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Motivation - introduction

@ Consider Jacobi operator J acting on vectors from standard basis {e,}3°, of £2(N) as
Jen = Wp_1€p_1 + Anén + Wnepp1  (Wp :=0)

where \p € C, wp € C\ {0},and n € N.
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Motivation - introduction

@ Consider Jacobi operator J acting on vectors from standard basis {e,}3°, of £2(N) as
Jen = Wp_1€p_1 + Anén + Wnepp1  (Wp :=0)

where \p € C, wp € C\ {0},and n € N.
@ Set
Dom(J) = {x € £2(N) : Jx € A(N)}.

@ The matrix representation of J in the standard basis:

A %}
Wi A W
J= Wo A3 Ws
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Motivation - introduction

@ Consider Jacobi operator J acting on vectors from standard basis {e,}3°, of £2(N) as
Jen = Wp_1€p_1 + Anén + Wnepp1  (Wp :=0)

where \p € C, wp € C\ {0},and n € N.
@ Set
Dom(J) = {x € £2(N) : Jx € A(N)}.

@ The matrix representation of J in the standard basis:

A %}
Wi A2 W
J= Wo Ag %}

@ Objective: Investigation of the spectrum of J when the diagonal sequence dominates the
off-diagonal in some sense.
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Motivation - reformulation of the problem

For z € C and Ap > 0 define

R \/;\/11*2
4] _z w2
Py
A(Z) = L_1/2(UW+ wuU* — Z)L—1/2 _ VA1 A2 w22 x/kzzkii Wy

where L = diag(\1, Ao, ...), W = diag(wq, ws,...), and U is unilateral shift.
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Motivation - reformulation of the problem

For z € C and Ap > 0 define

5 e
w1 _z w2
A(Z) = L_1/2(UW+ wuU* — Z)L—1/2 _ (VAYEY W)\z V2223 ”

2 _z 3
V32xs3 A3 \/Agrg

where L = diag(\1, Ao, ...), W = diag(wq, ws,...), and U is unilateral shift.

Proposition

Let A(z) be Hilbert-Schmidt operator for some 0 # z € C. Then
zep(d) iff —1¢€p(A2))

and it holds
(J—2)""=L72(1 + A(z)) "L/
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To investigate the spectrum of J one can consider operator A(z) instead. Main advantages are:
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Motivation - reformulation of the problem

For z € C and Ap > 0 define

5 e
w1 _z w2
A(Z) = L_1/2(UW+ wuU* — Z)L—1/2 _ (VAYEY W)\z V2223 ”

2 _z 3
V32xs3 A3 \/Agrg

where L = diag(\1, Ao, ...), W = diag(wq, ws,...), and U is unilateral shift.

Proposition

Let A(z) be Hilbert-Schmidt operator for some 0 # z € C. Then
zep(d) iff —1¢€p(A2))

and it holds
(J—2)""=L72(1 + A(z)) "L/

To investigate the spectrum of J one can consider operator A(z) instead. Main advantages are:
@ A(z) is Hilbert-Schmidt, while J can be unbounded
@ one can use function z — dety(1 + A(z)) which is well defined as an entire function.
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Function §

Let us define § : D — C by relation

oo

=14 Z( nr Z Z Z Xy Xhey +1 Xy Xkp +1 + + + Xk Xkim+15

k=1 ko=kj+2 km:km,1+2

where
oo
D= S {x}2y CC Y XaXkpa] < o0
k=1

For a finite number of complex variables let us identify §(x1, X2, . . ., Xn) With F(x) where
X =(x1,X2,...,%,0,0,0,...).
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Function §

Let us define § : D — C by relation

oo

=14 Z( nr Z Z Z Xy Xhey +1 Xy Xkp +1 + + + Xk Xkim+15

k=1 ko=kj+2 km:km,1+2

where
oo
D= {{Xk};i1 CC > IXkXkat] < 00} :
k=1

For a finite number of complex variables let us identify §(x1, X2, . . ., Xn) With F(x) where
X =(x1,X2,...,%,0,0,0,...).

@ F is well defined on D due to estimation

IS(x)| < exp (Z (X Xic-+1 |> :

k=1
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Function §

Let us define § : D — C by relation

oo

=1+ Z( n” Z Z Z Xy Xky +1Xky Xhe 1 -+ - Xk Xk +15

k=1 ko=kj+2 km:km,1+2

where
oo
D= {{Xk};i1 cG Z |Xka+1| < ()o} .
k=1
For a finite number of complex variables let us identify §(x1, X2, . . ., Xn) With F(x) where
X=(X1,X2,...,%,0,0,0,...).

@ F is well defined on D due to estimation
o0
[F(x) < exp <Z [ X5 X1 |> :
k=1

@ Note that the domain D is not a linear space. One has, however, ¢2(N) C D.
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Properties of §

@ Forallx e Dand k =1,2,... one has

Recursive relation

S(X) = SZ(X‘I pooog Xk)%v(TkX) - 3()(1 neooy Xk—1)Xka+1§(Tk+1X)

where T denotes the truncation operator from the left defined on the space of all sequences:

T({xk}ieZ1) = Xt Hiea-
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where T denotes the truncation operator from the left defined on the space of all sequences:

T({xk}ieZ1) = Xt Hiea-

@ Especially for k = 1, one gets the simple relation

F(x) = §(Tx) — x1x2 §(T2x). )
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Properties of §

@ Forallx e Dand k =1,2,... one has

Recursive relation

S(X) = S(X1 pooog Xk)%v(TkX) - 3()(1 pooog Xk—1)Xka+1§(Tk+1X)

where T denotes the truncation operator from the left defined on the space of all sequences:

T({xk}ieZ1) = Xt Hiea-

@ Especially for k = 1, one gets the simple relation

F(x) = §(Tx) — x1x2 §(T2x). )

@ Functions § restricted on ¢2(N) is a continuous functional on £2(N). Further, for x € D, it holds

nimoo F(x1, X2, .-, Xn) = F(x) and nimoo F(T"x) = 1.
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Other properties of §

@ Equivalent definition for F(xy, X, ..., Xn) is:

1 X1
Xo 1 Xo
F(x1, X2, ..., Xn) = det X, = det

Xn—1 1 Xp—4
Xn 1
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Other properties of §

@ Equivalent definition for F(xy, X, ..., Xn) is:

1 X1
Xo 1 Xo
F(x1, X2, ..., Xn) = det X, = det

Xn—1 1 Xp—4
Xn 1

@ Function § is related to a continued fraction. For a given x € D such that F(x) # 0, it holds

F(Tx) 1
3(x) 1_ X1 X2 '
1 X2X3
1 XX
1—...
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Characteristic function of complex Jacobi matrix

Proposition
Let {\n} be positive and

— < oo and L < 0o
25 2 [Soror

Then A(z) is Hilbert-Schmidt for all z € C and it holds

deto(1+ A(2)) = § <{ Aﬁ Z} > 10‘0[ (1 = %) e#/n

n=1/ n=1

where the sequence {yn} can be defined recursively as vy = 1, vxr1 = Wik /-
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Characteristic function of complex Jacobi matrix

Let {\n} be positive and

— < oo and L < 0o
25 2 [Soror

Then A(z) is Hilbert-Schmidt for all z € C and it holds

deto(1+ A(2)) = § <{ Aﬁ Z} > 10‘0[ (1 = %) e#/n

n=1/ n=1

where the sequence {yn} can be defined recursively as vy = 1, vxr1 = Wik /-

@ In the following we focus just on the function

wa-r(fitf)
n n=1
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Characteristic function of complex Jacobi matrix

@ Function F, is well defined on C \ {\p} if

2 oo
{7"} €D forallze C\{ n}
An—2 -

which holds if there is at least one zy € C\ {\n} such that

w2
(An — 20)(Ang1 — 20)

< o0

(oo}
>
n=1

(An and wy, are complex!)
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Characteristic function of complex Jacobi matrix

@ Function F, is well defined on C \ {\p} if

2 oo
{7"} €D forallzeC\{an}
An—2 -

which holds if there is at least one zy € C\ {\n} such that

w2
(An — 20)(Ang1 — 20)

< o0

(oo}
>
n=1

(An and wy, are complex!)
@ This assumptions is assumed everywhere from now.
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Characteristic function of complex Jacobi matrix

@ Function F, is well defined on C \ {\p} if

2 oo
{7"} €D forallzeC\{an}
An—2 -

which holds if there is at least one zy € C\ {\n} such that

w2
(An — 20)(Ang1 — 20)

< o0

(oo}
>
n=1

(An and wy, are complex!)
@ This assumptions is assumed everywhere from now.
@ F, is meromorphic function on C\ {\n} with poles in z € {An} \ der({\n}) of finite order less
or equal to the number
I’(Z) = Z 52,)\n'
n=1
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Characteristic function of complex Jacobi matrix

Let us define
3(J) = {z € C\ der({An}); Jim (u— 2)" @ Fy(u) = o}

and,
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Characteristic function of complex Jacobi matrix

Let us define
3(J) = {z € C\ der({An}); Jim (u— 2)" @ Fy(u) = o}

and, for k € Z4 and z € C \ der({\n}), we put

k 5 .
&(2) == lim (u—z)"® < Wi—4 >3<{ 7 } >
k u—z E u— X N —Uu o

where we set wy 1= 1.
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Characteristic function of complex Jacobi matrix

Let us define
3(J) = {z € C\ der({An}); Jim (u— 2)" @ Fy(u) = o}

and, for k € Z4 and z € C \ der({\n}), we put

k 5 .
&(2) == lim (u—z)"® < Wi—4 >3<{ 7 } >
k u—z E u— X N —Uu o

where we set wy 1= 1.

Theorem

Equalities
spec(J) \ der({An}) = specy(J) \ der({An}) = 3(J)
hold and, for z € 3(J),
g(Z) = (51 (2)762(2)7&3(2)1 00 )

is the eigenvector for eigenvalue z. Moreover, for z ¢ {\n}, vector £(z) satisfies the formula

D (&(2)? = &(2)61(2) - &o(2)€(2).

k=1
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Green Function

@ The Green function Gj(z) = (e;, (J — 2) ")) of J is expressible in terms of §,

=m

Gi(2) = WM,]‘M[<Z—>\/) 5_({ vf }OO)

where z € p(J), m:= min(i,j), and M := max(i, ).
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Green Function

@ The Green function Gj(z) = (e;, (J — 2) ")) of J is expressible in terms of §,

Gi(2) = & 3({>\7122}:i11>3<{>j122}7_0M+1>
)T

=m

where z € p(J), m:= min(i,j), and M := max(i, ).
@ Especially, we get a compact formula for the Weyl m-function m(z) = Gy1(2),

m(z) =
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Applications: Characteristic Function and Special Functions

Various special functions are expressible in terms of § applied to a suitable sequence, e.g.:
@ Hypergeometric Functions o F;, especially Bessel Functions,
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@ Hypergeometric Functions o F;, especially Bessel Functions,

@ Basic Hypergeometric Functions ¢+, especially g-Bessel Functions (second Jackson,
Hahn-Exton),

$ek Stampach (FNSPE, C Spec. Anal. of Jacobi Mat. and Rel. Prob. November 26, 2012 12/20
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Applications: Characteristic Function and Special Functions

Various special functions are expressible in terms of § applied to a suitable sequence, e.g.:
@ Hypergeometric Functions o F;, especially Bessel Functions,

@ Basic Hypergeometric Functions ¢+, especially g-Bessel Functions (second Jackson,
Hahn-Exton),

@ Confluent Hypergeometric Functions 1 Fy, especially Coulomb Wave Functions,
@ Basic Hypergeometric Functions {¢1.
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Bessel functions

Letw,a € C,z—ra ¢ aN, and r € Z then it holds

S {TW_Z}OO :(g)fr+z/ar(1+r—§)J,_z/a(%”>.

k=r+1
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Bessel functions

Letw,a € C,z—ra ¢ aN, and r € Z then it holds

(o) = /o 2
()T )= T e Do (2).

For r = 0, the above function is characteristic function for Jacobi operator J of the form

a w
w 2a w
J= w 3a w
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Bessel functions

Letw,a € C,z—ra ¢ aN, and r € Z then it holds

(o) = /o 2
()T )= T e Do (2).

For r = 0, the above function is characteristic function for Jacobi operator J of the form

a w
w 2a w
J= w 3a w

Hence we have

2w

spec(J) ={z€C; J_z (;) = 0}, J

and the formula for the kth entry of the respective eigenvector is

w(@) = (g (). J
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g-Bessel functions

For w,v € C and q € (0, 1), a g-analogue of the previous formula reads

L - _qv/4 W —v (2) —1/404 _ .
3<{[1/—‘,-k]q}k_1> 9 Vil == e b g™ = @)
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g-Bessel functions

For w,v € C and q € (0, 1), a g-analogue of the previous formula reads

L - _qv/4 W —v (2) —1/404 _ .
3<{[1/—‘,-k]q}k_1> 9 Vil == e b g™ = @)

@ Forge (0,1)and 3 € C, put \p = @" ' and w, = B8(,/G)"~ ', n=1,2,.... Then matrix J
has the form s

B a Bvag

J= B8va ¢ Baq
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g-Bessel functions

For w,v € C and q € (0, 1), a g-analogue of the previous formula reads

L - _qv/4 W —v (2) —1/404 _ .
3<{[u—‘,-k]q}k_1> 9 Vil == e b g™ = @)

@ Forge (0,1)and 3 € C, put \p = @" ' and w, = B8(,/G)"~ ', n=1,2,.... Then matrix J
has the form s

B a Bvag

J= B8va ¢ Baq

@ Characteristic function:

Fi(2) = (27" q)o0 001271 q, —2725%).
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g-Bessel functions

For w,v € C and q € (0, 1), a g-analogue of the previous formula reads

L - _qv/4 W —v (2) —1/404 _ .
3<{[u—‘,-k]q}k_1> 9 Vil == e b g™ = @)

@ Forge (0,1)and 3 € C, put \p = @" ' and w, = B8(,/G)"~ ', n=1,2,.... Then matrix J
has the form

1.8
B a Bvag

J= B8va ¢ Baq

@ Characteristic function:
Fi(z) = (27" @)oo 001 (: 27" q, —27257).

@ Hence
swec() = {27 €T (2:9)oc 001(:2:9, ~228%) = 0} U{0}.

November 26, 2012
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g-Bessel functions

For w,v € C and q € (0, 1), a g-analogue of the previous formula reads

LA W R o (@) o141
3<{[u—‘,-k]q}k_1> 9 Vil == e b g™ = @)

@ Forge (0,1)and 3 € C, put \p = @" ' and w, = B8(,/G)"~ ', n=1,2,.... Then matrix J
has the form

1 B
B aq BVg
J= B8va ¢ Baq

@ Characteristic function:
Fi(z) = (27" @)oo 001 (: 27" q, —27257).

@ Hence
spec() = {271 € C: (2:9)o0 01(:2:9,~226%) = 0} U{0}.

@ Eigenvectors:

n
Vn(2) = g N"R4 (g2 )oo (g) 001(:9"27 ' q,—q"2725%).
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Confluent Hypergeometric Function 1 F4

@ Forp>0,veR,andk=1,2,..., letus put

v W — 1 (1 + k)2 + 12
(wtk=—Dt+k) T etk \ a1

M =
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Confluent Hypergeometric Function 1 F4

@ Forp>0,veR,andk=1,2,..., letus put

v W — 1 (1 + k)2 + 12
(wtk=—Dt+k) T etk \ a1

Ak =
@ Then spectrum of the respective Jacobi operator J = J(u, v) can be expressed as

spec(J) = {<*1 €C: e Fy(u+iv;2u2ic) = o} U {0}.

Franti$ek Stampach (FNSPE, CTU) Spec. Anal. of Jacobi Mat. and Rel. Prob. November 26, 2012 15/20



Confluent Hypergeometric Function 1 F4

@ Forp>0,veR,andk=1,2,..., letus put

v W — 1 (1 + k)2 + 12
(wtk=—Dt+k) T etk \ a1

Ak =
@ Then spectrum of the respective Jacobi operator J = J(u, v) can be expressed as
spec(J) = {<*1 €C: e Fy(u+iv;2u2ic) = o} U {0}.
@ Eigenvectors:

M(p+n+iv)| 1 i . .
=2u+2n-1 |7 Te i F, n+ iv; 2u + 2n; 2i¢).
e+ r2t2n) 2" 1Fi(p+n+iv;2u + <)
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Regular Coulomb Wave Function

@ Results from the previous example with 1 F; can be nicely rewritten in terms of regular
Coulomb wave function Fy(n, p).
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Regular Coulomb Wave Function

@ Results from the previous example with 1 F; can be nicely rewritten in terms of regular
Coulomb wave function Fy(n, p).

@ Recall the definition of regular Coulomb wave functions

[F(L+ 1+ in)|

F — 2L —7n/2
1(n,p) e reL+2)

pHe P Ry (L+1 — im; 2L 4 2; 2ip),

validfor L€ Z4,n € R, p > 0.
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Regular Coulomb Wave Function

@ Results from the previous example with 1 F; can be nicely rewritten in terms of regular
Coulomb wave function Fy(n, p).

@ Recall the definition of regular Coulomb wave functions

_ ML+ 1+ in)| i . .
Fu(n,p) = 2te~m/2 NEX T M| it gmio pof 1 il 4 2; 2ip),
L(n,p) reira) ’ 1F(L+ n; 2L +2; 2ip)
validfor L€ Z4,n € R, p > 0.

@ Then J can be written as

AL+t Wit

Wit ALy2 Wig2

J= W2 AL43 W3

where
_ Vn+1)2+72 _ n
Wy = and \p=-———"—.
(n+1)y/(2n+1)(2n+3) n(n+1)
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Regular Coulomb Wave Function

@ Results from the previous example with 1 F; can be nicely rewritten in terms of regular
Coulomb wave function Fy(n, p).

@ Recall the definition of regular Coulomb wave functions

_ ML+ 1+ in)| i . .
Fu(n,p) = 2te~m/2 NEX T M| it gmio pof 1 il 4 2; 2ip),
L(n,p) reira) ’ 1F(L+ n; 2L +2; 2ip)
validfor L€ Z4,n € R, p > 0.

@ Then J can be written as

AL+t Wit

Wit ALy2 Wig2

J= W2 AL43 W3

where
S(nr1)2 2
Wn = (n+1)°+n and )\n:—L.
(n+1)/(2n+1)(2n+3) n(n+1)
@ Spectrum:

spec(J) = {p~" : Fi(n,p) = 0} U{0}.
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Regular Coulomb Wave Function

@ Results from the previous example with 1 F; can be nicely rewritten in terms of regular
Coulomb wave function Fy(n, p).

@ Recall the definition of regular Coulomb wave functions

Fuln,p) = 2te=m/2 MEETE DN it omio 1 41— 2L 4+ 2,2ip),

r2L+2)
validfor L€ Z4,n € R, p > 0.
@ Then J can be written as
AL+t Wit
Wit ALy2 Wig2
J= W2 AL43 W3

where
S(nr1)2 2
Wn = (n+1)°+n and )\n:—L.
(n+1)/(2n+1)(2n+3) n(n+1)
@ Spectrum:

spec(J) = {p~" : Fi(n,p) = 0} U{0}.

Va(p™") = V2L +2n + 1F n(n, p).

@ Eigenvectors:
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Applications: g-hypergeometric function ¢4

Foré,a € C,and n € Z., it holds

2 e —1 0.
Yk _ (279" @) —1.,6 —1.n. =il
ez, ) - @i €0 Piaaa)

where
Verker = Wi = —ag = (1 - ¢F7).
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2 e —1 0.
Yk _ (279" @) —1.,6 —1.n. =il
ez, ) - @i €0 Piaaa)

where
Verker = Wi = —ag = (1 - ¢F7).

@ Especially, for n = § = 0, the identity simplifies to

(271 9(a27 1 9o

Ful2) = ((a+1)z7%:q)
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Applications: g-hypergeometric function ¢4

Foré,a € C,and n € Z., it holds

2 e —1 0.
Yk _ (279" @) —1.,6 —1.n. =il
ez, ) - @i €0 Piaaa)

where
Verker = Wi = —ag = (1 - ¢F7).

@ Especially, for n = § = 0, the identity simplifies to

_ (TN 9)x(az7" )
Ful2) = ((a+1)z7%:q)

@ The spectrum of corresponding J is then obtained fully explicitly,

spec(J) = {g* : k=0,1,2,...}u{aq" : k=0,1,2,...} U {0}.
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Applications: g-hypergeometric function ¢4

Foré,a € C,and n € Z., it holds

2 e —1 0.
Yk _ (279" @) —1.,6 —1.n. =il
ez, ) - @i €0 Piaaa)

where
Verker = Wi = —ag = (1 - ¢F7).

@ Especially, for n = § = 0, the identity simplifies to

_ (TN 9)x(az7" )
Ful2) = ((a+1)z7%:q)

@ The spectrum of corresponding J is then obtained fully explicitly,
spec(J) ={q* : k=0,1,2,...}u{ag" : k=0,1,2,...} U {O0}.

@ For a > 0, the operator J is not hermitian, however, spec(J) is real!
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One more example with {

@ Fora, 3, ~,with 8 >0, > 0and a+ 8 > 0, let us consider matrix J of the form

v Va+p
VatB 2y  \Jat2B
J(a,B,7) = Vat2B 3y  /a+3B
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One more example with {

@ Fora, 3, ~,with 8 >0, > 0and a+ 8 > 0, let us consider matrix J of the form

el Va+pB
Vat+B 2y \/at2B
J(a, B,7) = Vat2B 3y  +Jatdp

@ This example is out of the scope of the presented approach using § (since the convergence
condition is violated).
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@ Fora, 3, ~,with 8 >0, > 0and a+ 8 > 0, let us consider matrix J of the form

v Va+p
Va+B 2y yJat2B
J(a,B,7) = Vat2B 3y  /a+3B

@ This example is out of the scope of the presented approach using § (since the convergence
condition is violated).

@ However, one can show J(«, 3,~) has discrete spectrum and the characteristic function reads

Bz Bz B gz
Fy(a, B,7;2) = 1F 1737—77;17—77;—)/r(17—77)
s, 8,7 2) 11( B 2 4 T 25
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Va+B 2y yJat2B
J(a,B,7) = Vat2B 3y  /a+3B

@ This example is out of the scope of the presented approach using § (since the convergence
condition is violated).

@ However, one can show J(«, 3,~) has discrete spectrum and the characteristic function reads

Bz Bz B gz
Fy(a, B,7;2) = 1F 1737—77;17—77;—>/r(17—77)
s, 8,7 2) 11( B 2 4 T 25

@ Eigenvectors:

r(g n )1/2
w(@) = (/e h AR (1- 0 S 2y L2 B
k) v vy
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One more example with {

@ Fora, 3, ~,with 8 >0, > 0and a+ 8 > 0, let us consider matrix J of the form

v Va¥B
Va+B 2y yJat2B
J(o, 8,7) = Vat28 3y  \/at3p

@ This example is out of the scope of the presented approach using § (since the convergence
condition is violated).

@ However, one can show J(«, 3,~) has discrete spectrum and the characteristic function reads

Bz Bz B gz
Fy(a, B,7;2) = 1F 1737—77;17—77;—>/r(17—77)
s, 8,7 2) 11( B 2 4 T 25

@ Eigenvectors:

1/2
r(e+k
_ B V4 V4
w(2) = (1) k(B)1F1(1——2—;1—2—+k;i)
r<1— Z+k) vy 2y y

R

@ For o = 0, the spectrum can be found fully explicitly,

spec J(0, 8,7) = {—§+'yj; j= 1,2,3,...}.
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Conclusion

The main message of this talk:

@ For a certain class of Jacobi matrices, there is a way how to translate the eigenvalue problem
into the problem of finding zeros of a meromorphic function.
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into the problem of finding zeros of a meromorphic function.

@ The characteristic function F, is defined with the aid of §.
@ In several suitable cases F; can be written in terms of special functions.
Other applications (not discussed):

@ Orthogonal Polynomials: orthogonality relation, formulas relating OPs with special functions
(part 2).
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The main message of this talk:

@ For a certain class of Jacobi matrices, there is a way how to translate the eigenvalue problem
into the problem of finding zeros of a meromorphic function.

@ The characteristic function F, is defined with the aid of §.
@ In several suitable cases F; can be written in terms of special functions.
Other applications (not discussed):

@ Orthogonal Polynomials: orthogonality relation, formulas relating OPs with special functions
(part 2).

@ Analysis of zeros of certain special functions.
@ Solutions of bilateral and unilateral second-order difference equations.
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Thank you!
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