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Schrédinger operators on R

m Potential: we assume throughout the talk that
geLl'(Ry;C)

(often more than actually needed).
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Schrédinger operators on R

m Potential: we assume throughout the talk that
geLl'(Ry;C)

(often more than actually needed).
m Schrddinger operator on R, = (0, c0):

d2

H="5e

+q

on DomH = {f € L*(R}) | f,f area.c. on Ry, —f" + gf € L?(R.), and

f(0) + af(0) = 0},
where (if & = oo, £(0) = 0).
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Schrédinger operators on R

m Potential: we assume throughout the talk that

geLl'(Ry;C)

(often more than actually needed).
m Schrddinger operator on R, = (0, c0):

d2

H=-%3¢

+q

on DomH = {f € L*(R}) | f,f area.c. on Ry, —f" + gf € L?(R.), and

where (if o = 00, F(0) = 0).

m H is densely defined and closed in L*(R.) and H*(g, o) = H(q,

m Boundary functionals:

a(f) = &
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f(0) + af(0) = 0},

a).

(0~ )
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SA case: spectral measure

m H self-adjoint <= g real-valued and a € R U {co}.
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SA case: spectral measure

m H self-adjoint <= g real-valued and « € R U {oo}.
m The Titchmarsh—-Weyl m-function: (VA € C\ R)(31m()\) € C) such that

6 2) = o( Am(A) € L*(R.),
where ¢ and 6 are solutions (fundamental system) of the eigenvalue equation
—f"4+qgf =X onR,
satisfying the boundary conditions: lo(p) = —1, £o(0) =0,
{Iié(w) =0, {
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SA case: spectral measure

m H self-adjoint <= g real-valued and « € R U {oo}.
m The Titchmarsh—-Weyl m-function: (VA € C\ R)(31m()\) € C) such that

(-, A) — o(-, m(N) € L2(Ry),
where ¢ and 6 are solutions (fundamental system) of the eigenvalue equation
—f"+qgf =X onR,
satisfying the boundary conditions: lo(p) = —1, la(0) =0,
{em) =0, {/zéw) =1

m The spectral measure: The m-function is Herglotz—Nevanlinna, therefore

m(A) = Re m(i) + /oo (!—A - 1%2) do(t),

— o0

where o is a unique positive measure on R called spectral measure of H.
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m The spectral measure: The m-function is Herglotz—Nevanlinna, therefore

m(A) = Re m(i) + /:; (!—A - 1%2) do(t),

where o is a unique positive measure on R called spectral measure of H.
m H is unitarily equivalent to the operator of multiplication by the i.v. in L3(R, do).
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SA case: spectral measure
m H self-adjoint <= g real-valued and « € R U {oo}.
m The Titchmarsh—-Weyl m-function: (VA € C\ R)(31m()\) € C) such that
0(, ) = (- A)m(A) € LA(Ry),
where ¢ and 6 are solutions (fundamental system) of the eigenvalue equation
—f"4+qgf =X onR,
satisfying the boundary conditions: lo(p) = -1, £,(0) =0,
{ec%(so) =0, {/zéw) =1
m The spectral measure: The m-function is Herglotz—Nevanlinna, therefore

m(A) = Re m(i) + /:; (!—A - 1%2) do(t),

where o is a unique positive measure on R called spectral measure of H.
m H is unitarily equivalent to the operator of multiplication by the i.v. in L3(R, do).

m Borg—Marchenko uniqueness theorem (1949-51): ’ (g, @) — o is injective. ‘
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SA case: Integrable potentials

m For H = H* with g € L'(R):
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SA case: Integrable potentials

m For H= H* with g € L'(R,): supp oac = [0, 00),
supp opp C (—00, 0], all simple evls of H.
o expressible in terms of Jost solutions:

m For k € R\ {0}, there exists unique solutions f.; of the eigenvalue equation
Hf = Kk>f satisfying

fui(x, k) = e 4+ 0(e™*), x = occ.

The Jost solutions f1i(x, -) extend analytically to £Im k > 0.

Franti$ek Stampach (CTU in Prague) The spectral pair for integrable potentials 4/13



SA case: Integrable potentials

m For H= H* with g € L'(R,): supp oac = [0, 00),
supp opp C (—00, 0], all simple evls of H.
o expressible in terms of Jost solutions:

m For k € R\ {0}, there exists unique solutions f.; of the eigenvalue equation
Hf = Kk>f satisfying

fui(x, k) = e 4+ 0(e™*), x = occ.

The Jost solutions f1i(x, -) extend analytically to £Im k > 0.
moonR;:

do k

ol ):m, where k = VA > 0.

Franti$ek Stampach (CTU in Prague) The spectral pair for integrable potentials 4/13



SA case: Integrable potentials

m For H= H* with g € L'(R,): supp oac = [0, 00),
supp opp C (—00, 0], all simple evls of H.
o expressible in terms of Jost solutions:

m For k € R\ {0}, there exists unique solutions f.; of the eigenvalue equation
Hf = Kk>f satisfying

fui(x, k) = e 4+ 0(e™*), x = occ.

The Jost solutions f1i(x, -) extend analytically to £Im k > 0.
moonR;:

do k

ol ):m, where k = VA > 0.

moonR _: A= —x? <0, with x > 0, is an eigenvalue of H < (2 (f.i(-,ir)) =0
and

[a(Fri( k) 2

- ,| where xk =+/|\| > 0.
i) 2 VIA

o({A}) =
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NSA case: hermitisation

m Hermitisation of H: 0 H
(H* 0) in 3(R,) @ L3(R,).
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NSA case: hermitisation

m Hermitisation of H: 0 H
(H* 0) in 3(R,) @ L3(R,).

m After identifying L?(R.) @ L?(R+) = L3(R.; C?), we arrive at the operator

s (0 1 (0 g
H_—e@—l—Q W|th 6—(1 0), Q—(a 0),
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NSA case: hermitisation

m Hermitisation of H: 0 H
(H* 0) in 3(R,) @ L3(R,).

m After identifying L?(R.) @ L?(R+) = L3(R.; C?), we arrive at the operator

s (0 1 (0 g
H_—e@—l—Q W|th 6—(1 0), Q—(a 0),

m Boundary condition:

F'(0)+ AF(0) =0, with A— (g 2)
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NSA case: hermitisation

m Hermitisation of H: 0 H
(H* 0) in 3(R,) @ L3(R,).

m After identifying L?(R.) @ L?(R+) = L3(R.; C?), we arrive at the operator

s (0 1 (0 g
H——Gw-’-o W|th 6—(1 0), Q—(a 0),

m Boundary condition:

F'(0)+ AF(0) =0, with A— (g 2)

m Boundary operators:

- (H). e (4. e (2)

Franti$ek Stampach (CTU in Prague) The spectral pair for integrable potentials 5/13



|
The spectral pair
m Let ¢, © be the 2 x 2 matrix-valued solutions (the fundamental system) of
—eF"+QF = F, onR,
satisfying the Cauchy data: L, (®) = —/, L2(®) =0and L,(©) =0, L2 (©) =«

Franti$ek Stampach (CTU in Prague) The spectral pair for integrable potentials 6/13



The spectral pair
m Let ¢, © be the 2 x 2 matrix-valued solutions (the fundamental system) of
—eF"+QF = F, onR,

satisfying the Cauchy data: L, (®) = —/, L2(®) =0and L,(©) =0, L2 (©) =«
m Then (VA € C\ R)(31M()\) € C??) such that

(-, \) — ®(-, )M(N) € L*(R,; C*?).
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m Then (VA € C\ R)(31M()\) € C??) such that

(-, \) — ®(-, )M(N) € L*(R,; C*?).

m Function M : C\ R — C?2 is Herglotz—Nevanlinna, therefore

M) = ReM(i)+/_°; (1‘—17>\ - ltz) dx (f).

The C?2-valued measure ¥ is called the spectral measure of H.
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The spectral pair
m Let ¢, © be the 2 x 2 matrix-valued solutions (the fundamental system) of
—eF"+QF = F, onR,

satisfying the Cauchy data: L, (®) = —/, L2(®) =0and L,(©) =0, L2 (©) =«
m Then (VA € C\ R)(31M()\) € C??) such that

(-, \) — ®(-, )M(N) € L*(R,; C*?).

m Function M : C\ R — C?2 is Herglotz—Nevanlinna, therefore

M) = ReM(i)+/_°; (1‘—17>\ - ltz) dx (f).

The C?2-valued measure ¥ is called the spectral measure of H.

There exists a unique even positive measure v on R and a unique odd complex-valued
function ¢ € L>°(v) satisfying |||l < 1 such that

_(1 ¥
dZ—<E 1>d1/.
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The spectral pair
m Let ¢, © be the 2 x 2 matrix-valued solutions (the fundamental system) of
—eF"+QF = F, onR,

satisfying the Cauchy data: L, (®) = —/, L2(®) =0and L,(©) =0, L2 (©) =«
m Then (VA € C\ R)(31M()\) € C??) such that

(-, \) — ®(-, )M(N) € L*(R,; C*?).

m Function M : C\ R — C?2 is Herglotz—Nevanlinna, therefore

M) = ReM(i)+/_°; (1‘—17>\ - ltz) dx (f).

The C?2-valued measure ¥ is called the spectral measure of H.

There exists a unique even positive measure v on R and a unique odd complex-valued

function ¢ € L>°(v) satisfying |||l < 1 such that

_ (1 ¥ We call (v, %) the
= (E 1> dv. spectral pair of H.

= = = = Ty
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Jost solutions of H

m For k € C\ {0}, we consider C?-valued solutions F to

—eF"+QF = K°F. (%)
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Jost solutions of H

m For k € C\ {0}, we consider C?-valued solutions F to
—eF"+QF = K°F. (%)
m Free solutions: If Q = 0, then (x) has the four solutions:

- 1
e, etM™e,, where ey = <i1) .
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Jost solutions of H

m For k € C\ {0}, we consider C?-valued solutions F to
—eF"+QF = K°F. (%)
m Free solutions: If Q = 0, then (x) has the four solutions:

- 1
et et e, where e4 = (ﬁ:1) .

Theorem (Jost solutions)

For all k € C\ {0}, there exist Jost solutions F41, Fxi to (%) with the asymptotics:

Fi1(X, k) = e e_ + O(eikx), X — 00,

Fii(x, k) = eT®e, + o(e™™), x — oo
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Jost solutions of H cont.

Theorem (Jost solutions)

For all k € C\ {0}, there exist Jost solutions F1, F4i to (x) with the asymptotics:

ikX)

Fii(x, k) = e*¥e_ + o(e™), x — oo,

Fii(x, k) = ee, + o(e™™), x — co.
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Jost solutions of H cont.

Theorem (Jost solutions)

For all k € C\ {0}, there exist Jost solutions F1, F4i to (x) with the asymptotics:

ikX)

Fii(x, k) = e*¥e_ + o(e™), x — oo,

Fii(x, k) = ee, + o(e™™), x — co.

m Fyq, Fy; are LI, so any solution of (x) is a linear combination of them.
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Jost solutions of H cont.

Theorem (Jost solutions)
For all k € C\ {0}, there exist Jost solutions F1, F4i to (x) with the asymptotics:

ikX)

Fii(x, k) =e*™e_ + o(e X — 00,

Fii(x, k) = e, + o(e

)

iikx) X — 00.

’

m Fyq, Fy; are LI, so any solution of (x) is a linear combination of them.

m Let k > 0; while F_4 is uniquely determined by its asymptotics, but the other Jost
solutions are not. E.g., F1i and Fyi + cF_1 have the same asymptotics for all
c € C. A more accurate description of the Jost solutions F11, F+; should be as

classes.
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Theorem (Jost solutions)
For all k € C\ {0}, there exist Jost solutions F1, F4i to (x) with the asymptotics:

Fii(x, k) = e*¥e_ + o(e™), x — oo,

Fii(x, k) = e, + o(e

)

iikx) X — 00.

’

m Fyq, Fy; are LI, so any solution of (x) is a linear combination of them.

m Let k > 0; while F_4 is uniquely determined by its asymptotics, but the other Jost
solutions are not. E.g., F1i and Fyi + cF_1 have the same asymptotics for all
c € C. A more accurate description of the Jost solutions F11, F+; should be as
classes.

m The Jost solutions are constructed as solutions to Fredholm (not Voltera) type
integral equations, e. g.

1
Fui(x, k) = e, — E/ sin(k(x — y))P-Q(y)Fa(y, k)dy

+ 2 [T e P QUy)Fuy, K)dy
2k J,

for0 <argk < m/4and x > 0.
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Jost solutions of H cont.

Theorem (Jost solutions)
For all k € C\ {0}, there exist Jost solutions F1, F4i to (x) with the asymptotics:

F:t1 ()(7 k) _ eikxe_ + o(eikX)

Fii(x, k) = e, + o(e

s X — 00,

iikx), X — 00.

m Fyq, Fy; are LI, so any solution of (x) is a linear combination of them.

m Let k > 0; while F_4 is uniquely determined by its asymptotics, but the other Jost
solutions are not. E.g., F1i and Fyi + cF_1 have the same asymptotics for all
c € C. A more accurate description of the Jost solutions F11, F+; should be as
classes.

m The Jost solutions are constructed as solutions to Fredholm (not Voltera) type
integral equations, e. g. ]

Fulx k)= e, — 1 /oo sin(k(x — ¥)) P+ Q(y)Fai(y, K)dy

1

o0 [ e IP_Qy)Fualy, k)dy
2k /,

for0 <argk < m/4and x > 0.
m Analytic and asymptotic properties of the Jost solutions follows...
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The spectrum of H
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The spectrum of H

Non-zero X € o,,(H) is simple. If o,(H) is infinite, 0 is the only accumulation point
of o (H). If 0 € o,(H), it has multiplicity two.
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The spectrum of H

Non-zero X € o,,(H) is simple. If o,(H) is infinite, 0 is the only accumulation point
of o (H). If 0 € o,(H), it has multiplicity two.

o.c(H) = R and has multiplicity one.
Usc(H) =0

Goal: To describe
m the density dv(\)/dX and ¥(A), if A # 0 is not a point mass of v,
m v({\}) and (), if A # 0 is a point mass of v,
in terms of the Jost solutions F_1, F;, with k = /]| > 0.
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The distinguished solution e

Proposition
Let kK > 0.
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The distinguished solution e

Proposition
Let kK > 0.
There exists a unique solution e = e(x, k) to the anti-linear eigenvalue equation

e’ +qge= ke
satisfying the asymptotics

e(x,k) =e ™ +0(e™™), x—oc.
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The distinguished solution e

Proposition
Let kK > 0.
There exists a unique solution e = e(x, k) to the anti-linear eigenvalue equation

e’ +qge= ke
satisfying the asymptotics
e(x,k) =e ™ +0(e™™), x—oc.

The Jost solutions F_1 and F,; can be expressed as

- (S58). ran- D)
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Formulas for the spectral pair

Theorem (F. S., A. Pushnitski)
Suppose k > 0.
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Formulas for the spectral pair

Theorem (F. S., A. Pushnitski)
Suppose k > 0.
If A\ = k% is not an eigenvalue of H, then

[

w2 1tk (e)? _ fale)
oW = T e Fo) e YN T e

~

The determinant in the denominator is unambiguously defined (i.e. it does not
depend on the choice of the Jost solution F.i) and non-vanishing.
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Formulas for the spectral pair

Theorem (F. S., A. Pushnitski)
Suppose k > 0.
If A\ = k% is not an eigenvalue of H, then

[

w2 1tk (e)? _ fale)
oW = T e Fo) e YN T e

~

The determinant in the denominator is unambiguously defined (i.e. it does not
depend on the choice of the Jost solution F.i) and non-vanishing.

If A = k? is an eigenvalue of H, then ¢% (e) = 0, £.(e) # 0 and we have

[a(e)?

v = 588 o= fa e)

la(e)
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