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František Štampach (Stockholm University) Spectral analysis of Jacobi operators June 27, 2016 2 / 26



Jacobi operator

Jacobi operator associated with complex doubly infinite Jacobi matrix

To the doubly infinite Jacobi matrix

J =



. . .
. . .

. . .
w−1 λ0 w0

w0 λ1 w1

w1 λ2 w2

. . .
. . .

. . .


where λn ∈ C and wn ∈ C \ {0}, we associate two operators Jmin and Jmax acting on `2(Z).

Jmin is the operator closure of J0, an operator defined on span{en | n ∈ Z} by

J0en := wn−1en−1 + λnen + wnen+1, ∀n ∈ Z.

Jmax acts as Jmaxx := J · x (formal matrix product) on vectors from

Dom Jmax = {x ∈ `2 | J · x ∈ `2}.

Both operators Jmin and Jmax are closed and densely defined.

They are related as

J∗max = CJminC and J∗min = CJmaxC

where C is the complex conjugation operator, (Cx)n = xn.
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Jacobi operator

Proper case and spectrum of Jacobi operator

Any closed operator A having span{en | n ∈ Z} ⊂ Dom(A) and defined by the matrix
product satisfies Jmin ⊂ A ⊂ Jmax.

In general Jmin 6= Jmax. If Jmin = Jmax, we call the matrix J to be proper and the operator
J := Jmin ≡ Jmax the Jacobi operator associated with J .

Let Jmin = Jmax =: J . Then
J∗ = CJC.

As a consequence,
σr(J) = ∅.

We have the decomposition:

σ(J) = σp(J) ∪ σc(J) = σp(J) ∪ σess(J)

where the essential spectrum has the simple characterization:

σess(J) = {z ∈ C | Ran(J − z) is not closed }.
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Function F

Function F

Definition:

For {xn}N2
n=N1

, N1, N2 ∈ Z ∪ {−∞,+∞}, N1 ≤ N2, such that

N2−1∑
k=N1

|xkxk+1| <∞,

we define

F
(
{xk}N2

k=N1

)
:= 1 +

∞∑
m=1

(−1)m
∑

k∈I(N1,N2,m)

m∏
j=1

xkjxkj+1

where

I(N1, N2,m) = {k ∈ Zm | kj + 2 ≤ kj+1 for 1 ≤ j ≤ m− 1, N1 ≤ k1, km < N2}.

Function F is well defined, we have the estimate

∣∣∣F({xk}N2
k=N1

)∣∣∣ ≤ exp

N2−1∑
k=N1

|xkxk+1|

.
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Function F

Properties of F

For example, if N1 = −∞ and N2 =∞, one has

F
(
{xk}∞k=−∞

)
= 1 +

∞∑
m=1

(−1)m
∞∑

k1=−∞

∞∑
k2=k1+2

· · ·
∞∑

km=km−1+2

xk1xk1+1xk2xk2+1 . . . xkmxkm+1

= 1− (· · ·+ x1x2 + x2x3 + x3x4 + . . . )

+ (· · ·+ x1x2x3x4 + x1x2x4x5 + · · ·+ x2x3x4x5 + x2x3x5x6 + · · ·+)

+ “etc.”

Function F has interesting properties and satisfies many algebraic and combinatorial
identities.

The relation between F and tridiagonal matrices may be indicated by the identity

F
(
{xk}nk=1

)
= det


1 x1
x2 1 x2

. . .
. . .

. . .
xn−1 1 xn−1

xn 1

.
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Function F

Properties of F - cont.

Function F is also closely related with continued fractions:

F
(
{xn}∞n=2

)
F
(
{xn}∞n=1

) =
1

1−
x1x2

1−
x2x3

1−
x3x4

1− . . .

.

where the RHS converges (as the sequence of corresponding truncations) whenever

∞∑
n=1

|xnxn+1| <∞ and F
(
{xn}∞n=1

)
6= 0.

F has several applications concerning mainly continued fractions, orthogonal
polynomials, Jacobi matrices and special functions.

If you are interested:

1. F. Š. and P. Šťovı́ček, Linear Alg. Appl. (2011), arXiv:1011.1241.
2. F. Š. and P. Šťovı́ček: Linear Alg. Appl. (2013), arXiv:1201.1743.
3. F. Š. and P. Šťovı́ček: J. Math. Anal. Appl. (2014), arXiv:1301.2125.
4. F. Š. and P. Šťovı́ček: Linear Alg. Appl. (2015), arXiv:1403.8083.
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1. F. Š. and P. Šťovı́ček, Linear Alg. Appl. (2011), arXiv:1011.1241.
2. F. Š. and P. Šťovı́ček: Linear Alg. Appl. (2013), arXiv:1201.1743.
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Characteristic function of doubly infinite Jacobi matrix

Characteristic function

Recall J stands for the doubly infinite Jacobi matrix with diagonal {λn} and off-diagonal
{wn}.

We use the following notation:

Cλ0 := C \ {λn | n ∈ Z},

der(λ) := “The set of finite accumulation points of the sequence {λn}.”

Assume there exists at least one z ∈ Cλ0 such that

∞∑
n=−∞

∣∣∣∣ w2
n

(λn − z)(λn+1 − z)

∣∣∣∣ <∞.
This assumption determines the class of matrices J form which we can define the
characteristic function:

FJ (z) := F

({
γ2n

z − λn

}∞
n=−∞

)
, ∀z ∈ Cλ0 ,

where {γn} is any sequence satisfying the difference equation γnγn+1 = wn, ∀n ∈ Z.
Function FJ is well define and entire on Cλ0 . Further, FJ meromorphic on C \ der(λ) having
poles of finite order (or removable singularities) at points z = λn.
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poles of finite order (or removable singularities) at points z = λn.
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Characteristic function of doubly infinite Jacobi matrix

The zero set of characteristic function

It is not clear whether the assumption

∞∑
n=−∞

∣∣∣∣ w2
n

(λn − z)(λn+1 − z)

∣∣∣∣ <∞, for one z ∈ Cλ0

guarantees Jmin = Jmax.

Assuming, additionally, that FJ 6= 0 identically on Cλ0 , then Jmin = Jmax. This assumption
holds if, for example, {λn} is located in a sector in C with an angle < 2π.

These two assumptions are assumed everywhere from now!

Theorem:

Under the above mentioned assumptions, one has

σ(J) ∩ Cλ0 = σp(J) ∩ Cλ0 = {z ∈ Cλ0 | FJ (z) = 0}.
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Characteristic function of doubly infinite Jacobi matrix

On eigenvectors and multiplicities

For z ∈ Cλ0 , put

fn(z) :=

(
n∏∗

k=1

wk−1

z − λk

)
F

{ γ 2
k

λk − z

}∞
k=n+1


where

n∏∗

i=1

ai :=
n∏
i=1

ai, if n ≥ 0, and
n∏∗

i=1

ai :=
0∏

i=n+1

a−1
i , if n < 0.

Theorem:

i) All the eigenvalues of J have geometric multiplicity equal to one with f(z) the eigenvector
corresponding to the eigenvalue z ∈ Cλ0 .

ii) Suppose, in addition, that C \ der(λ) is connected. Then σp(J) has no accumulation point in
C \ der(λ) and the algebraic multiplicity of an eigenvalue z ∈ Cλ0 of J coincides with the order of z
as a root of FJ . In this case, the space of generalized eigenvectors is spanned by

f(z), f ′(z), . . . , f (m−1)(z)

where m is the algebraic multiplicity of z.
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Characteristic function of doubly infinite Jacobi matrix

The Green function

Under the two main assumptions, the resolvent set ρ(J) 6= ∅ and the Green function

Gi,j(z) := 〈ei, (J − z)−1ej〉, i, j ∈ Z, z ∈ ρ(J),

is, for z ∈ ρ(J) \ der(λ), given by the formula

Gi,j(z) = −
1

wmax(i,j)

 max(i,j)∏
k=min(i,j)

wk

z − λk

 Fmin(i,j)−1
−∞ (z)F∞

max(i,j)+1
(z)

F∞−∞(z)

where we denote

Fnm(z) := F

({
γ 2
k

λk − z

}n
k=m

)
, m, n ∈ Z ∪ {±∞}.
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Characteristic function of doubly infinite Jacobi matrix

A summation formula for eigenvectors

Proposition:

If FJ (z) = 0, for some z ∈ Cλ0 , then

∞∑
n=−∞

f2n(z) = A(z)F ′J (z)

where A(z) is expressible in terms of F (the formula is not displayed).

In case of real matrix J (⇔ J = J∗), the above formula gives the `2-norm of eigenvectors,

‖f(z)‖2 = A(z)F ′J (z).

Corollary

If there exists and eigenvector v(z) to an eigenvalue z ∈ Cλ0 of J such that

∞∑
n=−∞

v2n(z) = 0.

Then J is not diagonalizable.
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Characteristic function of doubly infinite Jacobi matrix

Local regularization - from Cλ0 to C \ der(λ)

All the spectral results have been restricted to the set Cλ0 . Recall, for example,

σ(J) ∩ Cλ0 = σp(J) ∩ Cλ0 = {z ∈ Cλ0 | FJ (z) = 0}.

By using certain procedure (a local regularization), we can extend the results from Cλ0 to
C \ der(λ), getting, for example,

σ(J) \ der(λ) = σp(J) \ der(λ) = {z /∈ der(λ) | F̃J (z) = 0}.

However, using the method based on the characteristic function, it is not possible to decide
whether points from der(λ) belong to σ(J) or not.

For the sake of brevity, we do not explain the details of this local regularization procedure in
this talk. Rather we describe a global regularization of the characteristic function in 3 different
cases and provide illustrating examples ...
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Diagonals admitting global regularization and examples
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Diagonals admitting global regularization and examples

I. Compact case - regularization

If we assume
λ ∈ `p(Z) for some p ∈ N and w ∈ `2(Z),

the two main assumptions are automatically satisfied. In addition, we may introduce the
functions

Φ+
p (z) :=

∞∏
n=1

(
1−

λn

z

)
exp

p−1∑
j=1

1

j

(
λn

z

)j
and

Φp(z) :=
∞∏

n=−∞

(
1−

λn

z

)
exp

p−1∑
j=1

1

j

(
λn

z

)j.
Then one can get rid of all the nonzero singularities of FJ and f by putting

F̃J (z) := Φp(z)FJ (z) and f̃(z) := Φ+
p (z)f(z).

Functions F̃J and f̃ are entire on C \ {0}.

František Štampach (Stockholm University) Spectral analysis of Jacobi operators June 27, 2016 17 / 26



Diagonals admitting global regularization and examples

I. Compact case - regularization

If we assume
λ ∈ `p(Z) for some p ∈ N and w ∈ `2(Z),

the two main assumptions are automatically satisfied. In addition, we may introduce the
functions

Φ+
p (z) :=

∞∏
n=1

(
1−

λn

z

)
exp

p−1∑
j=1

1

j

(
λn

z

)j
and

Φp(z) :=
∞∏

n=−∞

(
1−

λn

z

)
exp

p−1∑
j=1

1

j

(
λn

z

)j.

Then one can get rid of all the nonzero singularities of FJ and f by putting

F̃J (z) := Φp(z)FJ (z) and f̃(z) := Φ+
p (z)f(z).

Functions F̃J and f̃ are entire on C \ {0}.
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Diagonals admitting global regularization and examples

I. Compact case - spectral results

Proposition:

If
w ∈ `2(Z) and λ ∈ `p(Z) for some p ≥ 1,

then
σ(J) = σp(J) ∪ {0} = {z ∈ C \ {0} | F̃J (z) = 0} ∪ {0}

and f̃(z) is the eigenvector of J corresponding to a nonzero eigenvalue z. In addition, the
algebraic multiplicity of a non-zero eigenvalue z of J coincides with the order of z as a zero of F̃J .

Remark: In this case for p ≥ 2, one can show that J is a compact operator from the Schatten–von
Neumann class Sp and

F̃J (1/z) = detp(1− zJ), ∀z ∈ C.

So the above statement may be deduced from results of the theory of regularized determinants.
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Diagonals admitting global regularization and examples

I. Compact case - example

For α ∈ C \ Z and β ∈ C \ {0} put

λn =
1

n− 1 + α
and wn =

β√
(n− 1 + α)(n+ α)

.

The regularized characteristic function is

F̃J (z) =
sinπ(α− z−1)

sinπα
ez

−1π cotπα, ∀z 6= 0,

Consequently,
σ(J) = {0} ∪ {(n+ α)−1 | n ∈ Z}︸ ︷︷ ︸

eigenval. with alg. mult. = 1

.

The n-th element of the eigenvector to the eigenvalue zN = 1/(N + α− 1) reads

vn(zN ) = (−1)n
√
α+ n− 1Jn−N (2β(N + α− 1)) , n,N ∈ Z.

Note that σ(J) does not depend on β. Hence, for any α ∈ R \ Z, J is a non-self-adjoint
operator with purely real spectrum.
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eigenval. with alg. mult. = 1

.

The n-th element of the eigenvector to the eigenvalue zN = 1/(N + α− 1) reads

vn(zN ) = (−1)n
√
α+ n− 1Jn−N (2β(N + α− 1)) , n,N ∈ Z.

Note that σ(J) does not depend on β. Hence, for any α ∈ R \ Z, J is a non-self-adjoint
operator with purely real spectrum.
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Diagonals admitting global regularization and examples

I. Compact resolvent case - regularization

If we assume λn 6= 0, ∀n ∈ Z,

∞∑
n=−∞

∣∣∣∣ w2
n

λnλn+1

∣∣∣∣ <∞ and
∞∑

n=−∞

1

|λn|p
<∞, for some p ∈ N,

one of the main assumption is satisfied. In addition, we may introduce the functions

Ψ+
p (z) :=

∞∏
n=1

(
1−

z

λn

)
exp

p−1∑
j=1

1

j

(
z

λn

)j,
and

Ψp(z) :=
∞∏

n=−∞

(
1−

z

λn

)
exp

p−1∑
j=1

1

j

(
z

λn

)j.
The global regularization of FJ and f is done by putting

F̃J (z) := Ψp(z)FJ (z) and f̃(z) := Ψ+
p (z)f(z).

Functions F̃J and f̃ are entire.
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Diagonals admitting global regularization and examples

II. Compact resolvent case - spectral results

Proposition:

Let λn 6= 0 and wn 6= 0 be such that

∞∑
n=−∞

∣∣∣∣ w2
n

λnλn+1

∣∣∣∣ <∞ and
∞∑

n=−∞

1

|λn|p
<∞, for some p ≥ 1.

Further, let F̃J does not vanish identically on C. Then Jmin = Jmax =: J ,

σ(J) = σp(J) = {z ∈ C | F̃J (z) = 0}

and f̃(z) is the eigenvector of J corresponding to an eigenvalue z. In addition, the algebraic
multiplicity of an eigenvalue z of J coincides with the order of z as a zero of F̃J .

Remark: For z ∈ C, we may introduce the operator A(z) determined by equalities

A(z)en =
wn−1√
λn−1λn

en−1 −
z

λn
en +

wn√
λnλn+1

en+1, n ∈ Z,

which is, if p ≥ 2, in Sp. In addition, it can be shown that

z ∈ σ(J) ⇐⇒ −1 ∈ σ((A(z))

and we have
detp (1 +A(z)) = F̃J (z), z ∈ C.
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Diagonals admitting global regularization and examples

II. Compact resolvent case - example

Put
λn = n and wn = w 6= 0.

The regularized characteristic function is

F̃J (z) =
sinπz

π
, ∀z ∈ C.

Consequently,
σ(J) = σp(J) = Z

and all the eigenvalues have algebraic multiplicity equal to one.

The n-th element of the eigenvector to the eigenvalue N ∈ Z reads

vn(N) = (−1)nJn−N (2w), n ∈ Z.
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František Štampach (Stockholm University) Spectral analysis of Jacobi operators June 27, 2016 22 / 26



Diagonals admitting global regularization and examples

II. Compact resolvent case - example

Put
λn = n and wn = w 6= 0.

The regularized characteristic function is

F̃J (z) =
sinπz

π
, ∀z ∈ C.

Consequently,
σ(J) = σp(J) = Z

and all the eigenvalues have algebraic multiplicity equal to one.

The n-th element of the eigenvector to the eigenvalue N ∈ Z reads

vn(N) = (−1)nJn−N (2w), n ∈ Z.
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Diagonals admitting global regularization and examples

III. Combined case - regularization

If we assume λn 6= 0, for n ≤ 0,

∞∑
n=1

|λn|p <∞ and
0∑

n=−∞

1

|λn|p
<∞, for some p ≥ 1,

and
∞∑
n=1

|wn|2 <∞ and
0∑

n=−∞

∣∣∣∣ w2
n

λnλn+1

∣∣∣∣ <∞.
the two main assumptions are satisfied. The functions

Φ+
p (z) :=

∞∏
n=1

(
1−

λn

z

)
exp

p−1∑
j=1

1

j

(
λn

z

)j
and

Ψ−p (z) :=
0∏

n=−∞

(
1−

z

λn

)
exp

p−1∑
j=1

1

j

(
z

λn

)j.
are to be used to regularize FJ and f :

F̃J (z) := Φ+
p (z)Ψ−p (z)FJ (z) and f̃(z) := Φ+

p (z)f(z), for z 6= 0.
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Diagonals admitting global regularization and examples

III. Combined case - spectral results

Proposition:

Let λn 6= 0 and wn 6= 0 be such that

∞∑
n=1

|λn|p <∞ and
0∑

n=−∞

1

|λn|p
<∞, for some p ≥ 1,

and
∞∑
n=1

|wn|2 <∞ and
0∑

n=−∞

∣∣∣∣ w2
n

λnλn+1

∣∣∣∣ <∞.
Further, let F̃J does not vanish identically on C. Then Jmin = Jmax =: J ,

σ(J) = σp(J) ∪ {0} = {z ∈ C \ {0} | F̃J (z) = 0} ∪ {0}

and f̃(z) is the eigenvector of J corresponding to a non-zero eigenvalue z. In addition, the
algebraic multiplicity of a non-zero eigenvalue z of J coincides with the order of z as a zero of F̃J .
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Diagonals admitting global regularization and examples

III. Combined case - example

For q, β ∈ C, 0 < |q| < 1 and β 6= 0, put

λn = qn and wn = βqn/2, for n ∈ Z.

For z 6= 0, the regularized characteristic function equals

F̃J (z) =
(
z, qz−1,−β2z−1; q

)
∞ =

∞∏
k=0

(
1− zqk

)(
1−

qk

z

)(
1 +

β2qk

z

)
.

One has,
σ(J) \ {0} = σp(J) = qZ ∪ (−β2)qN0 .

Here, indeed, σess(J) = σc(J) = {0}.
The n-th element of the eigenvector to the eigenvalue z ∈ σp(J) reads

f̃n(z) = z−nβnqn(n−1)/4
0φ̃1

(
−; z−1qn+1; q,−qn+1z−2β2

)
.

Whenever q ∈ (−1, 1) and β is purely imaginary, then J is a non-self-adjoint operator with
purely real spectrum. In this case, J is diagonalizable if and only if β /∈ iqZ/2.
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Diagonals admitting global regularization and examples

Thank you!
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