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» The classical discrete p-Hardy inequality:

e} 1 n P oo
S5 u <o e (3+i-1)
n=1 k=1 n=1

» In the difference form (uo = 0):
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n=1 n=1 G. H. HARDY (1877-1947)

THuEOREM [Fischer—Keller-Pogorzelski, 2023 ]: The discrete p-Hardy weight w™ can be improved

to
p—1 p—1

1/q 1/q
wEKP=[1—<1—1> } - (1+1) —1] > 1
n n anP
The weight wFXF cannot be improved any further (it is even optimal).
» For p = 2, the optimal weight w"%F found earlier in [Keller—Pinchover—Pogorzelski, 2018 ]
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HARDY INEQUALITIES OF HIGHER ORDER

» We assume everywhere |[p>1and £ € N|, and ¢ =p/(p—1).
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DiscreTE: The inequality

o p o0 P
S vz (1) 30
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holds for all w € ¢P(N) with us = -+ = ug—1 = 0, where Vuy, := tn— Un—1 with Vuq := ug

> For arbitrary £ € N: case p = 2 [Huang-Ye, 2024 ]; case p > 1 [S-W, 2026 ]. 2/15



OPTIMAL DISCRETE p-HARDY-RELLICH-BIRMAN WEIGHT

DEFINITION: For a (non-specified) general £ € N, any non-negative sequence p = {pn e, is called
a discrete p-Hardy—Rellich-Birman weight, if and only if the inequality

SVl > Sl ®
n=~_( n=~¢

holds for all u € Co(N) with ug =+ =ug—1 = 0.
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(i) Criticality: For any discrete p-Hardy—Rellich-Birman weight p, such that g > p, it follows

that p = p.

(ii) Non-attainability: Whenever the equality in (%) is attained for any u such that the RHS of

(%) is finite, then v = 0.

(iii) Optimality near infinity: For any m > £ and € > 0, there exists u € Co(N), with u, = 0 for

n < m, such that

Z|V un|p (1+¢) an|un|p

» Motivated by [Devyver—Fraas—Pinchover, 2014 ] and [Keller-Pinchover—Pogorzelski,

2018 ].
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FURTHER IMPROVEMENTS AND NOTATION

» Naturally, the classical discrete p-Birman weight was expected to admit an improvement.
» Initial results entirely confined to p = 2. First improvements of the discrete Rellich weight

> First optimal weights for general p > 1 and £ € N found only very recently in [S-W, 2026 |

~~ the main results to be formulated further...

NoOTATION: For a sequence u = {uy,}, we define

Vun = tn —Un—1 and divup := Upg1 — Un.
and
—APy = (—1) divt (Vi) Y,

where v(* := v|v|*~! for any @ > 0 and v € C (with convention 0¢* := 0).

» The definition of fAff) stems from a polarization of the £P-norm of V*u:

STl = 3 (<A ),
n=~{ n=~L

for u € Co(N) with ug = --- =up—1 = 0.
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SUFFICIENT CONDITIONS FOR OPTIMALITY

AsSUMPTIONS: Given g = {gn}ney with g1 =-+- =ge—1 = 0. [parameter sequence]
V¥, >0 forallm>¢and k€ {0,...,0} (MON)
~AYTPTERG, >0 foralln > fand k€ {0,...,0—1} (SUPHAR)
y
I Z ocjnéfj*l/p + (’)(niz*l*l/”) as n — 0o, with ag # 0. (ASYM)
=0

THuEOREM [S-W]: If a parameter sequence g satisfies (MON), (SUPHAR), (ASYM), then

Vu € Co(N) with uy = --- = ug—1 = 0, it holds that
L oo g
> R0 2 Tl - 3 R 2 3 R e 20
k=1 n=t 9n k=1

and p(g) = fAff) g/g? ! is an optimal discrete p-Hardy-Rellich-Birman weight.
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» Annihilation by g: R,ie)(q; g,9)=0forallk=1,...,¢
Proof of criticality: Let p be a discrete p-H-R-B weight satisfying p > p(g). Then

<> @ >|un|P<ZR“p,g, u)

k=1

for all sequences u € Co(Np), ug =+ = ug—1 = 0. Substituting u = g, we infer | p = p(g).

Here we are cheating because g ¢ Co(Ng), but one can make it rigorous by an approximation
argument.
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NEW OPTIMAL DISCRETE p-HARDY-RELLICH-BIRMAN WEIGHTS

gen = T+ 1/9)
" T(n—£+1)

> This g'“? fulfils (MON), (SUPHAR), (ASYM).

THuEOREM [S-W]: The sequence

Sen o A e (1) 1 5 Ehn k1= U}
! P \a)y —t+1-1p)f = (= L+ 1)

is an optimal discrete p-Hardy—Rellich—-Birman weight satisfying

1V 1
PP > (7> —, VYn>¢
q/,
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THE CASE p =2

> If p = 2, we have the new discrete Hardy—Rellich-Birman inequality

> 1
|Veun|2 > (f

)

2 o0

[un|”

nZ:Z n(n —1/2)(

n—1)--(n—£0+1/2)’

for u € Co(N), ug = -+ = ug—1 = 0, with optimal weight.
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» In particular, if £ = 1, we have the new optimal discrete Hardy inequality

o0 1 oo n
;’”” —wa| 2 g z:: Au— ‘1/2

for u € Co(N), uo = 0.

1
(1,2) __ to

T 4n(n —1/2) wTIL(PP:27\/77%7 141,

» Compare the weight p,,

8/15



FRACTIONAL HARDY INEQUALITIES

» For p = 2, the Hardy inequality can be understood in the sense of quadratic forms

(u, *AN“>132(N) = ZW(*diVVu)n = Z |Vun|2 > an |un|2 = <U:P“>e2(N) :
n=1

n=1 n=1
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FRACTIONAL HARDY INEQUALITIES

» For p = 2, the Hardy inequality can be understood in the sense of quadratic forms

(u, *AN”>Z2(N) = Zﬁ(fdivVu)n = Z |Vun|2 > an |un|2 = <u:P“>e2(N) :
n=1

n=1 n=1

» Similarly, we may consider fractional (higher-order) Hardy inequalities (—Ay)® > p for any
positive power o > 0 of the Laplace operator on ¢(N).

> We assume everywhere

(—Ax)* > p on £2(N), if and only if o € (0,3/2).
THEOREM [Das—Fuente-Fernandez, 2026 |: For a € (0, 1] the optimal weights read

D () = 40 FWQ)T D(n+ 32 P(n= B222) r()} |

)| T )T )~ | rEE) | e

n2e’

> PROOF: Relies on the criticality theory for Schrodinger operators on graphs developed in
[Keller-Pinchover—Pogorzelski, 2018 ].
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» Recall that for any integer ¢ € N, the Hardy—Rellich—-Birman inequality

1 2 oo n2
S -t = LIVl 2 (3) 31
n=~¢

holds for all u € £*(N) with u; = --- = u,_; = 0.
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» Recall that for any integer ¢ € N, the Hardy—Rellich—-Birman inequality

1 2 oo n2
S -t = LIVl 2 (3) 31
n=~¢

holds for all u € £*(N) with u; = --- = u,_; = 0.
» If £ > 1, the inequality fails for some u € £*(N) by the previous theorem.
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S -t = LIVl 2 (3) 31
n=~¢

holds for all v € £*(N) with u; = - - -

=Up—1 = 0.

» If £ > 1, the inequality fails for some u € £*(N) by the previous theorem.
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TWO DIFFERENT LAPLACIANS ON THE DISCRETE HALF-LINE

» Recall that for any integer ¢ € N, the Hardy—Rellich—-Birman inequality

1 2 oo n2
S -t = LIVl 2 (3) 31
n=~,

holds for all u € £*(N) with u; = --- = u,_; = 0.
» If £ > 1, the inequality fails for some u € £*(N) by the previous theorem.

ON N ON Z

14 14 6 -1
-14 20 -15 6 -1 . ", . . ..
6 —-15 20 —15 6 —1 6 —15 20 -—15 6 -1

(Fa)?’=1] -1 6 -15 20 -15 6 -1 (-Az=|-1 6 =-15 20 -15 6 -1

-1 6 -15 20 -15 6 -1 -1 6 =15 20 -15 6 -1
[e% _ m+n e
(_AN)m’n - (_1) |:(o¢+m n) - (a+7n+n)] (_A’Z)'(rxn,n = (_1)m+n (a+27nfn)
> Set (—A)* = PL(=Az)* Py, where Py 1 £2(N) = (*(Z), Le. | (=A)%un = > (=)™ (50,
m=1
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» Due to the non-locality of the fractional derivatives, the definition depends on whether the
functions are formally extended by zero to R_.

THEOREM [Bogdan—Dyda, 2011 ]
(i) Let a € (0,1]. Then Vo € C§°(Ry) it holds that

/ (—Ag, )% (z)dr > (a4 1/2)-T(2a) sin(ra) /00 |g0(:17)|2 N

T 1'20‘

(ii) Let a > 0. Then Yy € C§°(Ry) it holds that

J O

™

» The constants are optimal in both cases.
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SUFFICIENT CONDITIONS FOR A PARAMETER SEQUENCE
» We extend the definition of (—A)® to the formal domain

Do = {u € C(N) ’ Z:Zl‘(fA)g’mum‘ < o0, Vn € N}.

AssumPTIONS: Given g = {gn}5Z; € Da [parameter sequence]

THEOREM [S-W]: If a parameter sequence g satisfies g,, > 0 for all n > 1, then Vu € Co(N) it holds
that

2 5

um_un ZO

D U (=A)" Z S un? == > (=A)% 0 G On o
n=1

n=1 1<n<m m On
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SUFFICIENT CONDITIONS FOR A PARAMETER SEQUENCE

> We extend the definition of (—A)* to the formal domain

DaIZ{UEC ’Zml nmum‘<oo VnGN}
AssumMPTIONS: Given g = {gn}52; € Da [parameter sequence]
VFg, >0 forallm>1and ke {0,...,[a] —1} (MON)

VFg €Dy r and (—A)* *VFg, >0 foralln>1and k€ {0,...,[a] —1}  (SUPHAR)

THEOREM [S-W]: If a parameter sequence g satisfies (MON’) and (SUPHAR’), then Vu € Co(N) it

holds that

[eS] [e’s} [o]

JR— @ _A * n @
D U (—A)un = Y % un|* = > R (g,u) > 0
n=1 n=1 n k=1

and therefore p(g) = (—A)%g/g is a fractional Hardy weight.
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NEW OPTIMAL DISCRETE FRACTIONAL HARDY WEIGHTS
» Bearing the definition of g*? in mind, we set

(@ ._ (nta-1/2)
o=y
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In

(@) .

'n+a—-1/2)

I'(n)

> This g!® fulfils (MON’), (SUPHAR’).
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NEW OPTIMAL DISCRETE FRACTIONAL HARDY WEIGHTS

» Bearing the definition of g*? in mind, we set

() . F(n+0¢— 1/2)
On " = 71“(71)

> This g!® fulfils (MON’), (SUPHAR’).

TuEOREM [S-W]: The sequence

(—=A)*gy)  4°T?(a+1/2) T(2n—1)
g ™ I'(2n +2a —1)

(@ =

is an optimal discrete fractional Hardy weight.
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NEW OPTIMAL DISCRETE FRACTIONAL HARDY WEIGHTS

» Bearing the definition of g*? in mind, we set

9n

() — F(n+0¢— 1/2)

I'(n)

> This g!® fulfils (MON’), (SUPHAR’).

TuEOREM [S-W]: The sequence

) (—A)gy)  4°T*(a+1/2) T(@2n-1)

- I (a+1/2)

1

no (o) T

gn

I'(2n+2a—1)

is an optimal discrete fractional

COROLLARY [S-W]: For all u € £2(N), with u, = 0 for all n < [a], we have the inequality

Hardy weight.

™

(n+[a] — 1)’

n=[a]

[e']

|un|2

Un (—A) upn >

I (a+1/2) Z

s

n=[a]

n2o

and the constant T?(a + 1/2) /7 is sharp.

Vn >1
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