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CLASSICAL HARDY INEQUALITIES ( 1915–25 )

Motivation: To prove the Hilbert inequality ( ∼1910 ):

∞∑
m=0

∞∑
n=0

unum

m+ n+ 1
≤ π

∞∑
n=0

|un|2

”There is no permanent place in the world for ugly mathematics.” [G. H. Hardy]

Discrete

∞∑
n=1

∣∣∣∣ 1n
n∑

k=1

uk

∣∣∣∣p ≤ qp
∞∑

n=1

|un|p

∞∑
n=1

|vn − vn−1|p ≥
1

qp
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n=1

|vn|p

np

(v0 = 0)

Can be improved!

1
p
+ 1

q
= 1

G. H. Hardy (1877–1947)

Continuous

ˆ ∞

0

∣∣∣∣ 1x
ˆ x

0
u(t)dt

∣∣∣∣pdx ≤ qp
ˆ ∞

0
|u(x)|pdx

ˆ ∞

0

∣∣v′(x)∣∣p dx ≥
1

qp

ˆ ∞

0

|v(x)|p

xp
dx

(v(0+) = 0)

Cannot be improved.
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OPTIMAL DISCRETE p-HARDY WEIGHT

Theorem [Fischer–Keller–Pogorzelski, 2023 ]: The discrete p-Hardy inequality

∞∑
n=1

|vn − vn−1|p ≥
∞∑

n=1

wFKP
n |vn|p

holds for all v ∈ ℓp(N0), v0 = 0, with

wFKP
n =

[
1−

(
1− 1

n

)1/q
]p−1

−

[(
1 +

1

n

)1/q

− 1

]p−1

>
1

qpnp
.

The weight wFKP cannot be improved any further (it is even optimal).

▶ For p = 2, the optimal weight wFKP found earlier in [Keller–Pinchover–Pogorzelski, 2018 ]

▶ Q: Why the optimal weight takes this form?

▶ The Hilbert inequality admits an improvement [Schur, 1911 ]

∞∑
m=0

∞∑
n=0

unum

m+ n+ λ
≤ π

∞∑
n=0

|un|2, ∀λ ≥ 1

2
.

▶ Q: Is there a similar optimal improvement of the classical Hardy inequality?
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HARDY INEQUALITIES OF HIGHER ORDER

▶ We assume everywhere p > 1 and ℓ ∈ N , and q = p/(p− 1).

Continuous: The inequality
ˆ ∞

0

|u(ℓ)(x)|p dx ≥
(
1

q

)p
ℓ

ˆ ∞

0

|u(x)|p

xℓp
dx

holds for all u ∈ W ℓ,p(R+) with u(0+) = u′(0+) = · · · = u(ℓ−1)(0+) = 0, where

(a)ℓ := a(a+ 1) . . . (a+ ℓ− 1). [Pochhammer symbol]

▶ Case p = 2 : ℓ = 2 [Rellich, 1953 ]; ℓ ≥ 3 [Birman, 1961 ].

▶ Case p > 1 : ℓ = 2 [Davies–Hinz, 1998 ]; ℓ ≥ 3 [almost in H–L–P, 1934 , Š–Waclawek 2026 ].

Discrete: The inequality
∞∑

n=ℓ

|∇ℓun|p ≥
(
1

q

)p
ℓ

∞∑
n=ℓ

|un|p

nℓp

holds for all u ∈ ℓp(N0) with u0 = u1 = · · · = uℓ−1 = 0, where ∇un := un − un−1.

▶ For arbitrary ℓ ∈ N: case p = 2 [Huang–Ye, 2024 ]; case p > 1 [Š–Waclawek 2026 ].
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Discrete: The inequality
∞∑

n=ℓ

|∇ℓun|p ≥
(
1

q

)p
ℓ

∞∑
n=ℓ

|un|p

nℓp

holds for all u ∈ ℓp(N0) with u0 = u1 = · · · = uℓ−1 = 0, where ∇un := un − un−1.

▶ For arbitrary ℓ ∈ N: case p = 2 [Huang–Ye, 2024 ]; case p > 1 [Š–Waclawek 2026 ].
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OPTIMAL DISCRETE p-HARDY–RELLICH–BIRMAN WEIGHT

Definition: For a (non-specified) general ℓ ∈ N, any non-negative sequence ρ = {ρn}∞n=ℓ is called
a discrete p-Hardy–Rellich–Birman weight, if and only if the inequality

∞∑
n=ℓ

∣∣∇ℓun

∣∣p ≥
∞∑

n=ℓ

ρn|un|p (⋆)

holds for all u ∈ C0(N0) with u0 = · · · = uℓ−1 = 0.

The weight ρ is called optimal if it exhibits
the following three properties:

(i) Criticality: For any discrete p-Hardy–Rellich–Birman weight ρ̃, such that ρ̃ ≥ ρ, it follows
that ρ̃ = ρ.

(ii) Non-attainability: Whenever the equality in (⋆) is attained for any u such that the RHS of
(⋆) is finite, then u ≡ 0.

(iii) Optimality near infinity: For any m ≥ ℓ and ε > 0, there exists u ∈ C0(N0), with un = 0 for
n < m, such that

∞∑
n=ℓ

∣∣∇ℓun

∣∣p < (1 + ε)

∞∑
n=ℓ

ρn|un|p.

▶ Motivated by [Devyver–Fraas–Pinchover, 2014 ] and [Keller–Pinchover–Pogorzelski, 2018 ].
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FURTHER IMPROVEMENTS AND NOTATION

▶ Naturally, the classical discrete p-Birman weight was expected to admit an improvement.

▶ Initial results entirely confined to p = 2. First improvements of the discrete Rellich weight
(ℓ = 2) obtained in [Gerhat–Krejčǐŕık–Š, 2025 ] and [Huang–Ye, 2024 ].

▶ First optimal weights for general p > 1 and ℓ ∈ N found only very recently in [Š–Waclawek

2026 ] ⇝ the main results to be formulated further...

Notation: For a sequence u = {un}, we define

∇un := un − un−1 and divun := un+1 − un.

and
−∆(ℓ)

p u := (−1)ℓdivℓ(∇ℓu
)⟨p−1⟩

,

where ν⟨a⟩ := ν|ν|a−1 for any a > 0 and ν ∈ C (with convention 0⟨a⟩ := 0).

▶ The definition of −∆
(ℓ)
p stems from a polarization of the ℓp-norm of ∇ℓu:

∞∑
n=ℓ

∣∣∇ℓun

∣∣p =

∞∑
n=ℓ

un (−∆(ℓ)
p u)n

for u ∈ C0(N0) with u0 = · · · = uℓ−1 = 0.
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SUFFICIENT CONDITIONS FOR OPTIMALITY

Assumptions: Given g = {gn}∞n=0 with g0 = · · · = gℓ−1 = 0. [parameter sequence]

∇kgn > 0 for all n ≥ ℓ and k ∈ {0, . . . , ℓ} (MON)

−∆(ℓ−k)
p ∇kgn > 0 for all n ≥ ℓ and k ∈ {0, . . . , ℓ− 1} (SUPHAR)

gn =

2ℓ∑
j=0

αjn
ℓ−j−1/p +O(n−ℓ−1−1/p) as n → ∞, with α0 ̸= 0. (ASYM)

Theorem [Š-Waclawek]: If a parameter sequence g satisfies (MON), (SUPHAR), (ASYM), then

ρ(g) =
−∆

(ℓ)
p g

gp−1

is an optimal discrete p-Hardy–Rellich–Birman weight.

▶ If (MON) and (SUPHAR) with non-strict inequalities hold, then ρ(g) is a discrete p-Hardy
–Rellich–Birman weight which is non-attainable in a weaker sense.
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COMMENTS ON THE PROOF

▶ Two sided control:

ℓ∑
k=1

R
(ℓ)
k (q; g, u) ≲

∞∑
n=ℓ

∣∣∇ℓun

∣∣p −
∞∑

n=ℓ

−∆
(ℓ)
p gn

gp−1
n

|un|p ≲
ℓ∑

k=1

R
(ℓ)
k (p; g, u),

where R
(ℓ)
k (q; g, u) are given by expressions that are complicated but sufficiently descriptive.

▶ Assumptions (MON) and (SUPHAR) guarantee R
(ℓ)
k (q; g, u) ≥ 0. So ρ(g) = −∆

(ℓ)
p g/gp−1 is

a discrete p-H–R–B weight.

▶ Annihilation by g: R
(ℓ)
k (q; g, g) = 0 for all k = 1, . . . , ℓ.

▶ Proof of criticality: Let ρ̃ be a discrete p-H–R–B weight satisfying ρ̃ ≥ ρ(g). Then

0 ≤
∞∑

n=ℓ

(ρ̃n − ρn(g)) |un|p ≲
ℓ∑

k=1

R
(ℓ)
k (p, g, u)

for all sequences u ∈ C0(N0), u0 = · · · = uℓ−1 = 0. Substituting u = g, we infer ρ̃ = ρn(g).

▶ Here we are cheating because g /∈ C0(N0), but one can make it rigorous by an approximation
argument.
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CONCRETE PARAMETER SEQUENCE

g(ℓ,p)n :=
Γ(n+ 1/q)

Γ(n− ℓ+ 1)

▶ This g(ℓ,p) fulfills (MON), (SUPHAR), (ASYM).

▶ Moreover, g(ℓ,p) behaves nicely w.r.t. to the discrete differentiation:

divkg(ℓ,p)n =

(
ℓ− 1

p

)
. . .

(
ℓ− k + 1− 1

p

)
g(ℓ−k,p)
n .

Compare with
dkxℓ−1/p

dxk
=

(
ℓ− 1

p

)
. . .

(
ℓ− k + 1− 1

p

)
xℓ−k−1/p.

▶ g(ℓ,p) obtained by an experienced guess.
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NEW OPTIMAL DISCRETE p-HARDY–RELLICH–BIRMAN WEIGHTS

Theorem [Š-Waclawek]: The sequence

ρ(ℓ,p)n :=
−∆

(ℓ)
p g

(ℓ,p)
n(

g
(ℓ,p)
n

)p−1
=

(
1

q

)p−1

ℓ

[
Γ(n− ℓ+ 1)

Γ(n+ 1/q)

]p−1 ℓ∑
j=0

(−1)j
(
ℓ

j

)[
Γ(n− ℓ+ j + 1/q)

Γ(n− ℓ+ j + 1)

]p−1

is an optimal discrete p-Hardy–Rellich–Birman weight satisfying

ρ(ℓ,p)n >

(
1

q

)p
ℓ

1

nℓp
, ∀n ≥ ℓ.

▶ Important ingredient for the proof is that the function

g(x) :=
Γ(x+ 1/q)

Γ(x+ 1)

is logarithmically completely monotone on R+. It means that, for h := −g′/g, it holds
(−1)kh(k) > 0 on R+ for all k ∈ N0.
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The case p = 2

▶ If p = 2, we have the new discrete Hardy–Rellich–Birman inequality

∞∑
n=ℓ

∣∣∇ℓun

∣∣2 ≥
(
1

2

)2
ℓ

∞∑
n=ℓ

|un|2

n(n− 1/2)(n− 1) · · · (n− ℓ+ 1/2)
,

for u ∈ C0(N0), u0 = · · · = uℓ−1 = 0, with optimal weight.

▶ In particular, if ℓ = 1, we have the new optimal discrete Hardy inequality

∞∑
n=1

∣∣un − un−1

∣∣2 ≥ 1

4

∞∑
n=1

|un|2

n(n− 1/2)
,

for u ∈ C0(N0), u0 = 0.

▶

Compare the weight ρ(1,2)n =
1

4n(n− 1/2)
to


wH

n =
1

4n2
,

wKPP
n = 2−

√
1− 1

n
−
√

1 +
1

n
.
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A SECOND CANDIDATE FOR THE PARAMETER SEQUENCE

g̃(ℓ,p)n := n1−1/p(n− 1)(n− 2) . . . (n− ℓ+ 1)

▶ For ℓ = 1, we get the optimal weight of [Fischer–Keller–Pogorzelski, 2023 ]

▶ For p = 2, we get the optimal weight of [Š–Waclawek, 2024 ]

▶ Sequence g̃(ℓ,p) does not behave nicely w.r.t. the discrete differentiation.
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Motivated by (p = 2):

▶ ĝn = nℓ−1/2 - conjectured by [Gerhat–Krejčǐŕık–Š, 2025 ]; it produces a non-optimal
improvement of the classical discrete Birman weight (notice that ĝ1 ̸= 0,. . . ,ĝℓ−1 ̸= 0).

▶ If ĝ(x) = xℓ−1/2, then

ρ̂n = (−1)ℓ
ĝ(2ℓ)(x)

ĝ(x)
=
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1

2

)2
ℓ

1

x2ℓ

is the classical optimal Birman weight (notice that ĝ(0) = · · · = ĝ(ℓ−1)(0) = 0).
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Conjecture [Š-Waclawek]: The last claim is true for all p > 1 and ℓ ∈ N.
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