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Self-adjoint case

An abstract framework

Given: A = A∗ on a Hilbert space H,
δ a normalized vector in H.

Spectral measure: The unique probability measure µ on R such that

⟨f (A)δ, δ⟩ = ∫
R

f (x)dµ(x), ∀f ∈ C0(R).

µ is the spectral measure of A associated with δ (µ = ⟨EAδ, δ⟩ ).

The goal: An analysis of properties of the spectral map

Λ ∶ A↦ µ

for special classes of operators A.

Direct problem: Given A (and δ), examine µ.

Inverse problem: a) Uniqueness: Sometimes µ determines A.
b) Surjectivity: Sometimes the image of Λ can be fully/explicitly

characterized.
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Self-adjoint case

Example 1 - Jacobi matrices

Set H ∶= `2
(N0),

δ ∶= δ0 ≡

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1
0
0
0
⋮

⎞
⎟
⎟
⎟
⎟
⎟
⎠

, A ∶= J ≡

⎛
⎜
⎜
⎜
⎜
⎜
⎝

b0 a0 0 0 0 ⋯

a0 b1 a1 0 0 ⋯

0 a1 b2 a2 0 ⋯

0 0 a2 b3 a3 ⋯

⋮ ⋮ ⋮ ⋮ ⋮ ⋱

⎞
⎟
⎟
⎟
⎟
⎟
⎠

,
where
bn ∈ R, an > 0,
an,bn bounded.

Then Λ is a bijection, i.e.

Theorem

a) Uniqueness: J is uniquely determined by µ.
b) Surjectivity: Given a probability measure µ with compact and infinite support in R,

there exists J such that µ is the spectral measure of J.
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Self-adjoint case

Example 2 - Schrödinger operators

Set H ∶= L2
(R+) and A ∶= H the Schrödinger operator in L2

(R+) given by

Hf (x) = −f ′′(x) + q(x)f (x)

and a boundary condition at 0, e.g. the Neumann condition f ′(0) = 0,
where q ∈ L∞(R+) real-valued.

Put formally δ ∶= δ0 the Dirac delta function at 0. Then

⟨(H − λ)−1δ0, δ0⟩ = G(0,0;λ) = ∫
R

dσ(t)
t − λ

,

where G(x , y ;λ) is the Green kernel of H and σ the spectral measure of H.
Rigorous definition of σ is via the Weyl m-function of H and its Herglotz integral
representation.

Theorem (Borg–Marchenko)

σ uniquely determines H.

(Surjectivity of the spectral mapping H ↦ σ open.)
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Non-self-adjoint case

An abstract framework

Given: A closed (non-self-adjoint) on a Hilbert space H,
δ a normalized vector in H.

Motivation: polar decomposition A = V ∣A∣ (∣A∣ ∶=
√

A∗A, V partial isometry)

Spectral measure ν: The unique probability measure ν on R such that

⟨f (∣A∣)δ, δ⟩ = ∫
∞

0
f (s)dν(s), ∀f ∈ C0(R+).

Phase function ψ: There exists a unique ψ ∈ L∞(ν) such that

⟨Af (∣A∣)δ, δ⟩ = ∫
∞

0
sf (s)ψ(s)dν(s), ∀f ∈ C0(R+)

and ∣ψ(s)∣ ≤ 1 a.e. s > 0 (and the normalized value ψ(0) ∶= 1, if ν({0}) > 0).

Spectral map: Λ ∶ A↦ (ν,ψ) (the pair (ν,ψ) is called the spectral data of A).

a) Uniqueness: Sometimes (ν,ψ) determines A.
b) Surjectivity: Sometimes the image of Λ can be fully/explicitly characterized.
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Non-self-adjoint case

Example 1 - Jacobi matrices

Set H ∶= `2
(N0),

δ ∶= δ0 ≡

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1
0
0
0
⋮

⎞
⎟
⎟
⎟
⎟
⎟
⎠

, A ∶= J ≡

⎛
⎜
⎜
⎜
⎜
⎜
⎝

b0 a0 0 0 0 ⋯

a0 b1 a1 0 0 ⋯

0 a1 b2 a2 0 ⋯

0 0 a2 b3 a3 ⋯

⋮ ⋮ ⋮ ⋮ ⋮ ⋱

⎞
⎟
⎟
⎟
⎟
⎟
⎠

,
where
bn ∈ C, an > 0,
an,bn bounded.

Then Λ ∶ J ↦ (ν,ψ) is a bijection, i.e.

Theorem (Pushnitski–Š., 2024)

a) Uniqueness: J is uniquely determined by (ν,ψ).
b) Surjectivity: Let ν is a probability meas. on [0,∞) with compact and infinite support.

Let ψ ∈ L∞(ν) be such that ψ(0) = 1 and ∣ψ(s)∣ ≤ 1 for ν-a.e. s ≥ 0.
Then (ν,ψ) is a spectral data for some J.
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Non-self-adjoint case

Example 2 - Schrödinger operators

Set H ∶= L2
(R+) and A ∶= H the Schrödinger operator in L2

(R+) given by

Hf (x) = −f ′′(x) + q(x)f (x)

and a boundary condition at 0, e.g. the Neumann condition f ′(0) = 0,
where q ∈ L∞(R+) complex-valued.

It is possible to define the spectral data (ν,ψ) associated with H (next slide).

The spectral map Λ ∶ H ↦ (ν,ψ) is injective, i.e.

Theorem (Pushnitski–Š.)

(ν,ψ) uniquely determines H.
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Non-self-adjoint case

Definition of the spectral data of Schrödinger operators 1/2

"Hermitization" of H:

H ∶= (
0 H

H∗ 0) in L2
(R+) ⊕ L2

(R+).

Equivalently,

H = −(
0 1
1 0)

d2

dx2 + (
0 q
q 0) in L2

(R+;C2
),

with the Neumann b.c. at 0.

Let M = M(λ) be the 2 × 2 matrix-valued Weyl M-function of H.

There is a unique 2 × 2 matrix-valued spectral measure Σ on R such that

M(λ) = ∫
R

dΣ(t)
t − λ

, λ ∈ C ∖R.
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M(λ) = ∫
R

dΣ(t)
t − λ

, λ ∈ C ∖R.
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Non-self-adjoint case

Definition of the spectral data of Schrödinger operators 1/2

Proposition

There exists a unique even scalar measure ν on R and a unique odd function
ψ ∈ L∞(ν) satisfying ∣ψ(t)∣ ≤ 1 for ν-a.e. t ∈ R such that the spectral measure Σ of H
has the structure

dΣ(t) = (
1 ψ(t)

ψ(t) 1
) dν(t).

(ν,ψ) is the spectral data of H.

If q = 0, then

ν(s) =
ds

2π
√

s
, ψ(s) = 1, s > 0.
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Non-self-adjoint case

Properties of spectral data (ν,ψ) of H

Proposition

The spectrum of ∣H ∣ has

multiplicity one on S1 ∶= {s > 0 ∶ ∣ψ(s)∣ = 1},

multiplicity two on S2 ∶= {s > 0 ∶ ∣ψ(s)∣ < 1}.

(The Borel representative of ψ ∈ L∞(ν) is fixed such that ∣ψ(s)∣ ≤ 1 for all s ∈ R.)

Proposition

1 If Λ(H) = (ν,ψ), then Λ(H∗
) = (ν,ψ). Consequently, H = H∗ if and only if ψ = ψ.

2 H ≥ 0 if and only if ψ(s) = 1 ν-a.e. s > 0.
3 If H = H∗, then for all t ∈ R, we have

dσ(t) = (1 + ψ(t)) dν(t).
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Non-self-adjoint case
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Non-self-adjoint case

Thank you!
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