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OPTIMAL DISCRETE p-HARDY WEIGHT
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For p = 2, the optimal weight wFXF found earlier in [Keller—Pinchover—Pogorzelski, 2018 ]

Q: Why the optimal weight takes this form?

The Hilbert inequality admits an improvement [Schur, 1911 ]
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» Motivated by [Devyver—Fraas—Pinchover, 2014 ] and [Keller-Pinchover—Pogorzelski, 2018 ].
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NoTaTION: For a sequence u = {u, }, we define
Vup :=tun —Un—1 and  diviy := Unt1 — Un.
and
—APy = (—1) divt (Vi) Y,

where v(* := v|v|*~! for any @ > 0 and v € C (with convention 0‘* := 0).

» The definition of fAée) stems from a polarization of the fP-norm of V*u:
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for u € Co(No) with up = -+ =ug—1 = 0.
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THEOREM [S-Waclawek]: If a parameter sequence g satisfies (MON), (SUPHAR), (ASYM), then

—A(Z)
pg) = —28

g1

is an optimal discrete p-Hardy—Rellich-Birman weight.

» If (MON) and (SUPHAR) with non-strict inequalities hold, then p(g) is a discrete p-Hardy
—Rellich—Birman weight which is non-attainable in a weaker sense.
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14

OSZ(ﬁn_p |u |:D Z pag7
n=>~¢

k=1
for all sequences u € Co(No), ug = -+ = ug—1 = 0. Substituting u = g, we infer p = p,(g).

Here we are cheating because g ¢ Co(Np), but one can make it rigorous by an approximation
argument.
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> This g'“?) fulfills (MON), (SUPHAR), (ASYM).

» Moreover, g“”’) behaves nicely w.r.t. to the discrete differentiation:

divk gl = (z - 1) . (z k1o l) gk,
p p

k. t—1/p 1
MTI (z—f) (z—k+1—1)xf—k—l/1’.
x P P

> g(e’p) obtained by an experienced guess.

Compare with
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NEW OPTIMAL DISCRETE p-HARDY-RELLICH-BIRMAN WEIGHTS

THEOREM [S-Waclawek]: The sequence

. AP (1)p1 {F(n—€+1)]plzg:(—1)j ¢ {F(n—€+j+ 1/q) 7"
)y N/, [T+ 1/g) i) T—e+i+ 1

=0

is an optimal discrete p-Hardy—Rellich-Birman weight satisfying

1\ 1
p,(f’p) > <*> > n > L.
q/), nP
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NEW OPTIMAL DISCRETE p-HARDY-RELLICH-BIRMAN WEIGHTS

THEOREM [S-Waclawek]: The sequence

. AP (1)p1 {F(n—€+1)]plzg:(—1)j ¢ {F(n—€+j+ 1/q) 7"
)y N/, [T+ 1/g) i) T—e+i+ 1

Jj=0

is an optimal discrete p-Hardy—Rellich-Birman weight satisfying

1\ 1
p,(f’p) > <*> > n > L.
q/), nP

» Important ingredient for the proof is that the function

_ T(x+1/q)
9= = T
is logarithmically completely monotone on R.. It means that, for h:= —g'/g, it holds

(—=1)*n™®) > 0 on R, for all k € No.
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THE CASE p =2

» If p = 2, we have the new discrete Hardy—Rellich—-Birman inequality

[es} . 2 1 2 oo ‘un‘g
D |Viun|" 2 <§)e Zgn(n— 1/2)(n—1)---(n—£+41/2)

n=~{ n=

for u € Cop(Nop), ugp = - -+ = ug—1 = 0, with optimal weight.
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THE CASE p =2

» If p = 2, we have the new discrete Hardy—Rellich—-Birman inequality

[es} . 2 1 2 oo ‘un‘g
D[Vl 2 (E) D Y S B e s Vo

for u € Cop(Nop), ugp = - -+ = ug—1 = 0, with optimal weight.

» In particular, if £ = 1, we have the new optimal discrete Hardy inequality

e}

= 2 1 ‘un‘2
nz::l’un —Un_1|” > Z;m,

for u € Co(No), up = 0.
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THE CASE p =2

» If p = 2, we have the new discrete Hardy—Rellich—-Birman inequality

[es} . 2 1 2 oo ‘un‘g
> V| > (i)e Zgn(n— 1/2)(n—1) - (n—€+1/2)

n=~{ n=

for u € Cop(Nop), ugp = - -+ = ug—1 = 0, with optimal weight.
» In particular, if £ = 1, we have the new optimal discrete Hardy inequality
- 21— ||
n n— > =5 T 1 AN
Z’u Un—1] 74Zn(n,1/2)
n=1 n=1
for u € Co(No), up = 0.
| 4
1
Wy, = —=
1 n 47’L2 9
Compare the weight pﬁj"") = m to 1 i
n(n —
wiktP =21 —= — /14 =,
n n
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A SECOND CANDIDATE FOR THE PARAMETER SEQUENCE

ggle,p) — n1—1/p(n —1H(n—-2)...(n—£+1)
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» For £ =1, we get the optimal weight of [Fischer—Keller—Pogorzelski, 2023 |
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MOTIVATED BY (p = 2):
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improvement of the classical discrete Birman weight (notice that g1 # 0,...,§¢—1 # 0).
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A SECOND CANDIDATE FOR THE PARAMETER SEQUENCE

g = VP~ )(n—2)... (n— L+ 1)

» For £ =1, we get the optimal weight of [Fischer—Keller—Pogorzelski, 2023 |
> For p = 2, we get the optimal weight of [S-Waclawek, 2024 ]

MOTIVATED BY (p = 2):

.....

improvement of the classical discrete Birman weight (notice that g1 # 0,...,§¢—1 # 0).

> If §(x) = 2°7 /2, then

= (1)

is the classical optimal Birman weight (notice that §(0) = --- = g“~(0) = 0).

11/13



A SECOND CANDIDATE FOR THE PARAMETER SEQUENCE

g = VP~ )(n—2)... (n— L+ 1)

» For £ =1, we get the optimal weight of [Fischer—Keller—Pogorzelski, 2023 |
> For p = 2, we get the optimal weight of [S-Waclawek, 2024 ]
THEOREM [S-Waclawek]: If p>1and £=1or p € N,p> 1 and £ € N, then

o)~
ep) _ —APFP
' (g(/z,p))P—l

is an optimal discrete p-Hardy—Rellich-Birman weight.
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> For p = 2, we get the optimal weight of [S-Waclawek, 2024 ]
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g = VP~ )(n—2)... (n— L+ 1)

» For £ =1, we get the optimal weight of [Fischer—Keller—Pogorzelski, 2023 |
> For p = 2, we get the optimal weight of [S-Waclawek, 2024 ]
THEOREM [S-Waclawek]: If p>1and £=1or p € N,p> 1 and £ € N, then
o)~
5(6p) -5
()Pt
is an optimal discrete p-Hardy—Rellich-Birman weight.

CONJECTURE [S-Waclawek]: The last claim is true for all p > 1 and £ € N.

> Sequence §“? does not behave nicely w.r.t. the discrete differentiation.
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