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Jacobi operator

Jacobi operator associated with complex doubly infinite Jacobi matrix

@ To the doubly infinite Jacobi matrix

w_1 Ao wo
J = wo A1 w1
w1 Ay w2

where \,, € C and w,, € C\ {0}, we associate two operators Jy,i, and Jmax acting on ¢2(Z).
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Jacobi operator

Jacobi operator associated with complex doubly infinite Jacobi matrix
@ To the doubly infinite Jacobi matrix
w_1 Ao wo

J = wo A1 w1
wy A2 w2

where \,, € C and w,, € C\ {0}, we associate two operators Jy,i, and Jmax acting on ¢2(Z).
@ Jnin is the operator closure of Jy, an operator defined on span{e, | n € Z} by

Joen 1= wp_16n—1 + Anen + Wn€n+1, Vn € Z.
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Jacobi operator

Jacobi operator associated with complex doubly infinite Jacobi matrix

@ To the doubly infinite Jacobi matrix

w_1 Ao wo
J = wo A1 w1
wy A2 w2

where \,, € C and w,, € C\ {0}, we associate two operators Jy,i, and Jmax acting on ¢2(Z).
@ Jnin is the operator closure of Jy, an operator defined on span{e, | n € Z} by

Joen := wWp—1€n—1 + Anen + Wnent1, Yn €Z.
@ Jmax acts as Jmaxz := J - = (formal matrix product) on vectors from

Dom Jiax = {z € £2 | J -z € £2}.
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Jacobi operator

Jacobi operator associated with complex doubly infinite Jacobi matrix

@ To the doubly infinite Jacobi matrix

w_1 Ao wo
J = wo A1 w1
wy A2 w2

where \,, € C and w,, € C\ {0}, we associate two operators Jy,i, and Jmax acting on ¢2(Z).
@ Jnin is the operator closure of Jy, an operator defined on span{e, | n € Z} by

Joen := wWp—1€n—1 + Anen + Wnent1, Yn €Z.
@ Jmax acts as Jmaxz := J - = (formal matrix product) on vectors from
Dom Jiax = {z € £2 | J -z € £2}.

@ Both operators Jy,in and Jmax are closed and densely defined.
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Jacobi operator associated with complex doubly infinite Jacobi matrix

@ To the doubly infinite Jacobi matrix

w_1 Ao wo
J = wo A1 w1
wy A2 w2

where \,, € C and w,, € C\ {0}, we associate two operators Jy,i, and Jmax acting on ¢2(Z).
@ Jnin is the operator closure of Jy, an operator defined on span{e, | n € Z} by

Joen == wp_1en—1 + Anen + wpent1, Vn € Z.
@ Jmax acts as Jmaxz := J - = (formal matrix product) on vectors from
Dom Jiax = {z € £2 | J -z € £2}.
@ Both operators Jy,in and Jmax are closed and densely defined. They are related as
Jrax = CIminC  and  JZ; = CJmaxC
where C'is the complex conjugation operator, (Cz), = Zp.
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Jacobi operator

Proper case and spectrum of Jacobi operator

@ Any closed operator A having span{e, | n € Z} C Dom(A) and defined by the matrix
product satisfies Jyin C A C Jmax-
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Proper case and spectrum of Jacobi operator
@ Any closed operator A having span{e, | n € Z} C Dom(A) and defined by the matrix

product satisfies Jyin C A C Jmax-

@ In general Jyin # Jmax. If Jmin = Jmax, We call the matrix 7 to be proper and the operator
J := Jmin = Jmax the Jacobi operator associated with 7.
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Proper case and spectrum of Jacobi operator

@ Any closed operator A having span{e, | n € Z} C Dom(A) and defined by the matrix
product satisfies Jyin C A C Jmax-

@ In general Jyin # Jmax. If Jmin = Jmax, We call the matrix 7 to be proper and the operator
J := Jmin = Jmax the Jacobi operator associated with 7.
@ Let Jnin = Jmax =: J. Then
J*=CJC.
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Proper case and spectrum of Jacobi operator

@ Any closed operator A having span{e, | n € Z} C Dom(A) and defined by the matrix
product satisfies Jyin C A C Jmax-

@ In general Jyin # Jmax. If Jmin = Jmax, We call the matrix 7 to be proper and the operator
J := Jmin = Jmax the Jacobi operator associated with 7.

@ Let Jnin = Jmax =: J. Then

J*=CJC.
As a consequence,
or(J)=0.
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Jacobi operator

Proper case and spectrum of Jacobi operator

@ Any closed operator A having span{e, | n € Z} C Dom(A) and defined by the matrix
product satisfies Jyin C A C Jmax-

@ In general Jyin # Jmax. If Jmin = Jmax, We call the matrix 7 to be proper and the operator
J := Jmin = Jmax the Jacobi operator associated with 7.

o Let Jmin = Jmax =: J. Then
J*=CJC.

As a consequence,
or(J)=0.

@ We have the decomposition:

o(J) = op(J) Uoe(J) = op(J) Uoess(J)
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Proper case and spectrum of Jacobi operator

@ Any closed operator A having span{e, | n € Z} C Dom(A) and defined by the matrix
product satisfies Jyin C A C Jmax-

@ In general Jyin # Jmax. If Jmin = Jmax, We call the matrix 7 to be proper and the operator
J := Jmin = Jmax the Jacobi operator associated with 7.

o Let Jmin = Jmax =: J. Then
J*=CJC.

As a consequence,
or(J)=0.
@ We have the decomposition:
o(J) = 0p(J) Uoe(J) = op(J) Udess ()
where the essential spectrum has the simple characterization:

Oess(J) = {z € C| Ran(J — z) is not closed }.
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Function 3

Function §

Definition:

For {zn}2 v, » N1, N2 € ZU {—o00, +00}, N1 < Ng, such that

Na—1
Z |zkzk+1| < o0,
k=N
we define
oo m
N
3({$k}k:2N1) =1+ ()" > JJEBEO
m=1 kEI(Ny,Nz,m)j=1
where

I(Ni,Na,m) = {k € Z™ | kj +2 < kji1for 1 <j <m —1, Ny < k1, km < Na}.
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Function 3

Function §

Definition:

For {zn}2 v, » N1, N2 € ZU {—o00, +00}, N1 < Ng, such that

Na—1
Z |zkzk+1| < o0,
k=N
we define
oo m
N
3({$k}k:2N1) =1+ ()" > JJEBEO
m=1 kEI(Ny,Nz,m)j=1
where

I(Ni,Na,m) = {k € Z™ | kj +2 < kji1for 1 <j <m —1, Ny < k1, km < Na}.

Function § is well defined, we have the estimate
No—1
F({orhi2n, )| S e | D2 lawarsal |-
k=N
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Function §

Properties of §

@ For example, if N = —oo and N2 = oo, one has

5({enki )

o0 o0 (e @) oo
=1+ (=)™ Z Z Z Ty Thoq 41Tk Thig+1 - - - Thopy Thopy +1
=1 ki=—oc0 ka=k1+2 km=km_—1+2

m
1— (- +x122 + 2223 + T34 + ...)
+ (- -+ z12223T4 + T1T204T5 + - - -+ T2x3T4T5 + T223T5T6 + - +)
4 “ete”
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Function §

Properties of §

@ For example, if N = —oo and N2 = oo, one has

5({enki )

o0 o0 (e @) oo
=1+ (=)™ Z Z Z Ty Thoq 41Tk Thig+1 - - - Thopy Thopy +1
m=1 ki=—oc0 ka=k1+2 km=km_—1+2
=1—( +z122 + 2223 + T34+ ...)
+ (- -+ X1T2T3T4 + T1XT2XAT5 + - -+ + T2T3TATE + T2XT3T5TE + - - +)

+ “etc”

@ Function § has interesting properties and satisfies many algebraic and combinatorial
identities.
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Function §

Properties of §

@ For example, if N = —oo and N2 = oo, one has

5({enki )

o0 o0 (e @) oo
=1+ (=)™ Z Z Z Ty Thoq 41Tk Thig+1 - - - Thopy Thopy +1
=1 ki=—oc0 ka=k1+2 km=km_—1+2

m
1— (- +x122 + 2223 + T34 + ...)
+ (- -+ z12223T4 + T1T204T5 + - - -+ T2x3T4T5 + T223T5T6 + - +)
4 “ete”

@ Function § has interesting properties and satisfies many algebraic and combinatorial
identities.

@ The relation between § and tridiagonal matrices may be indicated by the identity

S({zk}zzl) = det
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Function &

Properties of § - cont.

@ Function § is also closely related with continued fractions:

5({%}?:2) _ 1
S({anpzy) - @22 7
] ®ex3
| _ *3Ta
1—...

where the RHS converges (as the sequence of corresponding truncations) whenever

Z |TnTn41] < oo and 3({9371}20:1) # 0.

n=1
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Function §

Properties of § - cont.

@ Function § is also closely related with continued fractions:

g({‘D"};.LO:Q) _ 1
S{andply) - mi@2
] ®ex3
| _ Z3%a
1—...

where the RHS converges (as the sequence of corresponding truncations) whenever

Z |TnTn41] < oo and 3({9371}20:1) # 0.

n=1

@ § has several applications concerning mainly continued fractions, orthogonal
polynomials, Jacobi matrices and special functions.
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Function §

Properties of § - cont.

@ Function § is also closely related with continued fractions:

g({5’3"}?:2) _ 1
S{andply) - mi@2
] ®ex3
| _ Z3%a
1—...

where the RHS converges (as the sequence of corresponding truncations) whenever

Z |TnTn41] < oo and 3({9371}20:1) # 0.

n=1

@ § has several applications concerning mainly continued fractions, orthogonal
polynomials, Jacobi matrices and special functions.

If you are interested:

1. F 8. and P. Sfovitek, Linear Alg. Appl. (2011), arXiv:1011.1241.
2. F.S. and P. Stovicek: Linear Alg. Appl. (2013), arXiv:1201.1743.
3. F. 8. and P. Stovicek: J. Math. Anal. Appl. (2014), arXiv:1301.2125.
4. F 8. and P. Sfovicek: Linear Alg. Appl. (2015), arXiv:1403.8083.
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Characteristic function of doubly infinite Jacobi matrix

Characteristic function

@ Recall 7 stands for the doubly infinite Jacobi matrix with diagonal {\,} and off-diagonal

{wn}.
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Characteristic function of doubly infinite Jacobi matrix

Characteristic function

@ Recall 7 stands for the doubly infinite Jacobi matrix with diagonal {\,} and off-diagonal
{wn}.

@ We use the following notation:
C):=C\{\n|nez},

der(\) := “The set of finite accumulation points of the sequence {\,}.
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Characteristic function of doubly infinite Jacobi matrix

Characteristic function

@ Recall 7 stands for the doubly infinite Jacobi matrix with diagonal {\,} and off-diagonal
{wn}.
@ We use the following notation:
C)=C\{ [ nez},
der(\) := “The set of finite accumulation points of the sequence {\,}.
@ Assume there exists at least one z € C} such that
e 2

DB w1

n=-—oo
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Characteristic function of doubly infinite Jacobi matrix

Characteristic function

@ Recall 7 stands for the doubly infinite Jacobi matrix with diagonal {\,} and off-diagonal
{wn}.
@ We use the following notation:
C)=C\{ [ nez},
der(\) := “The set of finite accumulation points of the sequence {\,}.
@ Assume there exists at least one z € C} such that
2

2 ‘ (An = 2)(Ant1 —2)

n=-—oo

< o0.

@ This assumption determines the class of matrices 7 form which we can define the
characteristic function:

7\~
FJ(Z)::§<{Z_7L)\ }7 )7 Vz € Cp,

where {v,} is any sequence satisfying the difference equation v, vn+1 = wn, Vn € Z.
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Characteristic function of doubly infinite Jacobi matrix

Characteristic function

@ Recall 7 stands for the doubly infinite Jacobi matrix with diagonal {\,} and off-diagonal
{wn}.
@ We use the following notation:
C)=C\{ [ nez},
der(\) := “The set of finite accumulation points of the sequence {\,}.
@ Assume there exists at least one z € C} such that
2

2 ‘ (An = 2)(Ant1 —2)

n=-—oo

< o0.

@ This assumption determines the class of matrices 7 form which we can define the
characteristic function:

7\~
FJ(Z)::§<{Z_7L)\ }7 )7 Vz € Cp,

where {v,} is any sequence satisfying the difference equation v, vn+1 = wn, Vn € Z.

@ Function F; is well define and entire on CJ. Further, F; meromorphic on C \ der()) having
poles of finite order (or removable singularities) at points z = A,,.
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Characteristic function of doubly infinite Jacobi matrix

The zero set of characteristic function

@ It is not clear whether the assumption
o 2

) A
— | < oo, foronezeC
2 |90 =9 0

n=-—oo

guarantees Jmin = Jmax-
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Characteristic function of doubly infinite Jacobi matrix

The zero set of characteristic function

@ It is not clear whether the assumption

e 2

Wn A
— < oo, foronezeC
2 |90 =9 0

n=-—oo

guarantees Jmin = Jmax-

@ Assuming, additionally, that F; # 0 identically on CJ, then Juin = Jmax. This assumption
holds if, for example, {\, } is located in a sector in C with an angle < 2.
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Characteristic function of doubly infinite Jacobi matrix

The zero set of characteristic function

@ It is not clear whether the assumption

e 2

Wn A
— < oo, foronezeC
2 |90 =9 0

n=-—oo

guarantees Jmin = Jmax-

@ Assuming, additionally, that F; # 0 identically on CJ, then Juin = Jmax. This assumption
holds if, for example, {\, } is located in a sector in C with an angle < 2.

These two assumptions are assumed everywhere from now!
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Characteristic function of doubly infinite Jacobi matrix

The zero set of characteristic function

@ It is not clear whether the assumption

e 2

Wn A
— < oo, foronezeC
2 |90 =9 0

n=-—oo

guarantees Jmin = Jmax-

@ Assuming, additionally, that F; # 0 identically on CJ, then Juin = Jmax. This assumption
holds if, for example, {\, } is located in a sector in C with an angle < 2.

These two assumptions are assumed everywhere from now!

Theorem:

Under the above mentioned assumptions, one has

o(J)NCY = ap(J)NCY = {z € C} | F7(2) = 0}.
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Characteristic function of doubly infinite Jacobi matrix

On eigenvectors and multiplicities

@ Forz € C}, put

fal2) = H* Wi—1 5 Yk

where
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Characteristic function of doubly infinite Jacobi matrix

On eigenvectors and multiplicities

@ Forz € C}, put

n * W ’)’2 =
k—1 k
Fnl2) = H z—A § A — 2
k=1 K E k=n-+1
where
n n n 0
H aZ:HaZ, ifn>0, and Hal— H a7l ifn<o.
i=1 =1 =1 i=n+1
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Characteristic function of doubly infinite Jacobi matrix

On eigenvectors and multiplicities

@ Forz € C}, put

where
n n n 0
* * .
H a; :Hal, ifn>0, and H a; = H a7l ifn<o.
i=1 i=1 =1 i=n+1
Theorem:

i) All the eigenvalues of J have geometric multiplicity equal to one with f(z) the eigenvector
corresponding to the eigenvalue z € (Cé.
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Characteristic function of doubly infinite Jacobi matrix

On eigenvectors and multiplicities

@ Forz € C}, put

where
n n n 0
* * .
H a; :1_[(17H ifn>0, and H a; = H a7l ifn<o.
i=1 i=1 =1 i=n+1
Theorem:

i) All the eigenvalues of J have geometric multiplicity equal to one with f(z) the eigenvector
corresponding to the eigenvalue z € (Cé.

i) Suppose, in addition, that C \ der()) is connected. Then o, (J) has no accumulation point in

C\ der()) and the algebraic multiplicity of an eigenvalue z € C} of J coincides with the order of z
as a root of 7. In this case, the space of generalized eigenvectors is spanned by

@), (=), fmY(2)

where m is the algebraic multiplicity of z.
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Characteristic function of doubly infinite Jacobi matrix

The Green function

@ Under the two main assumptions, the resolvent set p(J) # @ and the Green function

Gij(z) == (es, (J — z)_le]-)7 i,j €EZ, z € p(J),
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Characteristic function of doubly infinite Jacobi matrix

The Green function

@ Under the two main assumptions, the resolvent set p(J) # @ and the Green function
Gij(2) = (ei,(J —2)"Lej), 4,5 €Z, 2 € p(J),

is, for z € p(J) \ der(A), given by the formula

L (e ) P R )

A= — X N

w

- s
max(4,5) \ g=min(i,)

where we denote

2 n
Fr(2) S({A:k—z} ), m,n € ZU {too}.

k=m
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Characteristic function of doubly infinite Jacobi matrix

A summation formula for eigenvectors

Proposition:

If F7(2) =0, for some z € C}, then

D ) = AR)F7(2)

n=-—oo

where A(z) is expressible in terms of § (the formula is not displayed).
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Characteristic function of doubly infinite Jacobi matrix

A summation formula for eigenvectors

Proposition:

If F7(z) = 0, for some z € C}, then

D ) = AR)F7(2)

n=-—oo

where A(z) is expressible in terms of § (the formula is not displayed).

@ In case of real matrix 7 (< J = J*), the above formula gives the £2-norm of eigenvectors,
If()I° = A(2)F7 (2).
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Characteristic function of doubly infinite Jacobi matrix

A summation formula for eigenvectors

Proposition:

If F7(z) = 0, for some z € C}, then

D ) = AR)F7(2)

n=-—oo

where A(z) is expressible in terms of § (the formula is not displayed).

@ In case of real matrix 7 (< J = J*), the above formula gives the £2-norm of eigenvectors,
If()I° = A(2)F7 (2).

Corollary

If there exists and eigenvector v(z) to an eigenvalue z € C}) of J such that

oo

Z v2(z) =0.

n=—oo

Then J is not diagonalizable.
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Characteristic function of doubly infinite Jacobi matrix

Local regularization - from CJ to C \ der()\)

@ All the spectral results have been restricted to the set C. Recall, for example,

o(J)NC) =op(J)NC) ={z€C) | Fr(z) =0}
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Characteristic function of doubly infinite Jacobi matrix

Local regularization - from CJ to C \ der()\)

@ All the spectral results have been restricted to the set C. Recall, for example,
o(J)NC) =op(J)NC) ={z€C) | Fr(z) =0}

@ By using certain procedure (a local regularization), we can extend the results from C) to
C \ der()), getting, for example,

o(J) \ der(A) = op(J) \ der(\) = {z ¢ der()) | Fj(z) =0}.
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Characteristic function of doubly infinite Jacobi matrix

Local regularization - from Cj to C \ der())

@ All the spectral results have been restricted to the set C. Recall, for example,
o(J)NC) =op(J)NC) ={z€C) | Fr(z) =0}

@ By using certain procedure (a local regularization), we can extend the results from C) to
C \ der()), getting, for example,

o(J) \ der(A) = op(J) \ der(\) = {z ¢ der()) | Fj(z) =0}.

@ However, using the method based on the characteristic function, it is not possible to decide
whether points from der()) belong to o (J) or not.
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Characteristic function of doubly infinite Jacobi matrix

Local regularization - from Cj to C \ der())

@ All the spectral results have been restricted to the set C. Recall, for example,
o(J)NC) =op(J)NC) ={z€C) | Fr(z) =0}

@ By using certain procedure (a local regularization), we can extend the results from C) to
C \ der()), getting, for example,

o(J) \ der(A) = op(J) \ der(\) = {z ¢ der()) | Fj(z) =0}.

@ However, using the method based on the characteristic function, it is not possible to decide
whether points from der()) belong to o (J) or not.

@ For the sake of brevity, we do not explain the details of this local regularization procedure in
this talk. Rather we describe a global regularization of the characteristic function in 3 different
cases and provide illustrating examples ...
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Diagonals admitting global regularization and examples

I. Compact case - regularization

@ If we assume
A€ P(z) forsomep €N and w € £3(Z),

the two main assumptions are automatically satisfied. In addition, we may introduce the
functions
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Diagonals admitting global regularization and examples

I. Compact case - regularization

@ If we assume

A€ P(z) forsomep €N and w € £3(Z),

the two main assumptions are automatically satisfied. In addition, we may introduce the

functions

and

s i 1) (522

= I (1-2)ew gi(f)

z z
n=-—oo
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Diagonals admitting global regularization and examples

I. Compact case - regularization

@ If we assume
A€ P(z) forsomep €N and w € £3(Z),

the two main assumptions are automatically satisfied. In addition, we may introduce the
functions
b P — 1
+0.) — n
0@ =] (1-77) oo Z: ;(7)

and

i B (-2 (53(2)

@ Then one can get rid of all the nonzero singularities of F7 and f by putting

Fy(z) = ®p(2)F7(z) and f(2):= &} (2)f(2).

Functions F; and f are entire on C \ {0}.
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Diagonals admitting global regularization and examples

I. Compact case - spectral results

Proposition:

If
wel?(Z) and Me€P(Z) forsome p>1,

then
o(J) = op(J) U {0} = {z € C\ {0} | F7(z) =0} u {0}

and f(z) is the eigenvector of J corresponding to a nonzero eigenvalue z. In addition, the ~
algebraic multiplicity of a non-zero eigenvalue z of J coincides with the order of z as a zero of F ;.
v
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Diagonals admitting global regularization and examples

I. Compact case - spectral results

Proposition:

If
wel?(Z) and Me€P(Z) forsome p>1,

then
o(J) = op(J) U {0} = {z € C\ {0} | F7(z) =0} u {0}

and f(z) is the eigenvector of J corresponding to a nonzero eigenvalue z. In addition, the ~
algebraic multiplicity of a non-zero eigenvalue z of J coincides with the order of z as a zero of F ;.
v

Remark: In this case for p > 2, one can show that J is a compact operator from the Schatten—von
Neumann class S, and
F7(1/z) =detp(1 —2J), VzeC.

So the above statement may be deduced from results of the theory of regularized determinants.
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Diagonals admitting global regularization and examples

I. Compact case - example

@ Forae C\Zand g € C\ {0} put

1 B

Ap=———— and w, =

n—1+a m—1+a)(n+a)
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Diagonals admitting global regularization and examples

I. Compact case - example

@ Forae C\Zand g € C\ {0} put

1 B

Ap=———— and w, =

n—1+a m—1+a)(n+a)

@ The regularized characteristic function is

5 =il _
Fj(z) — Slnﬂ-(a 2 )ez L7 cot 7'\’01, Yz 75 07

sin T
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I. Compact case - example

@ Forae C\Zand g € C\ {0} put

1 B

Ap=———— and w, =

n—1+a m—1+a)(n+a)

@ The regularized characteristic function is

; =il
smnw(ox — 2 =1l
_¥ez ﬂCOtT\’Ot, VZ?EO,

@ Consequently,
o(J)={0}u{(n+ )"t necz}.
N—_———

eigenval. with alg. mult. =1
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Diagonals admitting global regularization and examples

I. Compact case - example

@ Forae C\Zand g € C\ {0} put

1
Ap=—"— and wy= A 5
n—1+a (n—1+a)(n+a)

@ The regularized characteristic function is

; =il
sm7nw(ox — 2 =i
_¥ez ﬂCOtT\’Ot’ VZ?EO,

@ Consequently,
o(J)={0}u{(n+ )"t necz}.
N—_———
eigenval. with alg. mult. =1

@ The n-th element of the eigenvector to the eigenvalue zy = 1/(N + o — 1) reads

vn(zy) = (-1)"Va+n—1J,_nv (286(N+a—-1)), n,N€Z.
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I. Compact case - example

@ Forae C\Zand g € C\ {0} put

1
Ap=—"— and wy= A 5
n—1+a (n—1+a)(n+a)

@ The regularized characteristic function is

; =il
sm7nw(ox — 2 =i
_¥ez ﬂCOtT\’Ot’ VZ?EO,

@ Consequently,
o(J)={0}u{(n+ )"t necz}.
N—_———
eigenval. with alg. mult. =1

@ The n-th element of the eigenvector to the eigenvalue zy = 1/(N + o — 1) reads
vn(zy) = (-1)"Va+n—1J,_nv (286(N+a—-1)), n,N€Z.

@ Note that o(.J) does not depend on 3. Hence, for any a € R\ Z, J is a non-self-adjoint
operator with purely real spectrum.
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Diagonals admitting global regularization and examples

I. Compact resolvent case - regularization

@ If we assume \,, # 0, Vn € Z,

oo

2
w 1

‘7" < oo and g —— < oo, forsomepeN,
n=-—oo /\")\"+1 n=-—oo |/\n‘p

one of the main assumption is satisfied. In addition, we may introduce the functions
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I. Compact resolvent case - regularization

@ If we assume \,, # 0, Vn € Z,

oo

oo 2
w 1
E ‘7" < oo and g —— < oo, forsomepeN,
n=-—oo /\")\"+1 n=-—oo |/\n‘p

one of the main assumption is satisfied. In addition, we may introduce the functions

o= (-5)=(556))

n=1 j=1 J

and
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Diagonals admitting global regularization and examples

I. Compact resolvent case - regularization

@ If we assume \,, # 0, Vn € Z,

oo

oo 2
w 1
E ‘7" < oo and g —— < oo, forsomepeN,
n=-—oo /\")\"+1 n=-—oo |/\n‘p

one of the main assumption is satisfied. In addition, we may introduce the functions

o= (-5)=(556))

n=1 j=1 J

and

@ The global regularization of Fz and f is done by putting
Fr(z) :=9,(2)F7(2) and f(z):= \Il;(z)f(z).

Functions F 7 and f are entire.
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Diagonals admitting global regularization and examples

[I. Compact resolvent case - spectral results

Proposition:
Let \,, # 0 and w,, # 0 be such that

Z ‘ An)\n<|—1

n=—oo

oo
1
<oo and Y W<oo, for some p > 1.

n=—oo

Further, let FJ does not vanish identically on C. Then Jyin = Jmax =: J,

o(J) =0p(J) ={z €C| F7(2) =0}

and f(z) is the eigenvector of J corresponding to an eigenvalue z. In addition, the algebraic
multiplicity of an eigenvalue z of J coincides with the order of z as a zero of F 7.
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[I. Compact resolvent case - spectral results

Proposition:
Let \,, # 0 and w,, # 0 be such that
An)\n<|—1

n=—oo

oo
1
<oo and Y W<oo, for some p > 1.

n=—oo

Further, let FJ does not vanish identically on C. Then Jyin = Jmax =: J,
o(J) = op(J) ={z €C| Fz(z) = 0}

and f(z) is the eigenvector of J corresponding to an eigenvalue z. In addition, the algebraic
multiplicity of an eigenvalue z of J coincides with the order of z as a zero of F 7.

Remark: For z € C, we may introduce the operator A(z) determined by equalities

Wn—1 z Wn,
—1— —eén+

VZVED VS WL I/ W W R

which is, if p > 2, in S,,. In addition, it can be shown that
z€o(J) <= —1€a((A(2))

A(z)en = n € %,

and we have B
detp, (14 A(2)) = Fy(2), z€C.
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Diagonals admitting global regularization and examples

II. Compact resolvent case - example

@ Put
A=n and wn=w #0.
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Diagonals admitting global regularization and examples

II. Compact resolvent case - example

@ Put
An=n and w, =w #0.
@ The regularized characteristic function is

sin 7z

ﬁ'j(z) = p— vz € C.
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Diagonals admitting global regularization and examples

II. Compact resolvent case - example

@ Put
An=n and w, =w #0.
@ The regularized characteristic function is

sin 7z

Fg(z)= ==, vzeC.

@ Consequently, o) )
o(J)=op(J)=1Z

and all the eigenvalues have algebraic multiplicity equal to one.
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Diagonals admitting global regularization and examples

II. Compact resolvent case - example

@ Put
An=n and w, =w #0.
@ The regularized characteristic function is

sin 7z

Fg(z)= ==, vzeC.

@ Consequently, o) )
o(J)=op(J)=1Z

and all the eigenvalues have algebraic multiplicity equal to one.
@ The n-th element of the eigenvector to the eigenvalue N € Z reads

vn(N) = (=1)"Jp_n(2w), n€Z.
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Diagonals admitting global regularization and examples

[ll. Combined case - regularization

@ If we assume \,, # 0, forn <0,

oo 0
> AP <oo and M 5 < for some p > 1,
n=1 n=—oo ‘ nl
and
Z \wn|2 < oo and — | < oo.
n=1 n=—oo AnAn+1

the two main assumptions are satisfied. The functions
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[ll. Combined case - regularization

@ If we assume \,, # 0, forn <0,

oo 0
> AP <oo and M 5 < for some p > 1,
n=1 n=-—oo ‘ n|
and
[eS) 0 'LU2
Z |lwn|? < 0o and Z — | < oo.
n=1 n=—oo AnAn+1

the two main assumptions are satisfied. The functions
> An [ VSN
‘P;(z) = H (1 — —) exp Z = (—)
n=1 z j=1J \ ?

and

0 z Pl 2V
U, (2) = H (1 — E) exp > ; (E)

Frantisek Stampach (Stockholm University) Spectral analysis of Jacobi operators June 27, 2016 23/26



Diagonals admitting global regularization and examples

[ll. Combined case - regularization

@ If we assume \,, # 0, forn <0,
0

[e @)
> AP <oo and M 5 < for some p > 1,
n=1 n=-—oo ‘ n|
and
e} 0 'LU2
Z\wn|2<oo and Z — | < oo.
n=1 n=—oo )\n>\n+1

the two main assumptions are satisfied. The functions
> An [ VSN
CD;(Z) = H (1 — —) exp Z = (—)
n=1 z j=1J \ ?

and
0

o= 11 (-5)= (55 (2)

are to be used to regularize F; and f:

F7(2) == o) (2)¥, (2)F7(z) and f(2) := @} (2)f(z), forz+#0.
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Diagonals admitting global regularization and examples

lll. Combined case - spectral results

Proposition:
Let \,, # 0 and w,, # 0 be such that

0

oo
1
d AP <oo and > o <o forsomep>1,
n=1 n=—oo | n|
and
S
|wn|® < oo and ‘7" < oo.
712::1 n——oo >\n)\n+1

Further, let Fj does not vanish identically on C. Then Jyin = Jmax =: J,
o(J) = op(J) U{0} = {z € C\ {0} | Fi7(2) = 0} U {0}

and f(z) is the eigenvector of J corresponding to a non-zero eigenvalue z. In addition, the B
algebraic multiplicity of a non-zero eigenvalue z of J coincides with the order of z as a zero of F;.
v
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Diagonals admitting global regularization and examples

[ll. Combined case - example

@ Forq,8€C,0< |g|] <1andp #0,put

An=¢" and w, = 5q”/2, forn € Z.
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Diagonals admitting global regularization and examples

[ll. Combined case - example

@ Forq,8e€C,0< |g| <1andp#0,put
An=¢" and w, = ,Bq”/r‘), forn € Z.

@ For z # 0, the regularized characteristic function equals

Fr(z) = (g2 1, —f%2"Yq) = ﬁ (1-2d") (1 — %) (1 . @) :

k=0
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Diagonals admitting global regularization and examples

[ll. Combined case - example

@ Forq,8e€C,0< |g| <1andp#0,put
An=¢q" and w, = ,Bq”/r‘), for n € Z.
@ For z # 0, the regularized characteristic function equals
e k B2qF
Fr(z) = -1 82,7l = 1-z2¢®) (1= L) (14+22).
7(2) = (2,927, —p%27 5 9) k];[o( zq) ~ +

@ One has,
a(N\{0} = 0p(J) = ¢* U (=B%)¢"".
Here, indeed, ocss(J) = oc(J) = {0}.
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[ll. Combined case - example

@ Forq,8e€C,0< |g| <1andp#0,put
An=¢q" and w, = ,Bq”/r‘), for n € Z.
@ For z # 0, the regularized characteristic function equals
e k B2qF
Fr(z) = -1 82,7l = 1-z2¢®) (1= L) (14+22).
7(2) = (2,927, —p%27 5 9) k];[o( zq) ~ +

@ One has,
o(N)\{0} = op(J) = ¢" U (=B%)q"°.
Here, indeed, gess(J) = oc(J) = {0}.
@ The n-th element of the eigenvector to the eigenvalue z € o, (J) reads

fn(z) _ anﬂnqn(nfl)/4 0(2;1 (_; Z*lqn#»l; qa —qn+1z72,32).
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[ll. Combined case - example

@ Forq,8e€C,0< |g| <1andp#0,put
An=¢" and w, = ,Bq”/r‘), forn € Z.
@ For z # 0, the regularized characteristic function equals
oo k 2k
(z) = (Z7qz—1’_/32z—1 H (1 —2q ) ( - L) (1 a4 ﬁiq) .
k=0 z z

@ One has,
a(N\{0} = 0p(J) = " U (=B%)¢""
Here, indeed, gess(J) = oc(J) = {0}.
@ The n-th element of the eigenvector to the eigenvalue z € o, (J) reads
fa(z) = 27mBng" (D4 6y (=271 g" Y g, —g" 22 52).

@ Whenever ¢ € (—1,1) and 3 is purely imaginary, then J is a non-self-adjoint operator with
purely real spectrum. In this case, J is diagonalizable if and only if 3 ¢ iq”/2.
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Diagonals admitting global regularization and examples

Thank you!
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