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Schrödinger operators on R+

Potential: we assume throughout the talk that

q ∈ L1(R+;C)

(often more than actually needed).

Schrödinger operator on R+ ≡ (0,∞):

H = − d2

dx2 + q

on Dom H = {f ∈ L2(R+) | f , f ′ are a.c. on R+,−f ′′ + qf ∈ L2(R+), and

f ′(0) + αf (0) = 0},

where α ∈ C ∪ {∞} (if α = ∞, f (0) = 0).

H is densely defined and closed in L2(R+) and H∗(q, α) = H(q, α).
Boundary functionals:

ℓα(f ) :=
αf ′(0)− f (0)√

1 + |α|2
, ℓ⊥α (f ) :=

f ′(0) + αf (0)√
1 + |α|2

,

(
ℓ∞(f ) = f ′(0),
ℓ⊥∞(f ) = f (0)

)
.
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SA case: spectral measure

H self-adjoint ⇐⇒ q real-valued and α ∈ R ∪ {∞}.

The Titchmarsh–Weyl m-function: (∀λ ∈ C \ R)(∃1m(λ) ∈ C) such that

θ(·, λ)− φ(·, λ)m(λ) ∈ L2(R+),

where φ and θ are solutions (fundamental system) of the eigenvalue equation

−f ′′ + qf = λf on R+

satisfying the boundary conditions:
{
ℓα(φ) = −1,

ℓ⊥α (φ) = 0,

{
ℓα(θ) = 0,

ℓ⊥α (θ) = 1.

The spectral measure: The m-function is Herglotz–Nevanlinna, therefore

m(λ) = Rem(i) +
∫ ∞

−∞

(
1

t − λ
− t

1 + t2

)
dσ(t),

where σ is a unique positive measure on R called spectral measure of H.

H is unitarily equivalent to the operator of multiplication by the i.v. in L2(R, dσ).

Borg–Marchenko uniqueness theorem (1949–51): (q, α) 7→ σ is injective.
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SA case: Integrable potentials

For H = H∗ with q ∈ L1(R+):

1 suppσac = [0,∞),

2 suppσpp ⊂ (−∞, 0], all simple evls of H.

3 σ expressible in terms of Jost solutions:
For k ∈ R \ {0}, there exists unique solutions f±i of the eigenvalue equation
Hf = k2f satisfying

f±i(x , k) = e±ikx + o(e±ikx), x → ∞.

The Jost solutions f±i(x , ·) extend analytically to ± Im k > 0.
σ on R+:

dσ
dλ

(λ) =
k

π|ℓ⊥α (f+i(·, k))|2
, where k =

√
λ > 0.

σ on R−: λ = −κ2 < 0, with κ > 0, is an eigenvalue of H ⇐⇒ ℓ⊥α (f+i(·, iκ)) = 0
and

σ({λ}) = |ℓα(f+i(·, iκ))|2

∥f+i(·, iκ)∥2
L2

, where κ =
√

|λ| > 0.
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NSA case: hermitisation

Hermitisation of H: (
0 H

H∗ 0

)
in L2(R+)⊕ L2(R+).

After identifying L2(R+)⊕ L2(R+) ∼= L2(R+;C2), we arrive at the operator

H = −ϵ d2

dx2 + Q, with ϵ =

(
0 1
1 0

)
, Q =

(
0 q
q 0

)
,

Boundary condition:

F ′(0) + AF (0) = 0, with A =

(
α 0
0 α

)
.

Boundary operators:

Lα(F ) :=

(
ℓα(F1)
ℓα(F2)

)
, L⊥

α (F ) :=

(
ℓ⊥α (F1)
ℓ⊥α (F2)

)
, where F =

(
F1

F2

)
.
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The spectral pair

Let Φ,Θ be the 2 × 2 matrix-valued solutions (the fundamental system) of

−ϵF ′′ + QF = λF , on R+

satisfying the Cauchy data: Lα(Φ) = −I, L⊥
α (Φ) = 0 and Lα(Θ) = 0, L⊥

α (Θ) = ϵ.

Then (∀λ ∈ C \ R)(∃1M(λ) ∈ C2,2) such that

Θ(·, λ)− Φ(·, λ)M(λ) ∈ L2(R+;C2,2).

Function M : C \ R → C2,2 is Herglotz–Nevanlinna, therefore

M(λ) = ReM(i) +
∫ ∞

−∞

(
1

t − λ
− t

1 + t2

)
dΣ(t).

The C2,2-valued measure Σ is called the spectral measure of H.

Theorem

There exists a unique even positive measure ν on R and a unique odd complex-valued
function ψ ∈ L∞(ν) satisfying ∥ψ∥∞ ≤ 1 such that

dΣ =

(
1 ψ

ψ 1

)
dν.

We call (ν, ψ) the
spectral pair of H.
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α (Φ) = 0 and Lα(Θ) = 0, L⊥

α (Θ) = ϵ.
Then (∀λ ∈ C \ R)(∃1M(λ) ∈ C2,2) such that

Θ(·, λ)− Φ(·, λ)M(λ) ∈ L2(R+;C2,2).

Function M : C \ R → C2,2 is Herglotz–Nevanlinna, therefore

M(λ) = ReM(i) +
∫ ∞

−∞

(
1

t − λ
− t

1 + t2

)
dΣ(t).

The C2,2-valued measure Σ is called the spectral measure of H.

Theorem

There exists a unique even positive measure ν on R and a unique odd complex-valued
function ψ ∈ L∞(ν) satisfying ∥ψ∥∞ ≤ 1 such that

dΣ =

(
1 ψ

ψ 1

)
dν.

We call (ν, ψ) the
spectral pair of H.
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Jost solutions of H

For k ∈ C \ {0}, we consider C2-valued solutions F to

−ϵF ′′+QF = k2F . (∗)

Free solutions: If Q = 0, then (∗) has the four solutions:

e±kx e−, e±ikx e+, where e± :=

(
1
±1

)
.

Theorem (Jost solutions)

For all k ∈ C \ {0}, there exist Jost solutions F±1, F±i to (∗) with the asymptotics:

F±1(x , k) = e±kx e− + o(e±kx), x → ∞,

F±i(x , k) = e±ikx e+ + o(e±ikx), x → ∞.
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Jost solutions of H cont.

Theorem (Jost solutions)

For all k ∈ C \ {0}, there exist Jost solutions F±1, F±i to (∗) with the asymptotics:

F±1(x , k) = e±kx e− + o(e±kx), x → ∞,

F±i(x , k) = e±ikx e+ + o(e±ikx), x → ∞.

F±1, F±i are LI, so any solution of (∗) is a linear combination of them.
Let k > 0; while F−1 is uniquely determined by its asymptotics, but the other Jost
solutions are not. E.g., F+i and F+i + cF−1 have the same asymptotics for all
c ∈ C. A more accurate description of the Jost solutions F±1, F±i should be as
classes.
The Jost solutions are constructed as solutions to Fredholm (not Voltera) type
integral equations, e. g.

F+i(x , k) = eikx e+ − 1
k

∫ ∞

x
sin(k(x − y))P+Q(y)F+i(y , k)dy

+
1

2k

∫ ∞

0
e−k|x−y|P−Q(y)F+i(y , k)dy

for 0 ≤ arg k < π/4 and x ≫ 0.
Analytic and asymptotic properties of the Jost solutions follows...
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The spectrum of H

Theorem

1 Non-zero λ ∈ σp(H) is simple. If σp(H) is infinite, 0 is the only accumulation point
of σp(H). If 0 ∈ σp(H), it has multiplicity two.

2 σac(H) = R and has multiplicity one.

3 σsc(H) = ∅

Goal: To describe

the density dν(λ)/dλ and ψ(λ), if λ ̸= 0 is not a point mass of ν,

ν({λ}) and ψ(λ), if λ ̸= 0 is a point mass of ν,

in terms of the Jost solutions F−1, F+i, with k =
√

|λ| > 0.
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The distinguished solution e

Proposition

Let k > 0.

1 There exists a unique solution e = e(x , k) to the anti-linear eigenvalue equation

−e′′ + qe = −k2e

satisfying the asymptotics

e(x , k) = e−kx + o(e−kx), x → ∞.

2 The Jost solutions F−1 and F+i can be expressed as

F−1(x , k) =
(

e(x , k)
−e(x , k)

)
, F+i(x , ik) =

(
e(x , k)
e(x , k)

)
.
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Formulas for the spectral pair

Theorem (F. Š., A. Pushnitski)

Suppose k > 0.

1 If λ = k2 is not an eigenvalue of H, then

dν
dλ

(λ) =
2k
π

|ℓ⊥α (e)|2

| det{L⊥
α (F+i), L⊥

α (F−1)}|2
, ψ(λ) =

ℓ⊥α (e)
ℓ⊥α (e)

.

The determinant in the denominator is unambiguously defined (i.e. it does not
depend on the choice of the Jost solution F+i) and non-vanishing.

2 If λ = k2 is an eigenvalue of H, then ℓ⊥α (e) = 0, ℓα(e) ̸= 0 and we have

ν({λ}) = |ℓα(e)|2

2∥e∥2 , ψ(λ) = − ℓα(e)
ℓα(e)

.
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Astérisque 389 (2017).

P. Gérard, A. Pushnitski, S. Treil: An inverse spectral problem for non-compact
Hankel operators with simple spectrum, J. Anal. Math. 154 (2024).

Jacobi operators:

A. Pushnitski, F. Š.: An inverse spectral problem for non-self-adjoint Jacobi
matrices, Int. Math. Res. Not. 2024 (2024).

A. Pushnitski, F. Š.: A functional model and tridiagonalisation for symmetric
anti-linear operators, J. Operator Theory 95 (2026).

Schrödinger operators:

A. Pushnitski, F. Š.: The Borg–Marchenko uniqueness theorem for complex
potentials, accepted in J. Math. Pures Appl. (2026).

A. Pushnitski, F. Š.: Schrödinger operators on the half-line with integrable
complex potentials (2026), arXiv:2601.05112.

František Štampach (CTU in Prague) The spectral pair for integrable potentials 12 / 13



THANK YOU!
František Štampach (CTU in Prague) The spectral pair for integrable potentials 13 / 13


