foralln>1andk€{0,...,[a] —1}. (A2.1)

Then for all u € HY, we have the identity

[e'e] o N [e'e] —A agn N
S (A u, Y (g) unl? = 3" R (g,w), (2.19)
n=1 n=1 n

where the remainders are given by the formulas

2

a kxgk k—1
Z (= Ang V+19n+1 /Vvkklsgilvk Vi1 — \/%Vk 1, if k< [a],
R\ (g,u) = S— S ) (2.20)
- Z ( ){a} \/ vial— 1En V[a-‘ 1u7n - \/ vial— 1ggT:V(a—‘ tu ka = |VO[|

1<n<m

Proof. The proof proceeds by induction on [a| € N and follows the lines of the proof of Theorem 1.7
in Section 1.2.1.2. The base case [«] = 1 coincides with Theorem 2.8.

Suppose [a] > 2. Since (—A)® is a Toeplitz operator by Proposition 2.2, one readily verifies that it
commutes with the shift operator S, defined in (1.8), and consequently also with the discrete divergence

div =S — I. Recalling that the adjoint of the discrete divergence operator is div* = —V, we have
oo oo
ZtTn(—A)aun = Z Vg (—A)* 'Wu, for any u € HJ.
n=1 =
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Consider g € H' satisfying assumption (A2.1). Evidently, Vg € H' fulfills the assumption for a — 1,
and therefore the induction hypothesis, applied to Vu € H}, with Vg, yields

[a]—1

iun i )" Vg Vo + Y REV(Vg, V). (2.21)
n=1 n=1 in k=1

In view of the defining formula (2.20) of the remainders on the right-hand side, the obvious identity
{a} = {a— 1} implies, for all k € {1,..., [a] — 1},

la]—1
R V(Ve, Vu) = RS (g.u), thus Y RV(Ve,Vu) = ZR(“) (g, u
k=1

Next, invoking the identity (2.18) with the weight V,, := (—=A)*~'Vg,/Vg, for all n € N, the first

term on the right-hand side of (2.21) rewrites as
[ On Uni1 — gn+1
In+1

While the numerator of the prefactor in the first sum on the right-hand side of the latter identity
simplifies as

= (-A)*1vg, div(VVg), Vg
Z<)V’vu”’2: ¥| n‘ +Z v +
—t In On In41

n=1

(-A)*'vg

—div(VVg) = —div < e

Vg) = (-A)%g,

the second sum is equal to the remainder Rga) (g,u) by definition (2.20). Therefore,

0 a—lv " > (=A™ " o
> AL N gy, p =y Sy R g,0),

n=1 n=1 n

which, in combination with the identity (2.21), completes the proof of Theorem 2.9. O]

Now, by imposing additional assumptions on the parameter sequence g, we may guarantee the
non-negativity of the new remainder terms on the right-hand side of (2.19), as defined by (2.20), and
thereby derive an abstract fractional discrete Birman inequality for any oo > 0. We regard the following
theorem as the first principal result of this chapter.

Theorem 2.10. Let o > 0. Suppose that g € H' satisfies assumptions (A2.1), and, in addition
(=A)kTFg, >0 foralln>2and ke {1,...,[a] —1}. (A2.2)

Then for all u € HY, we have the inequality

o0
> un(-A) un>2pn ) [un? (2.22)
n=1

where p(g) == (—A)%g/g. If moreover,
(—A)%g, >0 foralln>1, (A2.3)

then p(g) > 0 is a discrete fractional Birman weight, which is non-attainable in ’Hé.

o8



Proof. Recalling the definition (2.20) of the remainders R,(ca) (g, u), assumption (A2.2) ensures their non-
negativity for all k € {1,..., [a] —1}. The non-negativity for k = [a/] follows from the formula (2.10).
Consequently, Theorem 2.9 implies the inequality (2.22). Furthermore, assumption (A2.3), i.e. the
non-negativity of the sequence

pn(g) = (—A)gy/gn,  for allm > 1,

renders p(g) a fractional Birman weight.

In order to prove the non-attainability in H(l), we proceed analogously as in the proof of Theorem 1.9
in Section 1.2.1.3. Suppose that u € H(l) fulfills inequality (2.22) as equality. Theorem 2.9 implies that
the remainders on the right-hand side of the identity (2.19) vanish for all k € {1, ..., [a]}. In particular,
since

a 2
_(—A)iur}l,n = ({aio—f 1) >0 foralln>1,

for k = [a], we obtain the necessary condition

viel=lg, 4

vial-1g viel=ly, =0 for all n > 1.

Because we assume u € 7—[(1), which results in the boundary condition u,, = 0 for all n < 0, the above
difference equation has the only solution u, = cg, for some constant ¢ € C and all n > 1. By
assumption (A2.1) with £ =0, g, > 0 for all n > 1, therefore the sequence u has a compact support
if and only if ¢ = 0, or equivalently v = 0. The proof of Theorem 2.10 is complete. O

To complete the picture, it remains to construct an explicit parameter sequence g € H' that
satisfies all the conditions (A2.1)-(A2.3). This shall be carried out in the subsequent section.

2.3 Explicit fractional Birman weights

In this section, we apply the abstract framework developed in Section 2.2 to a concrete choice of the
parameter sequence g(®. In line with the leitmotif of this thesis, we define this sequence in terms of a
suitable ratio of Gamma functions as

(@) F'n+a-1/2)

gy = e) , forallneN, (2.23)
with the convention gﬁf“) := 0 if n < 0. This convention is necessary if a« € N/2 is a half-integer, since
the Gamma function has simple poles at the points 0, —1,.... This specific form is chosen because it

enables an explicit closed-form computation of the action of the difference operators V and (—A)?.
This property is crucial for verifying assumptions (A2.1)—(A2.3), which, in view of Theorem 2.10, imply
that the sequence

(@) ._ (—A)gy”)

e YL
gl

constitutes a fractional Birman weight for every o > 0.

Firstly, we extend the claim of Lemma 1.22 and investigate the behavior of the sequence g(®) under
the action of the discrete gradient operator V*. A proof can be obtained entirely analogously to that
of Lemma 1.22 by invoking the Chu—Vandermonde identity for hypergeometric functions. However, we
provide an alternative, more elementary argument that proceeds by induction on k € {0,...,[a] —1}.

forall n > 1,

Lemma 2.11. Let o >0 and k € {0,...,[a| — 1}. Then, for all n € Z, we have the identity

VFg = (0 — k +1/2), gl (2.24)
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Proof. Tt is sufficient to verify the formula for « > 1 and & = 1. The general result then follows
immediately by mathematical induction. The claim is trivial if n < 0. On the other hand, for n > 1,
we obtain

I'm+a-1/2) T'(n+a-3/2) T'(n+a—1/2) n—1

Vgl®) = - = - —1/2)gle),
8n '(n) I'(n—1) I'(n) n+aoa—3/2 = (@=1/2)g,

which coincides with the desired identity. O

Remark 2.12. Note that the range of the exponent & is bounded only due to the cases where o € N/2.
Nevertheless, if a ¢ N/2, the same computations yield the identity

'n+a—-k—1/2)

k() — (n
V=g, (a—k+1/2), e)

forall k >0 and n € Z.

Since gﬁf") > 0 for all n > 1 by the defining formula (2.23), Lemma 2.11 immediately implies the

inequalities in assumption (A2.1). Furthermore, by exploiting the transition between the parameter
sequences g(@ provided by formula (2.24), we deduce that
Vg €Dy and  (=A)* VR >0 foralln>1and ke {0,...,[a] —1},

n

once this property has been verified for the case k = 0 only. Establishing this base case is the objective
of the following lemma.

Lemma 2.13. Let a > 0. Then, for all n > 1, we have the identity

a (o) _ 1 2F(n_l/Q)
218 = (5) Trar

Proof. The proof will be divided into two parts, depending on whether « is an integer or not.
a) a € N: Recalling the operator identity A = divV, for integer exponents we obtain the relation
(—A)* = (—1)*V22S*, where the shift operator is defined in (1.8). Therefore, invoking Remark 2.12,

we infer that
o a (@) _ 1\« —a F(n_1/2) _ 1 2F(n_1/2)
( A) n o ( 1) ( + 1/2)2a F(TL—FOé) - <2) I‘(n+a)

«

for all n > 1, where the generalized Pochhammer symbol is defined by (2.5).
b) a ¢ N: By definition (2.12) and the matrix representation of (—A)%, given by Proposition 2.2,

we have
(—A)g{) = Z (=)™ <a +2r:— n> S ;(O;n; =

m=1

for all n > 1. Recalling the definition (2.7) of the generalized binomial coefficients and shifting the
index in the latter sum, we further observe that

—1)m Fim+a+1/2)
' T(a+m—n+2)L(a—m+n)

Since o > 0 is non-integer, the last sum can be expressed in terms of a regularized hypergeometric
function as
1) ,

[e.e]

a+1/2 Z a+1/2 (l1-a-n), 1 _F(a+1/2)2F1<a—|—1/2,1—a—n

Ia+n) (a—n+2+m) m! T(a+n) a—n+2
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where we used the identity

(O (4 o m), = (L),

(¢ +n—m)

Employing also Gauss’s hypergeometric theorem [13, Eq. (15.4.20)]

b I'c—a—-10
oIy (aac ‘ 1) = I‘(c(—c a)CIL‘(c —)b)’ valid whenever Re (¢ —a —b) > 0,

the expression under consideration simplifies to

T(a+1/2)  D(a+1/2)
T(a+n) T(3/2—n)I(2a+1)

(=A)%g(®) = (—=1)" T (20 + 1)

n

(here the Gauss’s condition reduces to a4+ 1/2 > 0, which is evidently satisfied). Lastly, the Euler
reflection formula (2.9) applied to I'(3/2 — n) = I'(1 — (n — 1/2)) reveals

2(a+1/2)T(n—1/2)
™ I'(n+ «)

(g = 1

)

which, recalling the definition of the generalized Pochhammer symbol (2.5) coincides with the desired
result. O

As a consequence of Lemmas 2.11 and 2.13, we conclude that the parameter sequence g(o‘) satisfies
assumptions (A2.1)—(A2.3). Applying Theorem 2.10, we thus obtain the second principal result of this
chapter.

Theorem 2.14. Let o > 0. Then the sequence

<a>_<—A>as$f’_<1>2 P(n—1/2)T(n) )
=@ T \2) T 12rarmray ST (2:25)

where g(® is given by (2.23), is a discrete fractional Birman weight, which is non-attainable in Hy.

Remark 2.15. If a« = £ € N is an integer, the above theorem coincides with Theorem 1.27 since

Ly 1 02
o =3 _ 02

for all n > 1; see formula (1.61).

Remark 2.16. Without going into technical details, we note that, in accordance with Remark 1.29, the
parameter sequences
Fn+a-—2s)

(@) (g) =
9, (s) T

for all n > 1,

with the convention gﬁf‘)(s) = 0 for n <0, generate discrete fractional Birman weights

_ (=A) g (s)
g (s)

I'(n —s)'(n)
n—s+a)l(n+a)

for all n > 1,

= (8)(1 (1 - S)a F(

which are non-attainable in H{ for any s € (0,1). It can be shown that the sequence p%a)(s) attains

its maximal limiting value as n — oo at s = 1/2, i.e. the inequality (s), (1 —s), < (1/2)2 holds for
all s € (0,1).
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To conclude this section, we establish a lower bound for the weights p(®, defined in (2.25), and
thereby deduce a classical fractional Birman weight which constitutes a direct discrete analog of the
inequality (2.4).

Theorem 2.17. Let o > 0. Then the sequence p(o‘), given by formula (2.25), satisfies the inequality

@< (LY L for alln > 1
fno2\2), it fa]—p2e FTOET=S

Proof. Bearing formula (2.25) in mind, the inequality is equivalent to

C+1/2) Tntl) 1
'n+1/24+a)T(n+14+a) (n+ [a])?™

for all n > 0,

which will be established once we verify that

I'n+s+a)

T(n+s) < (n+Ja])* forall se€[0,1] and n >0,
where equality may hold only for s = 1. To this end, we rewrite the left-hand side as

F'n+s+a—|a)
I'(n+s)

F(n+s+a)

Tnts) —ntsta-lal)a

The Pochhammer symbol is evidently estimated from above as (n+s+a — [a])|
and the second factor satisfies

) < (n+ [a])led

(e}

F(?’L—f—S—f—OJ—LOJJ) n Saf\_aj n a a—|af
pa el < gyt < o oot

as a consequence of the Gautschi inequality (1.74). Note that the latter inequality may hold as an
equality only in the case s = [a] = 1. Combining these two estimates yields the desired result. O

Finally, we shift the index n in the fractional Birman inequality (2.16) and obtain our last main
result:

[a]

Theorem 2.18 (classical fractional Birman inequality). Let o > 0. Then for any u € Hy ', we have

the inequality
g Un (—A)%uy, > <2> g S (2.26)

n=[c] & n=[a]

Proof. 1t follows from Theorems 2.14 and 2.17 that
oo [e.e] 1
Up, —-A « n > (@) n 2 > Py
PRLTERNETES S ¢

for all u € H. Moreover, the inequality is strict for every non-trivial sequence u # 0. Now consider

2 o0

|un|
2 ol — 17

a n=1

an arbitrary sequence u € HOOJ. Substituting S/*1—1u e H{ into the above inequality and shifting the
index n in the sums on both sides yield the estimate (2.26). O
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2.4 Optimality of fractional Birman weights

Definition 1.1 of optimality of Hardy weights of higher order naturally extends to non-integer positive
powers of the Laplace operator as follows.

Definition 2.19. The fractional Birman weight p is said to be optimal if it exhibits the following three
properties:

(i) Criticality: The weight p is called critical if for any fractional Birman weight p, such that p, > p,
for all n > 1, it follows that p = p.

(ii) Non-attainability: The weight p is called non-attainable if, whenever the equality in (2.16) is
attained for u € D, such that the right-hand side is finite, necessarily u = 0.

(iii) Optimality near infinity: The weight p is called optimal near infinity if for any M > 1 and € > 0
there exists u € H)! such that

ZW(—A)O‘U” <(l+e¢) an Jun
n=1 n=1

Note that for non-attainability, we restrict our attention only to the sequences in the domain D,
for which the left-hand side of the fractional Birman inequality is well-defined.

In this section, we discuss the optimality properties of the fractional Birman weights p(o‘) derived
in Theorem 2.14. The overall strategy is analogous to that employed in Chapter 1, where the opti-
mality of abstract p-Birman weights was established in Theorem 1.10. In close parallel to the proof
of Theorem 1.10 in Section 1.2.1.4, the key idea is that all remainder terms on the right-hand side of
identity (2.19) vanish under the formal substitution u = g, i.e.

R,(Ca)(g,g) =0 foralla>0and ke {1,...,[al};

see definition (2.20). Once again, we cannot perform the substitution uw = g directly, since the pa-
rameter sequence g is not compactly supported. Therefore, it is necessary to analyze the asymptotic
behavior of the remainder terms as u — g. However, several technical difficulties, detailed in Re-
marks 2.25 and 2.28, arise in the fractional setting, which prevent us from establishing the optimality
of the weights p(® in full generality. Nevertheless, we anticipate that the following conjecture holds.
In fact, partial results supporting this statement will be progressively proven in the remainder of this
section.

Conjecture 2.20. Let o > 0. Then the fractional Birman weights
1\>  D(n—1/2)T(n)
(@) — [ = lln>1
Pr <2>a Tn—1/2+al(nta) Joroinzl

are optimal in the sense of Definition 2.19.

Remark 2.21. Recalling the asymptotic expansion (1.59), we observe that

1\* 1
Pl ~ <2) 3 8T 00

[0}

Consequently, validity of Conjecture 2.20, or, in particular, of optimality near infinity of the weights
p(® | would also imply the optimality of the fractional Birman constant

2
B . <1)
2 (6%

on the right-hand side of the classical fractional Birman inequality (2.26) for all a > 0.
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Remark 2.22. The conjecture is obviously true for integer parameters @ € N, since it coincides with
Theorem 1.27 in the particular case p = 2.

We now proceed to analyze individually the three properties that characterize optimality, namely
criticality, non-attainability, and optimality near infinity:

Criticality

Similarly to the argument presented in Section 1.2.1.4, the criticality is established by showing that
the remainder terms R,(Ca) (g, 9¢"), where £V denotes a suitable cut-off function, vanish as N — oo for
every k € {1,...,[a]}. In what follows, we confine our attention to the setting of fractional Hardy
inequalities, i.e. to the case a € (0,1), where the analysis simplifies substantially due to the presence
of only a single remainder term. Within this range of the parameter «, we derive an even stronger
result, reminiscent of Theorem 1.10.

Proposition 2.23. Let a € (0,1). Suppose that g € H' satisfies the assumptions (A2.1) and (A2.3)
(assumption (A2.2) is void), and, in addition, suppose that g admits the asymptotic expansion

gn = cn® 12 4 O(no‘_?’/Q), as n — oo, where ¢ # 0. (A2.4)
Then the fractional Hardy weight p(g) = (—A)%g/g is critical.

Proof. Consider a fractional Hardy weight p such that p,, > p,(g) for all n > 1. By assumption (A2.1),
the weight p(g) satisfies the identity (2.19), thus the fractional Hardy inequality for p implies that

0< > (Fn— pu(0)) lunl* < R (g,w)
n=1

for all u € ’H(l). We will use these inequalities for a regularization of the parameter sequence g of the

form u? := g&¢V, where, this time, the cut-off sequences ¢V are defined as
1 ifn <N,
g =g ANonn - if N <y < N2, (2.27)
0 if n > N2,

for any N > 2. Notice that £V — 1, and therefore u" — g, point-wise, as N — co. Moreover, we will
show that the remainder admits the estimate

1
Rga)(g’uN) < g for any N > 2, (2.28)

where < denotes the inequality < up to a N-independent constant. Hence, invoking Fatou’s lemma,
we find that

00 [eS) )
- - . 2 .. ~ 2
(B = Pn(8) 85 = D (n = pa(9)) Jim [uff|” <Tminf » (5 = pa(9)) [uy |” = 0.
N—oo N—oo
n=1 n=1 n=1

From the non-negativity of the summands on the left and positivity of g, for all n > 1, ensured by
assumption (A2.1), we conclude that p, = p,(g) for all n > 1, which proves the criticality of the weight
p(g)-
It remains to verify the estimate (2.28). Substituting u := "V = g¢V into the defining formula (2.20)

reveals

o0 o0 9

R (g,u™) = 3N (= A)3 s tnion € — €N
n=1j=1
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Recalling definition (2.27), one readily confirms that
log (1 +j/n)
N N
& =& | < T logN
Next, we employ the estimate (2.13) for the matrix elements of (—A)?, as well as the assumption (A2.4),
to obtain

for all n,j > 1. (2.29)

a log? (1 + j/n)
R( ) 97 < no— 1/2 TL—i—j)a 1/2
nzljzl 2a+1 ]Og N

1_|_]/na 1/2 ) .
1 1+ .
log NZ Z; (j/n)2a+1 og”(1+j/n)

Moreover, for any n > 1 fixed, the function

(1 + z/n)—1/2
COE

is eventually decreasing, thus the inner sum can be further estimated by the integral

) i In)e—1/2 00 2 /m)e—1/2
2%1‘)%2(1 +J’/n)§/0 %1og2(1+x/n)dx
j=1

Finally, using the substitution ¢ = z/n, we infer that

(0,00) = (0,00) : & > log? (1 + x/n)

N? . o
R(a)(g uN)< 1 Zl / Mlog2(1+t)dt < 1 /NQldn<1
1 ? ~ 10g2 N ~ n 0 t2a+1 ~ 10g2 N 0 n ~ logN’

where the integral in parentheses converges to some positive constant since o € (0,1). The proof of
the estimate (2.28), and therefore of Proposition 2.23 is complete. O

Remark 2.24. Tn view of expansion (1.59), the parameter sequences g(®, defined by (2.23), satisfy the
assumption (A2.4), and therefore the above proposition evidently implies criticality of the fractional
Hardy weights p(® for any o € (0,1).

Remark 2.25. There are two principal obstacles to extending Proposition 2.23 to the entire range o > 0:

e Firstly, we are currently unable to determine estimates

(—A)*FVhg, < p2k=a)
Vign
of the prefactors of the summands in the remainder terms (2.20), for £ € {1,..., [a] — 1}, under
the additional assumption (A2.4) (or even a stronger assumption imposed on the asymptotic
behavior of g,, as n — 00). Fortunately, this difficulty can be circumvented through a suitable
explicit choice of the parameter sequence g(®. Indeed, by invoking Lemmas 2.11 and 2.13, we

obtain (_A)a—kvk © N X
Vg B (o)~ (2)ak SRy ASn oo
e Second, the bounds of the remainder terms, for k € {1,..., [a] — 1}, of the form
R (g, g < ey forall N2,

where the regularization ¢V is defined in (1.34), can be derived by employing an argument
analogous to that used in Section 1.2.1.4. In contrast, if £ = [«], the double summation in for-
mula (2.20) renders the analysis significantly more intricate, which prevents us from establishing
the corresponding estimate.
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Optimality near infinity

The proof of optimality near infinity proceeds along the same lines as the argument given in Sec-
tion 1.2.1.4. As before, we confine our attention to the Hardy regime « € (0,1). The motivation for
this restriction is similar to the reasons listed in Remark 2.25.

Proposition 2.26. Let o € (0,1). Then the fractional Hardy weight p\®, given by formula (2.25), is
optimal near infinity.

Proof. Fix arbitrary M > 1. Recalling identity (2.19), the optimality near infinity will be established
once we find a sequence {u™} > C HJ! such that

(@) ((a) , N
lim i (g Y )

= (2.30)
N=roo §700 50) N |2

This time, we set u¥ := g(@¢N | where €V is a bump sequence determined by

0 if n <N,

log n—log N if N < ]\]'2

W 1 <n_ )
N if N2 <n <2N?,

W if 2N? < n < 2N3,

0 if n > 2N3,

for all N > M. Tt is straightforward to check that the inequality (2.29) still holds, hence, similarly as
in the proof of criticality, we find that

©) 1 2N3 1 1
a) (a) (a)eN) < < .
R, (9 9 g)Nlog2NnZ::lanog_”_>0’ as N — oo

On the other hand, the asymptotic expansion (1.59) implies the lower bounds

2

n2a

(@) _ (1)2 I'(n—1/2)0(n) > 1 @ _Tl+a—1/2) _ i

. o T(n—1/2+ a)l(n +a) and g = == 2 et (231)

for all n > 1, and therefore the denominator of the expression in (2.30) satisfies

o0 , , 2N 20-1 aN? |
qu(la) Wl " > Z P (gl))? > Z > / - dn = log 2.
n=1 n=N? n=N? e
Altogether, we verify (2.30), and hence also the optimality near infinity of the weight p(®). O

Non-attainability

We shall establish an intermediate non-attainability property that lies between the notion of non-
attainability introduced in Definition 2.19 and the notion of non-attainability in 7-[(1] given in Defini-
tion 2.6. By approximating sequences in H? C D, (see definition (1.6)) with compactly supported
sequences, we extend the results of Theorem 2.14 and demonstrate that the fractional Birman weight
p\®) remains non-attainable even in the space H2, for any a > 0. Recall that a fractional Birman
weight p is said to be non-attainable in H? if, whenever equality in (2.16) is attained for u € H12
necessarily u = 0.

66



Proposition 2.27. Let a > 0. Then the fractional Birman weight p\®), given by formula (2.25), is
non-attainable in H2.

Proof. The proof proceeds analogously to the argument outlined in Section 1.2.1.4. Suppose that
u € HY? satisfies the equality

o0 o0

ZW(—A)O‘U“ = Zp;a) ‘un‘z

n=1 n=1

Consider a sequence {uN IR C 7—[(1) of compactly supported sequences approximating u, i.e. u’¥ — u
as N — oo in the norm of ¢2(Z). Theorem 2.9 implies the identity

[a] e8] [e'¢)
a N a a 2
0< > B (g ™) = Y ul (= A ul = 3 ol )]
k=1 n=1 n=1
for all N > 1. Since both (—A)® and p(® determine bounded operators on ¢2(Z), in fact

P(a+1/2)
o all — g () — (@) - @ 7
[=a)[ =4 and o = suploi?| = 075

passing to the limit N — oo in the identity above shows that the remainders converge to zero as
N — oo for any k € {1,...,[a]}.

Proceeding verbatim as in the proof of Theorem 2.10, we deduce that u,, = ¢ g%a) for some complex
constant ¢ € C. Furthermore, if ¢ # 0, the estimates in (2.31) entail

(e} [e.e] 1

2 _
E Pw(za) lun|” 2 E @nza ' = oo
n=1 n=1

Finally, recalling the assumption u € H? (hence also v/p(® u € H'?), we conclude that ¢ = 0, i.e.
= 0. The proof of Proposition 2.27 is complete. O

Remark 2.28. The sole remaining ingredient required to extend the statement of Proposition 2.27 to
the notion of non-attainability (in D,), as introduced in Definition 2.19, is the establishment of an
approximation result analogous to Lemma 1.17. Namely, one needs to establish the existence of a
sequence {uN}_, C H} such that

fjm—mauff R im—maun,
n=1 n=1

provided that v € D, and that the series on the right-hand side converges.
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Conclusion

In this thesis, we conducted a detailed analysis of optimal higher-order discrete Hardy inequalities on
the half-line. Our investigation focused on two contemporary research directions: nonlinear p-Hardy
inequalities and extensions of Hardy-type inequalities in the linear case p = 2 to non-integer positive
powers of the discrete Laplace operator.

In Chapter 1, we developed a general framework for discrete p-Hardy inequalities of arbitrary order
¢ € N and exponent p > 1. Starting from an abstract first-order weighted inequality, we established
an iterative method that enables the construction of higher-order p-Hardy weights from a suitable
parameter sequence. In this way, we identified sufficient conditions under which these weights are
optimal, i.e. critical, non-attainable, and optimal near infinity, in Theorem 1.10. This approach led
to the discovery of explicit optimal discrete p-Birman weights p(“?) in Theorem 1.27, extending our
previous results from [13]|, where only the linear case p = 2 was considered. Moreover, subsequent
analysis of the optimal weights p(‘?) yielded the classical discrete (Theorem 1.38) and continuous
(Theorem 1.46) p-Birman inequalities, which, to the best of our knowledge, have not been explicitly
formulated in the existing literature.

In Chapter 2, we turned to the linear case p = 2 and extended the theory to fractional powers
of the discrete Laplacian. In contrast to previous works [18, 11], we studied the Toeplitz operator
(—A)® for arbitrary a > 0, defined as a restriction of the full-line discrete Laplacian in Section 2.1.
In this setting, we established fractional Birman inequalities depending on a parameter sequence g
in Theorem 2.10. By a suitable explicit choice of g(®), we derived corresponding fractional Birman
weights p(“) in Theorem 2.14, as well as the classical fractional Birman inequality in Theorem 2.18.

Several open problems remain for future research. In particular, we highlight the alternative can-
didates for optimal p-Birman weights 5(¢?) and the question of optimality of the fractional Birman
weights p(®. These problems are formulated in Conjectures 1.36 and 2.20 respectively, and are sup-
ported by partial results established in special cases. Further directions may also include extensions of
fractional Birman inequalities beyond the linear case p = 2 or analogous results in an abstract graph
setting.
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