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In [L. Bouthat and J. Mashreghi, Oper. Matrices 15, 2021], the authors:
@ Introduced L-matrices, studied when the L-matrix

ag ai as
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L= (amaX(m,n)>m o =la a a ...|- {an}n:O cC,
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ag ai as
e} a ai ao . -
L= (amaX(m,n)>m o =la a a ...|- {an}n:O cC,

determines a bounded operator on ¢2(Ny) and derive an upper bound on its norm.

© Studied in more detail the norm of operator L, determined by the Hilbert L-matrix:
1

n+v’

an = v >0,
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Motivation

In [L. Bouthat and J. Mashreghi, Oper. Matrices 15, 2021], the authors:
@ Introduced L-matrices, studied when the L-matrix

ag ai as
e} a ai ao . -
L= (amaX(m,n)>m o =la a a ...|- {an}n:O cC,

determines a bounded operator on ¢2(Ny) and derive an upper bound on its norm.
© Studied in more detail the norm of operator L, determined by the Hilbert L-matrix:
1

an =
"Tn+uv

v >0,

and proved that
IL|| =4, fr>1/2, and |LJ >4, fO<v<i/4

© Open problems: Determine the numbers
vo:=inf{v >0||L,|| =4} and |L.|, forv<1i/2.
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Generalities on L-matrices and L-operators

The standard construction

The standard construction of matrix operators:
@ Suppose a matrix A = (8m,n),, ,—o With rows and columns in £ is given.
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The standard construction of matrix operators:
@ Suppose a matrix A = (8m,n),, ,—o With rows and columns in £ is given.

@ One defines operators Ami» and Amax both acting on £2 to column vectors x as the
matrix multiplication A - x, where x is from the respective domain:

Dom Amax := {x € 1* | A-x € £*}

and
Dom Anmin := {x € 2| (3% € Co)(Xn = X A A~ Xp — AminX)}.
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Generalities on L-matrices and L-operators

The standard construction

The standard construction of matrix operators:
@ Suppose a matrix A = (8m,n),, ,—o With rows and columns in £ is given.

@ One defines operators Ami» and Amax both acting on £2 to column vectors x as the
matrix multiplication A - x, where x is from the respective domain:

Dom Amax := {x € 1* | A-x € £*}

and
Dom Anmin := {x € 2| (3% € Co)(Xn = X A A~ Xp — AminX)}.

@ Then Anin C Amax and Anin C B C Amax for any closed operator B with Cy € Dom B
and matrix representation A.

@ The matrix A is called proper iff Amin = Amax-

If A is an L-matrix, then the standard construction is applicable iff its parameter seq.
a € ((Np).
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Generalities on L-matrices and L-operators

Definition of the L-operator

@ Let £ be an L-matrix with the parameter sequence such that a, # an;1, Vn € No.
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Definition of the L-operator

@ Let £ be an L-matrix with the parameter sequence such that a, # an;1, Vn € No.
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bo —bo
—bo  bo + b — by
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Generalities on L-matrices and L-operators

Definition of the L-operator

@ Let £ be an L-matrix with the parameter sequence such that a, # an;1, Vn € No.

@ Define
bo —bo
—by by + by —by
by e _ —by  bi+b  —b

i U by bat+bs —bs

Proposition
Q@ £ -J=J- L =1 where T is the identity matrix.
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@ Define
bo —bo
—by by + by —by
by e _ —by  bi+b  —b

i U by bat+bs —bs

Proposition

Q@ £ -J=J- L =1 where T is the identity matrix.
@ J is proper; hence determines the unique Jacobi operator J.
© Jis invertible.
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Generalities on L-matrices and L-operators

Definition of the L-operator

@ Let £ be an L-matrix with the parameter sequence such that a, # an;1, Vn € No.

@ Define
bo —bo
—bo  bo + b — by
by e _ —by  bi+b  —b

i U by bat+bs —bs

Proposition

Q@ £ -J=J- L =1 where T is the identity matrix.
@ J is proper; hence determines the unique Jacobi operator J.
© Jis invertible.

Definition (L-operator)

To the L-matrix £, s.t. a, # an.1, ¥n € Ny, we associate the L-operator L := J .
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Generalities on L-matrices and L-operators

Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
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Generalities on L-matrices and L-operators

Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
© The L-operator is positive semi-definite iff a, > a,.1, ¥n € No.
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Generalities on L-matrices and L-operators

Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
© The L-operator is positive semi-definite iff a, > a,.1, ¥n € No.

Example:

@ Consider the L-matrix

H1 H2 H3
H H» Hs ... 1 1
L=1Hy Hy Hs ...[|5 Hn—1+§+ .JrE.
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Generalities on L-matrices and L-operators

Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
© The L-operator is positive semi-definite iff a, > a,.1, ¥n € No.

Example:
@ Consider the L-matrix

H1 H2 H3
H H» Hs ... 1 1
L=1H; Hy Hs ...[ Hn:1+§+ .JrE.

@ Then b, = —(n+ 1) and the Jacobi operator J corresponds to the Laguerre
polynomials (up to the sign).
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Generalities on L-matrices and L-operators

Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
© The L-operator is positive semi-definite iff a, > a,.1, ¥n € No.

Example:
@ Consider the L-matrix

H1 H2 H3
H H» Hs ... 1 1
L=1H; Hy Hs ...[ Hn:1+§+ .JrE.

@ Then b, = —(n+ 1) and the Jacobi operator J corresponds to the Laguerre
polynomials (up to the sign).

@ One can use well-known properties of the Laguerre polynomials to show that the
spectrum of the L-operator L = J~" is simple and o(L) = oac(L) = (—o0, 0].
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The Hilbert L-operator

Spectral analysis of L, via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:
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The Hilbert L-operator

Spectral analysis of L, via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:

° a(v) ai(v) a(v)
ai(v) a(v) al(v) ... 1
Lo=|a@) a@) al) ...| a)= n+v’

forv € R\ (—Np).
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The Hilbert L-operator

Spectral analysis of L, via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:

° ao(l/) a1(l/) ag(l/)
ay (Z/) a (V) ag(l/) Ce 1
L=la@) @) aw ..|[ &)=
forv € R\ (—Np).
°
bo(v) —bo(v)
» —bo(v) bo(v) + b1(v) —bi(v)
L' =dy = ~bi(v) i)+ be(v) k() |
where

bn(v) = (n+v)(n+v+1).
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The Hilbert L-operator

Spectral analysis of L, via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:

(]

forv € R\ (—Np).

("]

L'=J, =

where

@ For v =1, J; corresponds to a subfamily of the Continuous dual Hahn OGPs.

bo(v)

Frantiek Stampach (FJFI CTU in Prague)

ai(v) a(v)
a (V) ag(l/) . 1
a2(l/) ag(l/) B an(”) = n+ 7/,
—bo(v)
bo(v) + b1(v) —bi(v)
—bi(v)

bi(v) + bo(v)  —b2(v) )

bn(v) = (n+v)(n+v+1).
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The Hilbert L-operator

Spectral analysis of L, via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:

(]

@ For v =1, J; corresponds to a subfamily of the Continuous dual Hahn OGPs.

where

ai(v) a(v)

a (V) ag(l/) . 1

a2(l/) ag(l/) A an(V) = n+7/>
—bo(v)

bo(v) + b1 (v) —bi(v)
—bi(v)  bi(v) +be(v) —be(v) )

bn(v) = (n+v)(n+v+1).

@ For general v, OGPs unknown but a closely related study has been done in
[Ismail, Letessier, Valent, SIAM J. Math. Anal. (1989)]
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The Hilbert L-operator

Spectral analysis of J,

@ Spectral analysis of J, is possible in terms of the regularized hypergeometric
functions with unit argument:

i (a1aa27a3

3F2 by by 1) ;:i (a1)n(@2)n(as)n

nr(by +nl(b2+n)

n=0

The function is analytic in R(by + b. — a1 — a- — a3) > 0.
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The Hilbert L-operator

Spectral analysis of J,

@ Spectral analysis of J, is possible in terms of the regularized hypergeometric
functions with unit argument:

o0

._ (a1)n(a2)n(a@s)n
1) =20 r(t;1 + rj)l'(bz Ty

~ ai, s, as
3F2
( by, ba

n=0

The function is analytic in R(by + b. — a1 — a- — a3) > 0.

@ One has
do(z;v) = <?|Z — 22> o(z;v) + x(z; v)ey,
where
2 0) — rn+v)r(n+v+1) = z—1/2,n+v,n+v
On(ziv) = Nz+3/2) 872 n+v+z+1/2,n+v+z+1/2
and
12w +1) - v—1v+1,z+1/2
X(zv) = Mz +1/2) 3F2(z+u+1/2,z+u+1/2‘1)'
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The Hilbert L-operator

Spectrum of J, for general v
@ Asymptotic analysis of the involved functions, etc. (many details omitted), yields
the spectrum of J, for general v.

"Beautiful properties of the unit argument 3 F>-function save the day here!"
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The Hilbert L-operator

Spectrum of J, for general v
@ Asymptotic analysis of the involved functions, etc. (many details omitted), yields
the spectrum of J, for general v.

"Beautiful properties of the unit argument 3 F>-function save the day here!"

Theorem (Spectrum of J,, for general v)

For any v € R\ (—Np), the spectrum of J, is simple and decomposes as

o(J) = op(Jd) Uoac(Jd),
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Spectrum of J, for general v

@ Asymptotic analysis of the involved functions, etc. (many details omitted), yields
the spectrum of J, for general v.

"Beautiful properties of the unit argument 3 F>-function save the day here!"

Theorem (Spectrum of J,, for general v)

For any v € R\ (—Np), the spectrum of J, is simple and decomposes as

o(J) = op(Jd) Uoac(Jd),

where

oao(dy) = [%,oo) and  op(dy) = {% — X

Moreover, o,(J, ) is finite (possibly empty).
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Spectrum of J, for general v

@ Asymptotic analysis of the involved functions, etc. (many details omitted), yields
the spectrum of J, for general v.

"Beautiful properties of the unit argument 3 F>-function save the day here!"

Theorem (Spectrum of J,, for general v)

For any v € R\ (—Np), the spectrum of J, is simple and decomposes as

o(J) = op(Jd) Uoac(Jd),

where

oao(dy) = [%,oo) and  op(dy) = {% — X

Moreover, o,(J, ) is finite (possibly empty).

@ Since L, = J; ! the result readily translates to L, ...
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The Hilbert L-operator

Spectrum of L, for general v

Theorem (Spectrum of L, for general v)

Forall v € R\ (—Np), the spectrum of L, is simple and o(L,) = oac(L.) U op(L.),
where
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The Hilbert L-operator

Spectrum of L, for general v

Theorem (Spectrum of L, for general v)

Forall v € R\ (—Np), the spectrum of L, is simple and o(L,) = oac(L.) U op(L.),
where
dac(Ly) = [0,4]

and

4
Up(Ly) = {w X(X;l/) =0,x> 0} .
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The Hilbert L-operator

Spectrum of L, for general v

Theorem (Spectrum of L, for general v)

Forall v € R\ (—Np), the spectrum of L, is simple and o(L,) = oac(L.) U op(L.),
where
dac(Ly) = [0,4]

and

4
op(Ly) = {w

Moreover, o,(L,) is finite (possibly empty).

X(X;Z/):O,X>0}.

Franti$ek Stampach (FJFI CTU in Prague) The Hilbert L-matrix 12/18



The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function
-1/2,1/2,3/2 — a0
N ) (= ¢ x(0:1)

has a unique positive zero vy which is located in (0, 1/2); numerically vy ~ 0.3491.
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The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function
—-1/2,1/2,3/2 — (0
N ) (= ¢ x(0:1)

has a unique positive zero vy which is located in (0, 1/2); numerically vy ~ 0.3491.

@ We have
@ if v > 140}
JV — b P b
7o) {1/4—xg(y), if0 < v < vo,
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The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function
N ) (= ¢ x(0:1)

has a unique positive zero vy which is located in (0, 1/2); numerically vy ~ 0.3491.

@ We have
@ if v > 140}
JV — b P b
7o) {1/4—xg(y), if0 < v < vo,

where xp(v) is the unique zero of the function

x—1/2,x+1/2,x+3/2‘1)

XH?’FZ( 2X+1,x +v+1/2

(=c-x(x;v))

located in (0,1/2).
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The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function
N ) (= ¢ x(0:1)

has a unique positive zero vy which is located in (0, 1/2); numerically vy ~ 0.3491.

@ We have
@ if v > 140}
JV — b P b
7o) {1/4—x§(u), if0 < v < vo,

where xp(v) is the unique zero of the function

x—1/2,x+1/2,x+3/2‘1)

XH?’FZ( 2X+1,x +v+1/2

(=c-x(x;v))

located in (0,1/2).
@ Function x : (0,0) — (0,1/2) : v+ Xo(v) is real analytic and strictly decreasing.
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The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function
N ) (= ¢ x(0:1)

has a unique positive zero vy which is located in (0, 1/2); numerically vy ~ 0.3491.

@ We have
@ if v > 140}
JV — b P b
7o) {1/4—x§(u), if0 < v < vo,

where xp(v) is the unique zero of the function

x—1/2,x+1/2,x+3/2‘1)

XH?’FZ( 2X+1,x +v+1/2

(=c-x(x;v))

located in (0,1/2).
@ Function x : (0,0) — (0,1/2) : v+ Xo(v) is real analytic and strictly decreasing.
o 2 2
U 3 ™ 4 5
Xo(u)zé—y—l/— 2—€ v — 5—€—((3) v+ 0(), v—0+.
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The Hilbert L-operator

The point spectrum of L, for v > 0

Theorem (op(L,) for v > 0)
Let v > 0 and vy, Xo(v) the roots defined on the previous slide.
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The Hilbert L-operator

The point spectrum of L, for v > 0

Theorem (op(L,) for v > 0)
Let v > 0 and vy, Xo(v) the roots defined on the previous slide.
Q Ifv > 1, op(L.) = 0, while if v < vy, op(L.) is the one-point set containing

4

[ —
I 1= 4x2(v)
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The Hilbert L-operator

The point spectrum of L, for v > 0

Theorem (op(L,) for v > 0)
Let v > 0 and vy, Xo(v) the roots defined on the previous slide.
Q Ifv > 1, op(L.) = 0, while if v < vy, op(L.) is the one-point set containing

4

[ —
I 1= 4x2(v)

@ Function ||L. ]| : (0,) — (4, 00) is real analytic and strictly decreasing.
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The Hilbert L-operator

The point spectrum of L, for v > 0

Theorem (op(L,) for v > 0)
Let v > 0 and vy, Xo(v) the roots defined on the previous slide.
Q Ifv > 1, op(L.) = 0, while if v < vy, op(L.) is the one-point set containing

4

[ —
I 1= 4x2(v)

@ Function ||L. ]| : (0,) — (4, 00) is real analytic and strictly decreasing.
© We have the lower bound
Lo || > max (4, 1/1/)'(1/)) ,

where ¢ = I'"/T is the Digamma function.
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The Hilbert L-operator

The point spectrum of L, for v > 0

Theorem (op(L,) for v > 0)
Let v > 0 and vy, Xo(v) the roots defined on the previous slide.
Q Ifv > 1, op(L.) = 0, while if v < vy, op(L.) is the one-point set containing

4

[ —
I 1= 4x2(v)

@ Function ||L. ]| : (0,) — (4, 00) is real analytic and strictly decreasing.
© We have the lower bound

Lo || > max (4, 1/1/)'(1/)) ,

where ¢ = I'"/T is the Digamma function.

_1 7T2 2 3
ILl =~ + v +c@)r +o(y), as v — 0+.
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The Hilbert L-operator

...to show an animation.
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The point spectrum of L, for v < 0

Suppose v < 0 and —v ¢ N. Then (L, ) consists of exactly one negative eigenvalue
and none or exactly one eigenvalue of L, greater than 4.
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The Hilbert L-operator

The point spectrum of L, for v < 0

Suppose v < 0 and —v ¢ N. Then (L, ) consists of exactly one negative eigenvalue
and none or exactly one eigenvalue of L, greater than 4.
More precisely, there are numbers —2 < v3 < v» < —1 < 14 < 0 such that

{0} for v € (vs,12) U (114,0),
op(Ly) = .
{A=(v), A ()}, otherwise,

where A_(v) < 0and A, (v) > 4.
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The Hilbert L-operator

...to show an animation.
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The Hilbert L-operator

Thank you!
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