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Introduction

During 1915, in pursuit of finding an elementary proof of the Hilbert inequality (1.1), Hardy discovered
a theorem of great beauty and simplicity which states that whenever the series Y >, a? converges,
the series of cumulative averages Y oo ;(A,/n)?, where A,, = Y 1_, ax, also converges. Other great
mathematicians, such as E. Landau, G. Pélya, I. Schur, and M. Riesz, also significantly contributed to
the subsequent development of the Hardy inequality (we refer the reader to [1] for a thorough historical

survey). The final LP version of the classical discrete Hardy inequality reads

oo oo
A, 0\P » \? )
> (n> < (191 > ab. (1)
n=1 n=1

which holds true for all p > 1 and for all non-negative sequences a € C(N), where C'(N) denotes the
space of all complex sequences indexed by N. Even though Hardy’s original work was related to the

discrete version, it was mainly the continuous version that found various applications, e.g. in PDEs,
mathematical physics, spectral theory, and geometry. The continuous Hardy inequality asserts that

Jo ) e Gl [ e g

for any non-negative function f € LP((0,00)), where, this time, we utilized the notation F(x) =
Jo f(t)dt. Moreover, in both cases (1) and (2), the constant (p/(p — 1)) is optimal, meaning that it
cannot be replaced by a strictly smaller constant.

Both inequalities were first published in the book Inequalities [6] by the group of authors Hardy,
Littlewood, and Polya. Since the Hardy inequalities appeared to be of tremendous use in applications
and brought up numerous intriguing questions, their research has flourished until today, giving rise to
a whole new discipline of modern analysis focused on Hardy-type inequalities.

In this thesis, we first discuss the classical discrete Hardy inequality in Chapter 1. In Section 1.1,
we will briefly concentrate on the historical background, while in the rest of the chapter, we provide
several possible proofs of (1). At the end of this chapter, in Section 1.4, we examine the similarities
(and differences) between the classical discrete and continuous Hardy inequalities, the most important
of them being the possible improvement of the discrete version, which will be examined in greater
detail in Chapter 2. Note that both Hardy inequalities (1) and (2) can be equivalently understood as
lower bounds —A > p for the Laplace operator on respective spaces in the sense of quadratic forms,
see (2.11). In Chapter 3, we focus on the state of the art, which is the problem of finding analogous
lower bounds for higher integer powers of the Laplace operator. Our main results are formulated in
Section 3.1, where we find optimal discrete Hardy inequalities of higher order and prove the conjecture
(3.5) from [15].



Chapter 1

Classical discrete Hardy inequality

In this chapter, we first focus on the historical account of the classical discrete Hardy inequality in
Section 1.1 providing the first proof of the weak form of (1). In Sections 1.2 and 1.3, we examine
possible proofs of (1), while in Section 1.4 we commentate upon the relation between the discrete and
continuous versions of the classical Hardy inequality.

1.1 Historical Background

Hardy’s original motivation, when discovering his celebrated inequality, was by no means less famous
Hilbert Inequality. In the weak form it asserts that if » 7, a? converges, then the double series

Yool > dndm < 5o also converges. More precisely, it claims that the inequality

m=1 n+m
© oo “a 9
Zzn::; SWZanQ (1.1)
n=1

n=1m=1

holds true for all complex sequences a € C'(N). The inequality (1.1) was first deduced by Hilbert in
1906 with constant 27, utilizing an advanced tool of Fourier’s series. Subsequently, additional proofs
were given by H. Weyl, F. Weiner, or even I. Schur (1911), who was the first to derive the continuous
integral version of (1.1), as well as the optimal constant 7. However, Hardy craved for more elementary
proof to be found. He accomplished to publish it in the year 1915 in [!|. And it is in this paper, where
the weak form of the Hardy inequality implicitly appears for the first time. As a matter of interest, we
present two relevant statements from this writing together with Hardy’s proofs. We shall start with
the following lemma, that connects Hardy’s and Hilbert’s inequalities in an obvious manner.

Lemma 1.1. Let a € C(N) be a non-negative sequence and Ay =Y }_, ar. Then the convergence of
any of the three series

@ i an;:ln7 (i4) i <’1”>2, (d41) ?:15:1 ST:;

n=1 n=1

implies the convergence of the other two.

In fact, Hardy proved the integral version of this lemma and mentioned, that the proof for series,
which was not included in this work, was analogous. Nevertheless, we will try to outline the ideas of
his proof by means of the discrete case, which is perhaps a little more delicate.

Proof. The proof shall be done in two steps.
a) (i) converges <= (ii) converges: For the implication (=) we use an elementary estimate

2nAn = (An — An-1)(An + Ap_1) + a2 = A2 — A2 +a2 > A2 — A2,
8



Dividing by n and summing over n from 1 to NV € N, we obtain

- 20,4, A2 A P =t T 42
> Z ) TR T 2 e
~ n — n+1 N — n(n+1) — n?

Since N was arbitrary, we can send N — oo, thus arriving at

Z <4Za”

n= 1

The reverse implication (<) can be shown in an analogous fashion observing that
anA, = (An - An71>An = Ai —ApAp_1 < Ai - A%—l

Again, after dividing by n and summing over n from 1 to N € N, we get
N N-1 N-1 0o
anAn A2 A%, A2 A%V A2 A2 A2
< _m 4 TN < ny TN n n —n
=D i D D Il D Dl R D A B 2

)
n=1 n=1 n=1 n=1 n=N n=1

because

N — n2
n=N

IA
NE
&

where we used a simple estimate 1/N = [ Jf,o 1/2%dx < 30° \1/n?. Sending N — oo yields the desired
result.

b) (i) converges <= (iii) converges: For the implication (=) we will make use of the symmetry
of the expression (iii) interchanging n <> m

aa N n ana N m ana N n - a N N wa
nwm n“m n“m nwm nwm
n—+m n—+m n—+m n-+m n—+m
n=1m=1 m=1n=1 n=1m=1 n=1m=n

n=1m=1
therefore
N N aa N n - a N n N n N a A
nlm nUm n
D 20D M o) o »
n=1m=1 n=1m=1 = = = = n=1

Hence the implication is proven after we let N — oo. Finally, the implication (<) is given by the
following series of estimates

o= Anlm > AnGm N anAy,
n—=

n=1m=1 n=1m=1

Remark 1.2. At this point, it is beneficial to realise, that it is sufficient to prove Hardy inequality (1)
for non-increasing sequences. Indeed, if the series >~ | a,, converges, the sequence {a, }2; is bounded
and consequently there exists a non-increasing rearrangement {a,}5° ;. Evidently, it holds that

ZafL:ZELZ and A, <A, for all n €N,

n=1 1

n=1 n=1 n

3
I

thus

proving the Hardy inequality without loss of generality.
9



To complete the proof of the weak form of the discrete Hardy inequality, we employ the following
theorem.

Theorem 1.3. Let a € C(N) be a non-negative sequence and Ay, = ,_, ax. Then

E a2 < oo = E 1 < oo
n
n=1 n=1

Remark 1.4. Equipped with Lemma 1.1, we easily observe that Theorem 1.3 implies the weak form of
both, Hardy and Hilbert, inequalities.

Proof. Clearly, it is again sufficient to prove the statement for a non-increasing sequence a (the argu-
ment is similar as in Remark 1.2).
First, we rewrite the expression > o2 ; anAp/n =3 021> " _(anam)/n=5=> 72, Sk, where we

denoted iy,
S YYD

k<2 <k+1

for all k£ € N. We infer from the following estimates and the Cauchy—Schwarz inequality that

1 Anm, 1 & A, 1 & Am,
SE<T DY =D Y <y Tagwm
k<2 <k+1 m=1 k<2 <k+1 m=1
1 /& 1/2 / o 1/2 1 (& 1/2 s 1/2 | X
m=1 m=1 m=1 m=1 m=1
Finally, we get
o o 1 o o
_ 2 2
S=Y Y e Y ehEsYad <,
k=1 k=1 m=1 m=1
since 3 0% k732 <1+ [P2732dr = 3. O

Later in the year 1919, Hardy formulated the inequality (2) for p = 2 with integration from a
positive constant a > 0 instead of 0. Moreover, he published a sketch of proof of the discrete version
(1). It is important to mention the names of other mathematicians who were involved in the research
that followed Hardy’s initial discovery. In the year 1920, M. Riesz sent Hardy a letter with a proof
of (1) with the constant (p?/(p — 1))P. Based on a letter from I. Schur, Hardy improved the constant
to (p(p))P. In the same letter, Schur pointed out that for p = 2 the inequality holds true with
the constant 4, therefore Hardy conjectured that the inequality holds even with the optimal constant
(p/(p — 1))P. In addition, he hypothesised the LP version of the continuous inequality (2), whilst still
integrating from a > 0. Although he did not provide a proof of this claim, he showed the optimality
of the constant (p/(p — 1))? considering the function f(x) = 2~/P~¢ where ¢ > 0 is sufficiently small.
Finally, one year later, E. Landau proved the final version of (1) and in the year 1925 he pointed
out that the discrete version of Hardy inequality can be deduced from the continuous one assuming
suitable step function f, see also Section 1.4. This motivated Hardy to formulate and prove the final
version of his famous inequality (2).

1.2 Elementary proof

First, we will show an elegant elementary proof from E. B. Elliot from [5], together with the optimality
of the constant (p/(p — 1))P, which was first proven by Landau, see for example [I|. For this purpose,
we will state the following auxiliary claims.

10



Let a,b > 0 and p,q > 1, such that 1/p+ 1/q = 1. Then the Young inequality reads

p q
<Y (1.2)
P g

Now, consider p > 1 and set g := p/(p — 1). Then, with the aid of (1.2), we find that

p—1yq  pp P pp
I 2 p-nl
q p p p

a’~h <

for all a,b > 0 and p > 1. Moreover, if we put y := b/a, we observe that
pa? b < (p—1)a? +V <= py<(p—1)+¢’ <= > 1+py—1).
Denoting x =y — 1 > —1, we conclude that the Bernoulli inequality
(I+2z)P>1+4+px (1.3)
holds for any x > —1. Lastly, let us also recall the famous Holder inequality.

Theorem 1.5 (Holder inequality). Let (X, M, u) be a measurable space, f,g: X — C be measurable
functions and p,q > 1 satisfying 1/p+ 1/q = 1. Then it is true that

[isaans ([ If!pdﬂ>1/p (f \g\qdﬂ)l/q- (1.49)

Remark 1.6. If we consider X = N, M = P(N) to be the power set of N, and p = 77 d¢,y the
counting measure in Theorem 1.5, the Holder inequality states

[e%) [e%) l/p 00 1/(1
> anb, < (Z ag> <Z b%) : (1.5)
n=1 n=1 n=1

for all non-negative sequences a,b € C(N).
Now, we may proceed to prove the classical discrete Hardy inequality (1).
Proof. First, we show that the inequality (1) holds and then we verify the optimality of the constant

(p/(p — 1))P. Throughout this proof we will denote A,, :== Y";_; ax, and oy, = % for all n € N.
a) Since a, = na, — (n — 1)ay,—1, we observe that

P, np (n—1p ,
aﬁ_pi—laz an:afL(l_p_l)"_ 1 o an-1.

Applying the Young inequality (1.2) to the second term on the right-hand side, we infer that

p _ np n—1
= oo, <o (1= )+ 220 (0= e+ o)

p—1" p—1) p—1
n n—1
=al —af) _pl+(n—1)aﬁ+jaﬁfl,
hence )
p _
b — - 10(5’1 a, < P ((n—1)ab_; —nab)



By summation by parts form n =1 to N, we get

N P N p-1 _NAP
S () - 2oy (A}, < 2Ny o
n p—1 n p—1

n=1 n=1

therefore, invoking the Holder inequality (1.5), we have
N N 1 N /p / N (r—1)/p
An>p p (An>p p ( An\”
S (E) < (B) e 2 (a) (S(2))
n=1 < " p= 1 n=1 n p= 1 n=1 n=1 n
Since it suffices to consider a # 0, we may divide by the last term on the right-hand side arriving at
N 1/p N 1/p
> (5 Sl OO0 I
(n—l < " p= 1 n=1

which is true for all N € N. Sending N — oo yields the desired result.
b) Secondly, we will show the optimality of the constant (p/(p — 1))?, by introducing the sequence

1

a = —
" nl/pte

forallm € Nand for 0 <e <1— %. We may estimate

- . 1 " 1 _ 1 1-1/p— p 1-1/p—
/ln—;kl/]DJr€>/1 y:l/PJFde_l—l/p—e(n 1>>p7_1(n 1)

p—1 nl-1/p—¢

It follows from the Bernoulli inequality (1.3) that

< p P 24+1/p+
=|(— ab —pn= =P 5_5”).
p— 1> ( "

Summing from n =1 to N € N, we get
N N N N
An>p < D )p ( 1 » \?
S (Y () (St v ) = (52) (v,
_ — — + _ n ’
n=1 < n p 1 n=1 n=1 n fp=etep p 1 n=1
where we denoted Cn ¢ == 25:1 n=2t1/pte=er As2 —1/p—ec4ep>1and 2—1/p> 1, we have

lim Cye=C: <ocforalle >0 and lim C. = C < 0.
N—o00 e—0+

On the other hand, it is true that

N N

1 N—o0
L — MAY
nz::lan nz:; nlter oy
thus N A
X (58) o < p )p | _ _POne Nio>0< P )”
SN ah T \p-1 SN b ) emor \p—1)
from which the optimality readily follows. O

12



1.3 Norm of the Cesaro operator

In this section, we shall understand the Hardy inequality (1) as a problem of computing the norm of
the Cesaro (averaging) operator, which is defined as C' : ?(N) — ¢P(N) :

1 n
(Ca), = - kzl ay

for all a € ¢P(N), resp. in the continuous case as Coo : LP((0,00)) — LP((0,00)) :

(Cula) =1 [ 5(00at

for all f € LP((0,00)). The claim that the operator C, resp. Co, maps to f(N), resp. to LP((0,0)),
is by no means trivial and it is actually asserted by the weak form of the Hardy inequality. In this
section, we further restrict ourselves to real sequences in the Hilbert space ¢?(N) endowed with the
Euclidean inner product defined as (a,b) = Y>> | a,by, for all a,b € £*(N).
The classical discrete Hardy inequality (1) together with its optimality, can be understood as the
identity
) =2. (1.6)

The inequality ||C|| < 2 asserts the inequality (1) since

) o] A 2 ) o]
foal =Y (2] < afal =4y a2
n=1

n=1

and the second inequality ||C|| > 2 determines the optimality of the constant 4. In Sections 1.3.1 and
1.3.2, we provide two possible proofs of identity (1.6).

1.3.1 Schur test

In this section, we introduce a useful tool for estimating norms of integral operators, i.e. the Schur
test, which we will state here in a fully general version, see |7, Theorem 5.2.] for reference.

Theorem 1.7 (Schur test). Let (X, M, u) be a o-finite measurable space. Furthermore, let a measur-
able function K : X x X — [0,00) be a non-negative kernel and p,q > 1 such that 1/p+1/q = 1. If
there exist constants A, B > 0 and a measurable function h : X — (0,00) satisfying

| Kb auty) < anGa)? o v € X,
[ Kby duta) < Bry? peoe.y € X

then for the integral operator T', given by

Tf(z) = /X K(2,y) £ (v) dp(y)

for p-a.e. x € X and for all f € LP(X, ), it holds that T € B(LP(X, 1)) and ||T|| < AY1BY/P,

13



Proof. Let f € LP(X, u), such that || f]| » =1, and z € X arbitrary. We infer from the Holder inequality
(1.4) that

T f(x)] S/ K(z,y)h(y)h(y) " | f(y)] duly / K (@, y)"PK (2, y)"h(y)h(y) 7 | f ()] du(y)

< ([ Kt uty )l/q ([ k1o >|pdu<y>)l/p
< AVan(z ( | Ko du(y))l/p.

Moreover, using the Tonelli-Fubini theorem we have

[ i@ aute) < vt [ wer ([ et 5P ) ) dute)

:AP/‘I/( P11y |”</ny ”du()>du(y>

< Ap/qB/X |f () du(y) = AP/1B.

It follows from the definition of the operator norm that ||T'|| < AY/2B/P, O

Analogously to the situation in vector spaces of finite dimension, bounded operators in ¢?(N) may
also be represented by semi-infinite matrices. Here we consider the matrix of an operator in the
standard orthonormal basis & = (0,,)22 ;, where dy,, is the Kronecker delta symbol for all m,n € N. If
we restrict ourselves to bounded operators only, the operations with semi-infinite matrices will be done
similarly to their analogues in spaces of finite dimension and they will exhibit the same properties. In
particular, if we denote € A the matrix of the operator A in the standard basis, i.e. (£ A)pn = (6m, Ady)
for all n,m € N, then it holds that €(A*) = (¢ A)*, where * denotes the adjoint operator on the left-
hand side and the hermitian adjoint of a matrix on the right-hand side. Furthermore, the composition
of operators corresponds to matrix multiplication, which is defined analogously, but with convergent
series instead of finite sums. From now on, we will identify the bounded operator A € B(¢?(N)) with
its matrix A = € A. With this notation, we can reformulate the Schur test for linear operators on ¢?(N).

Corollary 1.8 (Schur). Let (ammn)p;,—1 = A be a linear operator in A(N), and amn > 0 for all
n,m € N. If there exist constants B,C > 0 and a positive sequence h € C(N) satisfying

> ammhn < Bhy, for allm € N,

n=1

Z amnhm < Chy, for alln € N,

m=1

then A € B(f2(N)) and || A|| < VBC. )
In particular, if amp = anm for all n,m € N and there exist D > 0 and a positive sequence h € C(N)
such that

Z ammﬁn < D;Lm for all m € N,

then A € B(f*(N)) and ||A|| < D.

Proof. The corollary readily follows from the Schur test 1.7 with the choice of p = ¢ =2 and X =N,
M =P(N), and pp = Y2 0,y the counting measure. O
14



The matrix representation of the Cesaro operator in the standard basis is

1 0 0o ---
/2 12 0 ---| 1/m ifm>n
C= 1/3 1/3 1/3 --- y1.8. Cmn:{o fm<n’
hence
1 1/2 1/3
. 0 1/2 1/3 ---| . 1/n ifm<n
S R VN R Cmvn:{o it m > n

for all m,n € N. For now, we understand C* only as the hermitian adjoint of the matrix C'. In order to
show that it is indeed the adjoint operator of C, we have to verify that C' € B(¢?(N)). More precisely

we will prove that ||C]| < /6.

Proof. We will show that with the choice of h, = 1/4/n, it is true that

o0 m
> Cmnhn =Y Cmmhn < 2hp, for all m € N,

n=1 n=1

oo oo oo

> Cmmhm =Y homhm =Y ¢ phm < 3hy, for all n € N,
m=1 m=1 m=n

Indeed, for the first inequality we have

m m
11 1 /Mm™ 1 2
h=S" "<~ | —_dr=-" =2h,.
;Cm,nn Zm n_m/o \/Ex LD "

For the latter inequality, we use an analogous estimate

o [e.e]

* 1 1 2 3

1 1
Z CpmPm Z m3/2 = n3/2 +/n 73/2 dz n3/2 + vn T \/n

m=n m=n

The proof is complete by the Schur test 1.8.

3hp.

O

It turns out that it is difficult to show that ||C|| < 2 using the Schur test directly. Nevertheless,
it is beneficial to compute the norm of the operator L := C'C*, also called the Hilbert L-matriz, from

(1.7)

which we can easily obtain the norm of the Cesaro operator because we have || L = ||C||*. The Hilbert
L-matrix is given by
00 min{m,n} 11 1
lm,n = Zcm7kck,n = Z EE = max{m7 TL}
k=1 k=1
for all n,m € N, or equivalently
1 0 o .- 1 1/2 1/3 --- 1 1/2 1/3
vz 2 o0 | o 2 13- 1/2 1/2 1/3
L=CC"=11/3 1/3 1/3 -~ ||o o 1/3 ---|=|1/3 1/3 1/3

We are ready to prove that ||L|| = 4 thus ||C|| = 2.
15



Proof. We will show the equality as two inequalities, which shall be proven in two separate steps.

a) ||L|| < 4: This inequality can be verified by the Schur test 1.8. In particular, we will make use
of the second claim, since I, , = I for all n,m € N. With the same choice of h,, = 1/y/n as before
we obtain

o) [e'e) 1 1 1mfl 1 0 1
Dbmahn =) ==y =+ )
ot ot max{m,n}/n m — Vn —n /

< 1+1 mo1 de + 1 +/°o 1 q 1+ 2 2 1 n 2

— —de+ —— —dr=—4 = — 4+ — + —

“m mJ; Jx m3/2 m x3/? vmo om o o m3/2 \/m

_4 101 Y4
Cym om \ym - vm’
which yields the inequality.

b) ||L|| > 4: Since for the norm of a self-adjoint operator A = A* € B(H) acting on an arbitrary
Hilbert space H, we have

x, Ax
4= sup | (o, 42)| = sup HEAD],

lz)=1 o£zer ||zl
it suffices to find suitable sequences h(e) € £2(N), such that

| {(h(=), Lh(=) |

=0+ e

Introducing h,(¢) = n"1/27¢ for all n € N, we estimate
P | S | 1
IR =D~ = | md 0 = +0), €= 0
n=1

where O (1) as ¢ — 0+ is a function f = O (1) such that |f(z)| < K for all z sufficiently small and
some constant K > 0. For the numerator, we get

| (h(e), Lh(e)) [ = > Zm‘i‘emn—%—f
m=1n=1 )

o0 o0 1
— /lv /1 $1/2+6max{x7y}y1/2+€ dl’dy—ko(l)

00 T 1 1 %) oo 1 1
:/1 </1 Wdy> 953/2+5d$+/1 </x o2 dy) e e O0).

The integrals on the right-hand side can be estimated as

o0 | 1 oo [ yy1/2—¢ Ty
/1 </1 yt/2te dy) e _/1 [1/2 —e ], a¥te dz

2 > 1 2 > 1 1
:1—28/1 $l+2ad$_1_25/1 x3/2+adx:g+0(1)

oo oo 1 1 00 y—l/2—5 1 ) oo 1
/1 (/x y3/2+e y> gl/zre °F /1 —1/2—¢] ij2re 0 1+2€/1 plv2e 47

1
=-4+0(1).
~+0()
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Altogether, it holds that

[(h(e), Lh(e))| _ . 2+ O(1)

im 5 = lim 5 = 4. O
=0+ [[h(e)]| =0t 5o +0(1)

Remark 1.9. The Schur test 1.7 can be also used to derive the continuous Hardy inequality (2) for
p = 2. The operator Cy is, in fact, an integral operator with the kernel

K( ) 0 ifr <y
T,y) =
Y 1z ifz>y

for all z,y € (0,00). With the choice of h(z) = z~ /4 for all z € (0, 00) we get

o 1 /™1 2
K(x,y)h(y)? dy = — —dy=—
/0 ey = [ ay=

24 Oold_Q

It follows from the Schur test that ||Cy| < 21/22V/2 = 2.

and

1.3.2 Matrix factorization

In this section, we show that
lc—1) =1, (1.8)

together with several other findings, which appeared in [9]. Note, that the identity (1.8) implies the
classical discrete Hardy inequality, since

IC =€ =T+ 1| <[|C—=I| + 1] = 2.

Remark 1.10. The inequality > in (1.6) can be shown analogously as in Section 1.2 with the choice of
hn(g) = n"1/%7¢ for all n € N, where £ > 0. Evidently,

(CHENn = 3 @) = 3 ) = 3 g

hence

) o 00 1 2 ) 00 1 2 9 2 o0 1 2
IC™h(e)|]” = Z (Z m3/2+e> = Z </n £3/2+e dx) - <1+2&> 712:21 (n1/2+€>

Altogether, we have

im 1CPEN S e = o) > 2
=0+ [|h(e)]]

Now we proceed to show the desired equality ||C' — I|| = 1. To this end, we will state an elegant
lemma regarding matrix factorization.

17



Lemma 1.11. Let us denote a diagonal matrix

1 0 O
0 1/2 0
D=10 0 1/3
Then (C —I)(C*—1)=1-D.
Proof. Bearing (1.7) in mind, we have
1 1/2 1/3
I RYCRRVE AR VE RS )
therefore
(Cc-necr—-1n=ccr-c-Cc*+I1=1-D. O

It is easy to check, that the norm of an arbitrary diagonal matrix 7" can be computed as

HTH = Sup ’Tn,n‘v
neN

hence ||I — D|| = 1. Since (C — I)* = C* — I, Lemma 1.11 asserts that ||[I — D|| = ||C — I||*, and
therefore we may conclude that the identity (1.8) holds.

Another interesting result can be deduced from this factorization, see [3]. It can be shown, that
the supremum in the definition of the operator norm of C' is not attained by any non-zero sequence,
i.e. the classical discrete Hardy inequality ||Cal| < 2||a| is strict for all a € ¢?(N) unless a = 0. For
this purpose, we will make the following observation.

Proposition 1.12. Let A € B(H), such that ||A|| < 1. If the exists 0 # x € H satisfying | Az|| = ||z||,
then there exists 0 # y € H satisfying ||A*y| = ||yl

Proof. Set y == Az # 0, thus ||z|| = ||y||. Furthermore, the inequality ||A*A| = ||A||* < 1 and the
Cauchy—Schwarz inequality yield

2 * * 2
[2]]” = (Az, Az) = (A" Az, z) < [|A" Azl [lz] < [l=]",
therefore all inequalities stand as equalities. Dividing both sides by ||z|| # 0, we obtain
[A%y| = [[A* Az[| = =[] = Iy - 0

It is obvious that ||[(I — D)a|| < ||a|| whenever a # 0. Employing Lemma 1.11 and the Cauchy—
Schwarz inequality we have

I(C* = Da|* = ((C* = Da, (C* = Ia) = (a,(C = I)(C* = T)a) < ||(I — D)al| la]| < [lal|?
for all 0 # a € £2(N). The preceding proposition yields
[Cal| = [(C = Da+all < [|[(C = Dal + [la]| < 2]l
As was further shown in [9], it is possible to derive certain equalities underlying the inequalities

I(C* = Dall* < fla]l* and (€ — Da|l* < [lal®
18



Proposition 1.13. For any a € (*(N) it holds that
— 1
I = nalf =Y (1- 1) .
n=1

Proof. This is an easy application of Lemma 1.11 that asserts

n

> <1 - 1) al = {(a,(I = D)a) = (a,(C — I)(C* — INa) = ||(C* = D)al|*. -

n=1

Evidently, this equality yields ||(C* — I)a| < ||a|| for all a € ¢?(N), since

(" — Dal* = Z(1>a <Za ~ Jla]®.

n=1

Proposition 1.14. For any a € ¢*(N) it holds that

(C— Ian Za

This proposition can be proven either by direct algebra or by matrix factorization as previously,
but perhaps a little more delicately. As a matter of interest, we will show both of these approaches.

o0

Proof. Let us denote A,, = >"}'_; a,, and b, = (C — I)a,. Firstly, we examine what the proposition
states for sequences satisfying a,, = 0 for all n > N. In that case A, = Ay and b, = An/n for all
n > N, hence

o0 N n o0 n A2 N n [e%9) 1
=) —p? NN 2 4 A3 E—
Dot X aTiw st AY X o
= n=2 n=N-+1 n=2 n=N+1
Moreover,

00 M
1 11 11 1
2. n(n—1) Mlinoonz:_‘r (n—l n> Ml—r>noo<N M) N’

n=N-+1

therefore altogether, we have

N
Z;nfli Z ; (1.9)

This equality follows from mathematical induction. The statement is trivially true for N = 2 because

A2 a1 +a S| 1
2[)%4—2:2(1 2—&2) +*(a1+a2)2:*

1
5 5 5 2(a1—ag)Q—i—i(al—i—ag)Z:a%—Fa%.

Assuming the statement holds true for N — 1, we observe that for N, we have
N 9 N—1 N—
n A% n N A
b2+ =N = b2 +
2 ity nzzn—l" NN RS g g wtak

n=2

—



Substituting by = (Ay — Nay)/N and Ay_1 = Axy — ap, the left-hand side of the preceding equality
becomes

1 A% (Ay —an)? N 1
(A — Nan)? 4 2N _ _ 2 _ 2
NV Ay~ Nav) 4 g N1 (N—l N—J“N 4N

which is equal to the right-hand side.
In order to complete the proof, it suffices to show that for all a € ¢2(N) the second term on the
left-hand side of (1.9) is vanishing for N — oo, i.e. that

Indeed, for an arbitrary a € ¢2(N) and £ > 0 there exists ng € N such that > ot 1 a2 < e. If we
denote A, = A,, + Sy, i.e. S, = Zzzno 41 @k, the Cauchy—Schwarz inequality yields

n
Sy < (n—no) Z ap < e(n—mng) < en.
k=no+1

For n sufficiently large so that A2 < en, it holds that A2 < 242 4 252 < 4en, thus
2

ﬁSéle.
n

Since € was arbitrary, the proof is complete. O

In fact, Proposition 1.14 reads

<W—D%D@—D®:<%wh4)

Wl
—~
Q
|
~
~—
S
~_
l
—
8
S
~

where we denoted
3/2 ... |- (1.10)

With this observation, Proposition 1.14 stems from the following lemma.
Lemma 1.15. In view of the definition (1.10), we have (C* — I)D(C' —I) = I.

Proof. Since (C* — I)D(C —I) = C*DC — DC — C*D + D the lemma can be equivalently formulated
as
C*DC = DC+C*D+1 - D,

The left multiplication by the matrix D creates zeros in the first row and for m > 2 it multiplies m-th
row by m/(m — 1), therefore

0 0 o .- 0 ifm=1
) 11 0 - ) ,
: : ; 0 ifm<n

20



for all m,n € N, and

0 1 1/2 - 0 ifn=1
- . = o1 1/2 - ) . = 1 )
(DC)" =C"D = 00 1/2 ---|1& (C*D)mpm = — ifn>mandn > 2
0 ifn<m

for all m,n € N. Moreover, whenever m # 1 or n # 1

* T - * ) N L !
(€ DO =D s DOhn = > 17T = sty —1
k=1 k=max{m,n} ’

and if m = n =1 we have

(C*DC), ic;kpc —0+Zk )

Combining these results, we arrive at

1 1 1/2 1/3 --- 0 0 0 0
1 1 1/2 1/3 --. 1 1 0 0

c*bc=11/2 1/2 1/2 1/3 ---| = |1/2 1/2 1/2 O
1/3 1/3 1/3 1/3 --- 1/3 1/3 1/3 1/3
01 1/2 1/3 1 0 0 0
o1 1/2 1/3 --- 0 -1 0 0

+0 0 /2 1/3 -1 4|0 0 —-1/2 0 =DC+C*D+I1-D
oo o0 1/3 --- 0 0 0 -1/3
completing the proof. O

Evidently, Proposition 1.14 asserts inequalities ||[(C' — I)a|| < |la|| < v2||(C — I)al| for all a €
¢%(N). Indeed, (C' — I)a; = 0 and thus

I(C — D)a|* = Z((C Ian)? <Zn_ ((C ~ D)an)? Za = |la|?

n=1

Z C —DNay)? =2||(C - Dal*.

1.4 Relation between continuous and discrete Hardy inequalities

In this section, we will demonstrate that the classical discrete and continuous Hardy inequalities are
equivalent in the sense that one implies the other. For completeness, we shall prove the continuous
Hardy inequality (2) in a general LP setting. To this end, we include the general Minkowski inequality,
which appears for example in [0, Theorem 202].
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Theorem 1.16 (Minkowski). Let (X, M, pun), (Y,N,v) spaces with o-finite measures, p € [1,00] and
f: X xY — C measurable. Then

(Ve € X) (f(z,-) v-measurable) N (Vy € Y) (f(-,y) pu-measurable),

/f )dv(y) p-measurable N / f(z,-)dp(x) v-measurable

)| = 1, avta,
H / Fa.) dp / 1), dua(a).

Proof. The fact that f(-,y ), Jy f( ), and [y f(z,-)du(z) are measurable is a part of
the Tonelli-Fubini theorem Moreover it is Sufﬁaent to show the ﬁrst statement since the second could

and it holds that

resp.

obviously be proven analogously

a) p € (1,00): Since |fy f(z,y)dv(y)| < [y |f x y)|d1/( ) for all z € X, it suffices to consider
f > 0 without loss of generality. Let us denote H(z) = [y f(z,y)dv(y). We will show that ||H]||, <
Jy 1fC9)ll, dv(y). Evidently, we can restrict ourselves to the case ||H[[, > 0. By the Tonelli-Fubini

theorem we have
Il = [ e dute /(/farydv ) () dpz)

_/Y</Xf(x,y)H(x)p_ldM($)> dv(y).

Moreover, from the Holder inequality (1.4) with ¢ = p/(p — 1), we infer that

i< ([ s vrane > (J, #eor e > v (y)
:/Y</Xf(:c,y)”du(x)>l/p dv(y) ||H|E"

Now, we have to consider two cases, regarding the finiteness of [ H||,,.

(i) [|H]|, < oo: Dividing the previous inequality by ||H Hi_l, we obtain the desired result.
(ii) [[H]|, = oo: It follows from the o-finiteness of considered spaces that

(FH{An}32, € M)(¥n € N)(u(An) < o0 A | 4n = X),

n=1
(H B }°_, € N)(¥m € N)(v(Bp) < 00 A fj Bm=Y),
m=1

Wlthout loss of generahty, we can assume that A, C A,11 for~all n € N. Otherwise we would define
Ay, = Up_q Ak, where p(An) < >y 1(A,) < oo and ;2| Ap = X. Analogously we assume that
B,, C By for all n € N. We further denote f := min{f, k} for all £ € N. From the part (i), we

obtain o, y) dv(y) pdu(x) 1/p§ Je(z,y)P du(x) b dv(y).
[ U,

Tending k — oo and m,n — oo, the Monotone Convergence Theorem yields the result.
22



b) p = 1: This case is an easy application of the Tonelli-Fubini theorem

([ tamam|a < [ ([ 1eniaw) aw = [ ([ elaw) wm,

¢) p = oo: A simple estimate asserts

‘ el < [ 156 avt)
vy)Hoos [ 1560l avto) n

Now we may employ an elegant argument from [0, p. 243| to prove the continuous Hardy inequality

(2)-

Proof. Substituting t = sz we get

hence

:i/ozf(t)dt:/()lf(sx)ds

The Minkowski inequality 1.16 and the Tonelli-Fubini theorem yield

1 1 o 1/p
< [, a= [ " rwapas) a
B 1 0 ds 1/p _p
= [ ([ reor) =P,

where we substituted tx = s. O

Ctly = | [ sty

We are ready to prove the equivalence of the classical discrete and continuous Hardy inequalities.
First, we show perhaps a more intuitive implication, which is that the continuous inequality implies
the discrete one.

Proof. Having Remark 1.2 in mind, it suffices to consider only a € ¢P(N) non-negative and non-
increasing. Let us deﬁne I R+ — R+ as f > ne1@nX[n—1,n)- Then for any x € [n —1,n), where

n € N, we have F(z) = fo Zk 1 ag + ap(z —n+1). A simple observation asserts that
(F(x)/x)P is non- 1ncreasmg on [n - 1, n) for all n € N since

(F(x))’ _ F'(z)x — F(m) Zk 1ak + (n—1)a, <0.

z 2 2

The last inequality holds because a is non-increasing, thus 22;11 ar > (n — 1)a,. Assuming that the
continuous Hardy inequality is true, we may estimate

S () B (et ()

n=1
p popoo ) < b )p P
< ( 1> /0 f(m) do = 1 n§ 1an7

where we denoted A, =Y, _, ai, hence proving the classical discrete Hardy inequality. O
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In order to show the reverse implication, we will rewrite both inequalities into their more renowned
forms. Let us denote a, =: u, — up_1, where ug := 0. The classical discrete Hardy inequality can
clearly be equivalently written as

Z|un—un 1|”>< 1) Z |“ |p (1.11)

for all finitely supported complex sequences u € Cp(Ny) with ug = 0. Analogously, if we introduce
f = ¢/, the continuous Hardy inequality is equivalent to

[iarass (52 [l o

for all ¢ € D((0,00)), where D(U) denotes the set of smooth functions with compact support in the
subset U C R. We shall connect the discrete and continuous versions in an analogous fashion as in

[13].

Proof. Firstly, we will show that it suffices to consider only non-negative real function ¢ € D((0,1]).
Indeed, the non-negativity is obvious and if we have ¢ € D((0, 00)), therefore supp ) C [a, b] for some
0 < a < b, we define ¢(x) := ¢(bz). Consequently, supp ¢ C [a/b,1] and ¢ € D((0,1]), hence

/ Y (x de—/w pdx—b/ Y (by)P dy = b~ p/ ¢ (y)P dy
>b1p< 1>/so(y)d b1p< > ¢
B p o Y
o (p=1\" [PY@)Pdr  [(p-1 )
_b1p< p > 0 pr‘pb_< p > /0 w4

where we used the substitution z = by twice.
Next, for ¢ € D((0,1]), we define sequences u = N®P=D/Py(n/N) for all n € Ny and N € N, thus

St v S (o) (7)) - R G -o()
1Z@< >Np<1+(9( >) ng( >$<1+O<Jb>>
> ) o (x): ¥

where we employed the Taylor-Lagrange formula

()5 B o(d) m (v (d)) -re0(3)

On the other hand, we have

(PRS- E S (R

n=1 n=1

Altogether, with the assumption of the veracity of the classical discrete Hardy inequality, we have

B Gy aeo(d)= (5 £

n=1
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Since ¢ € D((0,1]), the function is Riemann integrable, hence after taking the limit N — oo in the
above expression, we obtain the desired integral inequality

/01 ¢ ()P dz > <T>p/ol “Og;)p da. 0

Let us restrict ourselves to the case p = 2 once more. We have shown that the constant 1/4 in
(1.11) is optimal. The connection between the discrete and continuous versions thereby implies the
optimality of the constant 1/4 in (1.12) as well. Additionally, the weight 1/(422) in (1.12) is known to
be critical, meaning that if (1.12) holds with 1/(42?) replaced by a measurable function p(x) > 1/(422)
for a.e. > 0, then p(z) = 1/(42?) for a.e. > 0. In contrast, the opposite was recently discovered
concerning the discrete version of the Hardy inequality, which will be discussed in the following chapter.
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Chapter 2

Improved discrete Hardy inequality

In [I1], M. Keller, Y. Pinchover, and F. Pogorzelski discovered the improved Hardy inequality which
reads

o0 [e.e]
Z |un — un—1’2 = Z pEPP |un‘2 (2.1)
n=1 n=1

for all u € Co(Ny) with ug = 0, where the weight 1/(4n?) in (1.11) was replaced by the point-wise

bigger sequence
KPP n—1 \/ n+l 1
=2 — —. 2.2
Pn \/ n n > 4n? (2.2)

Additionally, the authors proved in [10] that the weight p¥F¥ is optimal. The notion of optimality is
a rather strong property which was introduced in a discrete graph setting in [141]| (see Definition 3.2
below). In particular, the optimality of pFF KPP cannot be further
improved by a point-wise bigger sequence such that the analogue of (2.1) would still hold. This chapter
will present three approaches for handling the optimal discrete Hardy inequality (2.1).

implies criticality, meaning that p

2.1 Original idea

In [10], M. Keller, Y. Pinchover, and F. Pogorzelski discovered optimal discrete Hardy inequalities
for Schrodinger operators in a general graph setting. Later, they published a shortened proof of the
optimal discrete Hardy inequality on the half-line [11], considering the standard graph Ny. Let us
mention that the notation in this section differs from the rest of this paper as we intend to preserve
the graph notation from [11]. Namely, the combinatorial Laplacian (2.4) shall vary by a sign from the
standard discrete Laplacian defined by (2.7). We also restrict ourselves to real sequences u € C'(N).

First, we define several terms that will be frequently used in the following proof. A positive sequence
w € C(N), i.e. w, >0 for all n € N, is called a weight and, in this case, we write w > 0. For a weight
w > 0, we denote the weighted ¢? space

Cw) = {uec CN) | > ulw, < oo}
n=1

endowed with the scalar product

[e.o]
(u,v),, = Zunvnwn
n=1

for all u,v € ¢*(w) and the induced norm ||-||,,. We have the following natural unitary transformation
between the spaces £2(N) and £2(w).
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Lemma 2.1. Let w € C(N) be a weight. Then the operator T, : £?(w?) — ¢2(N) given by
Twu = wu (2.3)

for all sequences u € (*(w?), where the multiplication of sequences is to be understood point-wise, is
unitary.

Proof. The proof readily follows from the observation
[e.e]
2 2
| Twul® = Juw|* =Y " upwy = [ful,z - 0
n=1

We say that two vertices m,n of the graph Ny are connected by an edge if |n —m| = 1, in which
case we write m ~ n. In this section, we set ug = 0 for all u € C(N). Given a weight w, we further
define the combinatorial Laplacian associated with w as

1
Aptly, = 2 Z Wp W (U, — Uy (2.4)

for any u € C(N) and n € N. The combinatorial Laplacian A; is often denoted as A, but we will keep
the notation A; in order not to confuse it with the standard Laplacian (2.7). The starting point of
the proof of the optimal discrete Hardy inequality is the ground state transform, which is the content
of the following lemma, see also [10] for a proper definition of the (Agmon) ground state.

Lemma 2.2. Let w € C(N) be a weight and p € C(N) a sequence satisfying (A1 — p)w = 0 on N.
Then
T, (A1 = )Ty = Ay,

on Cp(N).

Proof. The statement follows from a direct computation. In view of definitions (2.3) and (2.4), for any
u € Cp(N) and n € N, we have

(A1 Tpu), = Z (Wpty — Winlly) = Up, Z (wy, — W) + Z Wiy (U, — Upy)

mn~n mn~n mn~n
= un(Al - p)wn + Uppnwy + Z wm(un - um) =0+ pn(Twu)n + (TwAwu)n’
mn~n
hence
ATy = pTy + Ty
Applying T;* from the left to the above equality yields the result. O

Moreover, for a weight w € C'(N) and a sequence u € Cy(N), we define the quadratic form hy,
associated with w by the formula

ho(u) == %Z Z Wi Wi (U, — um)2.

n=1m~n

The following lemma connects the scalar product and the quadratic form by means of the Green
formula.

Lemma 2.3. Let w € C(N) be a weight. Then for any u € Cy(N), it holds that

(Apu,u),2 = hy(u) > 0.
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Proof. The proof follows trivially from the respective definitions since

> 1
(Apu,u) 2 = Zwi <w2 Z Wn Wi (U, — um)> Uy,

n=1 " m~n
[ee] o

— Z Z W Wiy (U, — Uy )? + Z Z WrWin (Un, — Um) U = 2y (1) — (Apu, u) 2 . O
n=1m~n n=1mn~n

Proposition 2.4. Let w, p € C(N) be weights, such that (A1 — p)w =0 on N. Then hq(u) > ||u||l2) for
all w € Cy(N).

Proof. Indeed, using Lemmas 2.1, 2.2, and 2.3, we infer that for all u € Cyp(N) it is true that
(A1 = puyu) = (T (Ar = p)TuT 0, T o = (Bu(/0), /1) g2 = hus(1/10) > 0,

hence
(A1 = p)u,u) = (Aqu,u) — (pu,u) = ha(u) — [[u] >0,

by Lemma 2.3 once more. O

With a suitable choice of the weights w and p, we may prove the optimal discrete Hardy inequality
(2.1). Using the definition (2.2), we set

A
pn = patt — j/\?{ﬁ and  w, =+/n (2.5)

for all n € N. Evidently, with this choice, we have

(A1 = p)wn, = A1y/n — A\l/\gﬁ\/ﬁ =0

for all n € N, thus Proposition 2.4 implies that

s)
ZZ n=tm)? =3 (un = wn1)? 2 fully Z n U
n=1m~n n=1

for all u € Cy(N) with ug = 0. Moreover, the weight can be expanded as

4k 1 11

KPP

S S - 2.
P ; <2k> @k — 1281 2k = 12 (26)

for all n € N using the generalized binomial theorem.

2.2 Discrete Hardy equality

Looking more carefully at the proof of Proposition 2.4, one may notice that not only we can assert
the inequality, but we can even deduce the remainder in the optimal discrete Hardy inequality (2.1).
Quick observation provides the equality

() — [l = ho(u/w).
With the explicit choice (2.5), we find that

ST U (F

n=1

un 1)



for all real sequences u € Cy(N).

It turns out, that having the additional information about the remainder is crucial for proving
criticality, resp. optimality, of a given Hardy weight. In the note [17] from Krejéifikfgtampach, the
authors found an elementary proof of the above equality for complex sequences. In addition, they
proved the criticality of the Hardy weight p*FF. Because analogous ideas will be used in the proof of
Theorem 3.10 in Chapter 3, we will restate the theorem here, together with its proof for illustrative
purposes.

To this end, it is beneficial to introduce our notation of discrete difference operators. From now
on, we use the following definition of the discrete Laplacian,

(2.7)

(Au), = Up—1 — 2Up + Upy1  ifn > 2,
" 2w+ ifn =1,

acting on the space of complex sequences u € C(N) indexed by N. We will also utilize the discrete
gradient and divergence defined as

n — Yn— if > 27 .
(Vu), = {Z tn-1 1fZ - ) and  (divu), := Upy1 — uy, for n € N. (2.8)
1 =4

Notice that on the Hilbert space ¢?(N), we have V* = —div, thus A = divo V and —A = V*o V (we
omit o when composing difference operators to simplify the notation below).

Theorem 2.5. For any u € Cy(N), it holds that

00
Z |Vun| an
n=1

where pXPY is defined by (2.2). Moreover the Hardy weight pXFY is critical.

Proof. a) Set g, = y/n and suppose u € Cy(N). Then for the summands on the right-hand side of
(2.9) for any n > 2, we have

2
' ot = I 2 12— 2Re(untn 1)
9n On—
v \V
Vunl? = 22 g 2 4 Y0y
In On—

Summing over n from 2 to oo, we obtain

o0

ZW n| ZV%’ n’ +szn+1 un!2

d1VVgn Vg
—wa +Z |+~ ||

It follows from definitions (2.8), (2.7), and (2.2), that

u |2 _ |VU1|2 and dlva — \/’ﬁ pEL(PP

On vn
for all n € N, hence the above equality coincides with the identity (2.9).
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b) Suppose that the sequence p, such that p, > piPF for all n € N, satisfies the inequality (2.1).
Using identity (2.9) together with the Hardy inequality for p, we find that

o0

<D (pa =) Jual* <

(2.10)

unl

for all u € Cp(N). Notice that if we substitute u,, = \/n, the right-hand side of the above inequality
vanishes. However, \/n ¢ Cy(N), hence we must find a suitable regularization. For N > 2, set

= &Ny/n, where

1 ifn <N,
5711\7 — 21n1];7x[lnn if N <n< N2,
0 if n > N2

Notice that ¢V — 1 point-wise as N — oo and &Y < ¢N*! for all n € N and N > 2. Moreover, we

have
2
dn—1 5 J N
Uy — Up—1
= n n—1

= Z Vi —1) e — el
n
TN Z n(n—1)In* <n—1>

_N+1

Z \/ (n—1) /N2 4
2 i

n ] ln N lnN

Since the last expression tends to 0 as N — oo, we deduce from the Monotone Convergence Theorem
and (2.10) with vV instead of u, that

>t
PKPPY — .

Bearing in mind that p, > pKPP for all n € N, we conclude that p, = pXFP for all n € N. Ul

2.3 Factorization of the discrete Laplacian

The proof of Theorem 2.5 relied heavily on the prior knowledge of the remainder term on the right-hand
side of (2.9), hence this method might not be viable for deducing more general Hardy-like equalities
or inequalities, i.e. the Rellich and Birman inequalities, see Chapter 3.

Bearing definitions (2.7) and (2.8) in mind, we observe that —A = V* o V is a self-adjoint non-
negative operator, which is determined by its quadratic form (-, —A-.). Therefore, the Hardy inequalities
(1.11) and (1.12) can be interpreted in the sense of quadratic forms in ¢2(N) or L?(0, c0) respectively
as lower bounds

—A>p (2.11)

for the discrete and the continuous Dirichlet Laplacian on the half-line, where p stands for the operator
of multiplication by either the discrete or the continuous Hardy weight.

vvvvv

In [15], B. Gerhat, D. Krej¢itik, and F. Stampach introduced the idea of factorizing the matrix
—A—p=R'R. (2.12)
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Since —A — p is a tridiagonal matrix, it is reasonable to assume that R is a bidiagonal matrix operator
of the form

2—p1 -1 0 ay 0 0o .- ap —1/a; 0
—1 2 — P2 —1 —1/a1 ag 0 0 as —1/a2

0 —1 2—p3 el T 0 —1/a2 az - 0 0 as R B

i.e. Ruy, = anty — Uny1/a, for all n € N, hence (2.12) takes the form

e} 0o 00
DIVl =3 pnlunl’ + 3
n=1 n=1 n=1

for all u € Cp(N). Expanding the above equality with the weight pXFP defined by (2.2), we arrive at
the set of equations

1

AnpUp — —Un+41
an

)

1 1 -1
ai=v2 and al+ — :\/TH— +\/n for all n > 2,
n

n

which has a unique explicit positive solution

1 1
an = ynt — Ru,, = 4yt Up — 4 Lun+1
n V n \/n—i—l

for all n € N. A shift of the index n in the remainder yields identity (2.9) once again.

In addition, the authors of [15] formulated and proved the optimality of the weight p
Definition 3.2. The methods of this proof are analogous to the ones used in Chapter 3, hence the proof
is omitted here.

KPP oo
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Chapter 3

Optimal discrete Hardy inequalities of
higher order

Lower bounds, analogous to (2.11), were found for higher integer powers of the continuous Dirichlet
Laplacian, which we shall call the continuous Hardy inequalities of higher order. In 1954, F. Rellich
discovered (see |2|) the Hardy inequality of order two (also called the Rellich inequality) which reads

/Ooo\gp“( )|? da > 16/“’ \90504)! d.

where ¢ is from the Sobolev space H?(0, 00) with ¢(0) = ¢'(0) = 0. Later, in 1961, Birman generalized
the Hardy and Rellich inequalities in [3]|, deriving the Hardy inequality of an arbitrary order ¢ € N
(also called the Birman inequality)

[leowf as> 00 [7140 0 1)

which holds true for any ¢ € H*(0, 00) with ¢(0) = --- = o*=D(0) = 0. Moreover, the constant on the
right-hand side of (3.1) is known to be the best possible. Thereby arose a natural question whether
a discrete analogue of this statement also holds true and whether it admits improvement similarly to
the classical Hardy inequality, see Chapter 2. The classical discrete Hardy inequality of order ¢ reads

o 2 ((24 |un]®
/2 n
> || 2 g Z = (32)
n=1¢/2] =
for any u € £2(N) satisfying u; = --- = uy_1 = 0, where [2] denotes the lowest integer greater or equal

to z € R and the half-integer powers of discrete Laplacian (2.7) are defined as

—A)™ if £ =2 2N
Vo (=A)" ifl=2m+1e€2Ny+1.
The first steps toward proving (3.2) were made in [15]|, where the authors studied the case of

£ = 2, i.e. the discrete Rellich inequality. Not only did they prove the inequality, but via a matrix
factorization method, similar to the one presented in Section 2.3, they were also able to show that the

inequality can be improved to
oo

Z Un| > ZPGKS |Un|
n=2

n=2
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for all u € ¢?(N) with u; = 0, where

axs | (=A)2p302 1\ 3/2 1\3/2 9\ 3/2 9\ 3/2 9
=t =6—-4(1—- — —4 (14— 1—— 1+ — P 4
Pr n3/2 6 n + n + n T n - 16n4 (3-4)

for all n > 2. However, the optimality of p&¥5 was not asserted. The authors of [15] also conjectured

that the discrete Hardy inequalities of higher order (3.2) can be improved to

e o —A) 0—1/2

n=[£/2] n=~{

for all £ € N. Furthermore, the authors demonstrated that the weights in (3.5) improve upon the
classical Birman weights on the right-hand side of (3.2).
Later, in |[13] X. Huang and D. Ye proved the inequality (3.2) using a weighted analogue of the

identity (2.9) and demonstrated that the assumption u; = --- = uy_1 = 0 is fundamentally necessary
for the inequality (3.2) to hold, answering another question from [15], see also [1&] in this regard.
Moreover, they found yet another discrete Rellich weight
9 15 213 1
HY
= O|—= — 3.6
Pn = Tont " Ton5 | 12806 T <n7> e (36)

which is asymptotically bigger than the previous best-known weight

9 105 1
GKS _ 1
Pn = Tont T 12800 <n7

), n — oo,

but commented that it can still be improved. A question was raised whether the coefficient 15/16 by
the second term on the right-hand side of (3.6) is sharp.

The main result of this work is the discovery of optimal weights for the discrete Hardy inequality
of order ¢ € N, establishing an improved optimal version of (3.2). Moreover, we will answer all the
questions mentioned above by analyzing properties of concrete discrete Hardy weights of higher order
in greater detail.

The chapter is organized as follows. In Section 3.1, we formulate our main results by means of
five theorems, all of which shall be proven in Section 3.2. We complement our main results with
several remarks on more general families of discrete Hardy weights of higher order addressing their
non-uniqueness and optimality in Section 3.3.

3.1 Main Results

In this section, we explain how to construct optimal Hardy weights of any order £ € N. Theorems 3.6,
3.8, and 3.10 provide sufficient conditions on a parameter sequence g to give rise to an optimal discrete
Hardy weight of any order. With an explicit choice of g = g(¥), depending on the order ¢ € N of the
given inequality, we obtain a concrete Hardy weight of order ¢ in Theorem 3.11. Several properties of
these weights will be described in Theorem 3.14.

It turns out to be advantageous, to consider complex sequences indexed by Z, with zero entries
up to a certain index, rather than by N. For this reason, we introduce the following subspaces of the
space of complex sequences C(Z). Namely, we denote

H = {ueC(Z) | up, =0 for all n < £}

and
HE = H N *(7)
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endowed with the Euclidean inner product. Accordingly to our previous notation,
HE = H' N Cy(Z)

denotes finitely supported sequences in #!. With a slight abuse of notation, we further define the
discrete gradient and divergence acting on complex sequences in C'(Z) as

(Vu)y =up —up—1 and (divu), = tupt1 — up (3.7)
for all n € Z. Naturally, we define the discrete Laplacian acting on C(Z) as A :=divo V, i.e.
(Aw)y = Up—1 — 2Up + Upy1 (3.8)

for all n € N. The half-integer powers of the Laplacian are defined similarly as in (3.3). The main
reason for this notation is that V, div, and A commute on C(Z).

Remark 3.1. Tt is important to point out the differences between positive powers of the discrete Lapla-
cian L = —Alpq) on the half-line, which coincides with the definition (2.7) and which we studied
in Sections 2.2 and 2.3, and between positive powers of the discrete Laplacian —A acting on C(Z)
defined by (3.8). In a recent study [15], the authors analyzed positive powers L for o > 0, defined by
the standard functional calculus using spectral resolution of L. While L coincides with —Al;1 after
an obvious identification of spaces £2(N) = H!, their integer powers differ by a finite rank operator.
This can be readily seen from their matrix representations. For example, for £ = 3, operators (—A)3
(restricted to H') and L? are determined by the semi-infinite matrices

20 —15 6 -1
15 20 —15 6 -1
, 6 15 20 —15 6 -1
(=A)°’=[_-1 6 —-15 20 -15 6 -1
1 6 —15 20 —-15 6 —1

and
14 —-14 6 -1
-14 20 -15 6 -1
6 —-15 20 -15 6 -1
L? =
-1 6 —-15 20 -15 6 -1
-1 6 —-15 20 -—-15 6 -1

Notice that the matrix of L? is not Toeplitz and differs from the matrix of (—A)? by the upper-left
2 x 2 matrix. In general, matrices of L’ and (—A)* differ by an upper-left (¢ — 1) x (£ — 1) matrix,
hence LK\Hz(N) = (—A)¢|3, where we denoted and naturally identified the space

HEN) = {ue P(N)|uy = =up_; =0} = H".

In fact, the matrix of (—A)¢ is a sub-matrix of L* after removing the first £ — 1 rows and columns.
Both (—A)* and L* determine non-negative operators on ¢2(N). However, it is proven in [I8] that
L® is critical if and only if @ > 3/2 meaning that, if L > p > 0 with a > 3/2, then p must be
trivial. Hence non-trivial Hardy-like inequalities exist for 7“ only if a € (0,3/2), and some non-trivial
weights (although not optimal) were also found in [18]. Clearly, this contrasts with the operator (—A)*
considered here since (—A)¢ is sub-critical on H* for every £ € N.
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Let us recall the definition of optimality adopted from [14], [10], and also [15], formulated for higher
integer powers of the Laplacian acting on the space HY.

Definition 3.2. Let £ € N. A positive sequence {p,}> , is called a discrete Hardy weight of order ¢
if and only if the discrete Hardy inequality of order £

[e.9]

> |a) | anwn\ (3.9)

n=[¢/2]

holds for any u € H§. In addition, the weight p is said to be optimal if it exhibits the following three
properties:

(i) Criticality: The weight p is called critical if for any Hardy weight p of order ¢ such that p, > p,
for all n > £ it follows that p = p.

(ii) Non-attainability: The weight p is called non-attainable if whenever the equality in (3.9) is
attained for v € H? such that the right-hand side is finite, i.e. Vpu € H', necessarily u = 0.

(iii) Optimality near infinity: The weight p is called optimal near infinity if for any M > ¢ and € > 0
there exists u € ’Héw such that

i ‘(—A)wunF <(1+¢) iﬁn Jun|” . (3.10)
n=1t/2] et

Remark 3.3. We complement the definition with several explanatory remarks.

(i) Criticality means that the Hardy weight p of order ¢ cannot be further improved by a point-wise
greater weight. However, in [16] it was shown that there exist infinitely many critical Hardy
weights of order 1. Analogous property will be observed in Section 3.3 for Hardy weights of an
arbitrary order /.

(ii) Non-attainability of a Hardy weight p of order ¢ means that in the weighted ¢2-space of complex
sequences such that |/pu € ¢, the inequality (3.9) is strict unless u = 0.

(iii) Optimality of p near infinity means that the constant 1 on the right-hand side of (3.9) cannot be
further improved, even if the space Hé is replaced by Héw for an arbitrary M > ¢. Equivalently,
it can be formulated as

‘(_A)é/zunf
inf =2 —1. (3.11)
ue Hy' (N)\{0} S pn |Un|2
={

Remark 3.4. The inequality (3.9) can be straightforwardly extended to all u € H’ (or even to all
u € H') and therefore to all u € H*(N) with (—A)%? also acting on the respective spaces. Since

o0

Syl = - = (1 -0

n=[t/2]

the inequality (3.9) can be equivalently written as a lower bound for the integer power of the discrete
Laplacian
(—A)=p

on the space H, where we again identify p with the corresponding multiplication operator.
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In [16], a generalization of identity (2.9) was derived for generating Hardy weights of order 1. Our
starting point shall be a generalized weighted analogue of this identity, which first appeared in |13]. For
the reader’s convenience, we will restate the equality here allowing complex sequences together with
its proof, which is analogous to the proof of Theorem 2.5 but will be listed in Section 3.2.1 nonetheless.

Theorem 3.5. Let V € C(Z) and g € H' such that g, > 0 for all n > 1. Then for any u € H}, we

have the identity
/ gn—i-l

o
ZVn‘Vun‘Z Zle(ng ZVnJrl
n=1 n=1

Via iteration of this identity, we will obtain our first main result, which is an analogous identity
for the quadratic form of (—A)? with £ € N. The key idea for deriving such identities lies in a
suitable choice of the parametric sequences g in the individual steps of the iterative process, which
generate convenient weights V' in terms of g. For this reason, it is necessary to impose some positivity
assumptions on the parameter sequence g. In fact, in Theorems 3.6, 3.8, and 3.10 the assumptions on
g will be gradually strengthened, because of which they will be numbered separately.

Theorem 3.6. Let £ € N. Suppose that
g € H' such that divFg, >0 for alln > —k and k € {0,...,¢ —1}. (A1)

Then for any u € HE, we have the identity

[ ) /—1
—A £/2 2 _ (_A)Zgn 2 ’R,(E) . 3.12
n=[¢/2] n—t 9n k=0

where

i A divt, divtg, divFu, 1 — div* 9n+1d R, | (3.13)
ot vitlg divFgn 1 " div¥g,

(For k =€ — 1, the coefficient in front of the absolute value in (3.13) is to be understood as 1.)

Remark 3.7. In fact, Theorem 3.6 can be seen as a corollary of a weighted analogue of the identity
(3.12), which may be of independent interest (we refer the reader to [13] and [19], where the authors
studied weighted Hardy and Rellich inequalities). Namely, if ¢ € N and g satisfies the assumptions
(A1), then for any weight V' € C(Z), we have the identity

2

> divVE L (V (divi 1V g))n —
— 'y ( g e 12+ ROV g), (3.14)
n k=0

> Vet ‘(_A)€/2un
n=[£¢/2] n=/{

where R,(f)(V; g;u) is defined as

R i div V2 (Y (div' Vi) | [ divie, \/m ik |
. n+ 3

v divFtlg, divFg,i1 div¥g,
(3.

15)

for k = ¢ — 1, the coefficient in front of the absolute value in (3.15) is to be understood as Vj,41.
Notice that for V = 1 this statement becomes Theorem 3.6. The differences between the first term
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on the right-hand side of (3.12) and (3.14) and the coefficients in front of the absolute value in (3.13)
and (3.15) is due to the fact, that the multiplication operator V' does not commute with V nor div.
Similarly, the reason for shifting the indices of V' on the left-hand side of (3.14) emerged from the
non-commutativity of V' and the shift operator (3.30), in order to obtain more concise formulas. The
proof of this generalization is analogous to the proof of Theorem 3.6 and is therefore omitted.

By imposing additional assumptions on the parameter sequence g, we may ensure non-negativity
of the remainders on the right-hand side of (3.12) obtaining an abstract discrete Hardy inequality of
order /.

Theorem 3.8. Let ¢ € N. Suppose (Al) and, in addition,
(=AY *divEg, >0 foralln >0 +1—k and ke {1,...,0—1}. (A2)

Then for all u € HE, we have the inequality

o0

> ‘( A)Pu ‘ an ) [unl®, (3.16)

n=¢/2]
where p(g) = (—A)‘g/g. If moreover,

(=A)g, >0 for alln > ¢, (A3)
then p(g) > 0, i.e. p(g) is a discrete Hardy weight of order £.

Remark 3.9. If the parameter sequence g satisfies the assumptions (A1) and (A2), the remainder terms
on the right-hand side of (3.12) can be interpreted as a norm

9

R(ﬂ) HR O ‘

where

—A)-1-kgivhtlg divkg, divFg,
RO (g)u, = =41 — I vk, — | e v, (3.17)
diviT g, divign11 div®g,

for all k € {0,...,¢ —1} and n > ¢ — k (for k = ¢ — 1 the coefficient in front of the parentheses is to
be understood as 1). Since (—A)* is a bounded operator, the identity (3.12) can be extended to all
u € H¢ (in fact, it can be extended even further, see Proposition 3.19). Recalling Remark 3.4, equality
(3.12) yields an algebraic identity on the level of semi-infinite matrices. Namely, restricting indices of

the respective matrices to £, + 1,..., we obtain the identity
/—1 i _—
(~a) = p0) =Y (A@) & () (3.18)
k=0

on the space H¢, where p(g) = (—A)g/g is identified with the corresponding multiplication operator

and R( )( )= S_le(f) (g) and S7F acts as the backward shift of the index by k, see (3.30) below. The
shift S ¥ is present as a consequence of the range of the summation index n in (3.13), which is starting
from ¢ — k.

For ¢ = 1, such factorization has been used to provide an alternative proof of the optimal discrete
Hardy inequality in [15]. For £ = 2, the authors of [15] factorized the matrix (—A)? — p(g), with
gn = n%/2, into a single remainder matrix of a form R*R, where R is a tridiagonal matrix. As the
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remainder were sought in terms of a single matrix rather than two matrices, its entries could not be
found explicitly. The idea was to decompose the pentadiagonal matrix (—A)2 — p(g) into a product
of a tridiagonal matrix and its adjoint reducing the order of the corresponding difference operators.
The idea behind the factorization (3.18) is similar, however, its main novelty is that the order is
reduced successively giving rise to more remainder terms on the right expressed explicitly in terms of
the parameter sequence g. In addition, the diagonal term p(g), i.e. the actual Hardy weight of order
£, is also identified in terms of g. It turns out, that such a concrete description is crucial for the proof
of optimality of the weight p(g) in Theorem 3.10.

The matrix identity (3.18) can be viewed as a factorization of particular banded Toeplitz matrices.

Indeed, the non-vanishing matrix elements of (—A)¢ are

e e (T

for m,n > ¢ with |n — m| < ¢, hence the matrix representation of (—A)¢ with respect to the standard
basis of £2(Z), here denoted as {8, | n > ¢}, is a semi-infinite Hermitian banded Toeplitz matrix with
diagonals given by the binomial coefficients. On the other hand, by inspection of matrix entries of

remainder matrices (3.17), we observe that R,(f) (g) are semi-infinite (k 4 2)-diagonal lower Hessenberg

matrices, i.e. the (m,n)-th entry of R,(f) (g) vanishes if n —m > 1 or m —n > k.

Under additional requirements on the asymptotic behaviour of g,, as n — 0o, and strict positivity
in assumption (A2) for k = 1, we can assert optimality of the discrete Hardy weight p(g).

Theorem 3.10. Let ¢ € N. Suppose (Al), (A2), (A3), and, in addition, suppose that g admits the
asymptotic expansion

20
On = Z ozjnz_l/Q_j +0 (n_£_3/2) for some aj € R with ag # 0, (A4)
§=0

as n — oo. Then the discrete Hardy weight p(g) = (=A)'g/g of order ¢ is critical and optimal near
infinity. If moreover,
¢=1 or (—=A) " tdivg, >0 for alln > £>2, (Ab)

then p(g) is also non-attainable and therefore optimal.

It remains to find a concrete parameter sequence g, which satisfies all the assumptions of the above
theorems. To this end, for given ¢ € N, we define

-1
o) =vn][(n-3) (3.19)
j=1
for all n € Ny and g, := 0 for all n < 0. Additional (but more complicated) examples will be discussed

in Section 3.3.

Theorem 3.11. Let £ € N. The sequence p, given by

¢ (6)
) . (_A) On
Py = gg) (3.20)

for all n > ¢, where g9 is given by (3.19), is an optimal discrete Hardy weight of order £.
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Our final theorem summarizes properties of the optimal weight p(©) in greater detail. A remarkable
property is that pgf ) has a convergent series representation in negative powers of n with all coefficients
being non-negative (in fact, for £ > 2 the coefficients are positive) for all n > ¢. Consequently, using
more terms of the truncated series representation always produces a tighter inequality.

In order to formulate this theorem, we introduce several combinatorial numbers. First, we will
make use of the binomial coefficient and the Pochhammer symbol defined by standard formulas
(V> viv—1)...(v —n—+1)

o) = .y and (), =v(v+1)...(v+n-1)

for all ¥ € R and n € Ny. Next, we denote the Stirling numbers of the first kind as

s(n, k) == (=1)"+* > W10 . i (3.21)

1<t << <n

and the Stirling numbers of the second kind as

S(n,k) = > 12k g (3.22)

G120
JiFti=n—k

for all n € Nand k € {0,...,n — 1}, see |20, § 26.8]. By convention, we also set s(n,n) = S(n,n) =1
for all n € Ny and s(n, k) := 0 whenever k < 0. Moreover, we employ the numbers

l
0 ._ 20\, \im
X0 jz_:e (£+j>( 1)75 (3.23)

for all m, ¢ € N with Xég) =0 for all £ € N.
Remark 3.12. For m € N odd and ¢ € N, we have

x® — zg: ( 2 )(_1)jjm: i: ( 2 )(_1)—1(_j)m:_ Zej ( 2 >(_1)jjm:_X(€)
AN =N N\t e
hence X% = 0. Furthermore, in [15] the authors found that
XY =0 for all m < 2¢ (3.24)

and that for the remaining values, we have

Xy = (1Ol and  X§L,, = (DROT Y (kika. . k) (3.25)
1<k <<k <4

KX(Z)

for all m € N. The expressions in (3.25) reveal the nontrivial fact that (—1)°X;,,

integer for all m € Np.

is a positive
Lastly, we define the numbers

o~ (L+j—m—1/2 . ¢
r&) = Z < ; / >s(€,€—|—] —m)X]() (3.26)
j=2¢

for all £ € N and m > 2¢.
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Remark 3.13. Since s(¢,j) = 0 whenever j < 0 and X j(é) = 0 whenever j is odd, we may restrict the
range of the summation index j in formula (3.26) even further. It turns out, that after this restriction,
each summand is positive and the formula reads

r%): Z (£+]_m_1/2)5(€,€+]’m)XJ@.
j=max(2¢,m—{+1) J
7=0 mod 2

Consequently, it holds true that for all £ > 2 and m > 2/, we have r%) > 0 and if £ = 1, then ré}% 1=0

(1)

om > 0 for all m > 1, which will be shown in the proof of claim (ii) of Theorem 3.14 in Section

and r
3.2.6.

Theorem 3.14. Let £ € N and p¥) defined by the formulas (3.20) and (3.19), then the following
properties hold true.

(i) The weight sequence O admits the convergent series expansion

0_ =AY
P =" o (3.27)
k=2t

for all n > ¢, where the coefficients are defined as

k
AV =3 Stk—m+e—1,0-1)r. (3.28)
m=2{

(ii) For all € >2 and k > 20, we have A" > 0.

For{=1 and k > 1, we have A;g)ﬂ =0 and Ag}c) > 0.

(11i) For alln > € > 2, it is true that

oo (A2 1N

(For £ =1, the first inequality in (3.29) holds as equality.)
Remark 3.15. We complement Theorem 3.14 with several remarks.

(i) For the first two coefficients in the expansion (3.27), we have

2 2 2
0 (1 (0 20000 —-1) (1
AQ( = <2>€ and A2£+1 = 726— 1 5 ,
for all £ € N, which can be computed directly from the formulas (3.28) and (3.26), realizing that

4 4
X5 =0and X§) = (~1)/20)L.

(ii) The first inequality in (3.29) shows that the weight p® improves upon the weights suggested by
Gerhat—Krej¢ifik—Stampach, see (3.5), and proves the conjecture in [15]. Noticing that

<1)2 _ ((20n?

2), 16 (0)*

the second inequality in (3.29) shows that p¥) improves upon the classical discrete Hardy weights
(3.2).
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(iii) For ¢ = 1, we rediscovered the optimal Hardy weight (2.2), whose expansion (2.6) is explicitly
known, see [11]. The expansions in the first few terms for £ = 2,3,4,5, as n — oo, read

9 3 297 1
@__9 3 297 £
Pr” = Tond T 25 T 12808 T 9 <n7> ’

@ _ 225 405 114975 1

Pn = 6anS " 16nT T 102418 nd )

@ 11025 4725 4879665 1
25618 8n9 1024n10 nll

5 _ 803025 2480625 4023077625 1

Pn = 1024010 T 128011 | 16384012 NE

As was mentioned earlier, in |13], the authors ask whether the constant 15/16 by the second term

(2)

in (3.6) is sharp. The above expansion of p,,’ shows that it is not the case.

3.2 Proofs

In the course of the proofs worked out below, we will frequently use (besides the operators V, div, and
A) the forward shift operator S acting on C(Z) defined as

Sty = Upt1 (3.30)

for all n € Z. Obviously, for any k € Z it holds that SFu,, = Utk for all n € Z. Recalling definition
(3.7), we see that div =S —Tand V =1 —S~!, where I stands for the identity operator. In particular,
we have identities div = SoV = VoS, that will be used several times below. Note also that subspaces
HY are not preserved under the action of S and hence neither under the action of div (S is a bijection
of H® onto H*™1).

3.2.1 Proof of Theorem 3.5

Suppose g € H', g, > 0 for all n > 1, and u € H}. For any n > 2, we have

' In— 1
4/ Unp—1
gn 1

Multiplying both sides by V,, and summing over n from 2 to oo, we obtain

ZV Y —ZV VP 3 Vo T

n=1

div(V'V \Y%
=3Vl +Zgg)| P+ V8 P

n

gnl

= Inl

(unun 1)

Vgn

In

| n| + |Un—1|2-
g

n—1

n=2 n=1

By assumptions, ug = go = 0, thus
Vg
Vi *|U1| V1|VU1|2.
(151

A shift of the summation index n by one on the left-hand side now yields the claim of Theorem 3.5. [J
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3.2.2 Proof of Theorem 3.6

The proof proceeds by a two-step induction in £ € N:
a) We verify Theorem 3.6 for ¢ =1, 2.
b) Assuming Theorem 3.6 to hold for all £ < 2m, where m € N, we prove it for £ = 2m + 1.
¢) Assuming Theorem 3.6 to hold for all £ < 2m + 1, we prove it also for £ = 2m + 2.

The reason to treat even and odd indices ¢ separately stems from the fact that, when lowering a
half-integer power of the discrete Laplacian, V or div emerge depending on the parity of £ because we
have (e-1)/2
(—A)Z/z _ V(-A) if £ € 2Ng + 1,
—div(—A)¢-N/2 if ¢ € 2N.

Since the resulting differences are subtle, parts b) and c) of the proof are analogical, and therefore
we only briefly indicate the proof of c¢). Note also that the case £ = 2 is shown only for clarity and
illustrative purposes since it could be omitted after interchanging the order of the steps a) and b).

a) For ¢ = 1, Theorem 3.6 coincides with the special case of Theorem 3.5 with V' = 1. Next, we
suppose £ = 2 and g to satisfy the assumption (A1), i.e. g € H?, g, > 0 for all n > 2, and divg, > 0
for all n > 1. Clearly, divg € H' hence we may apply Theorem 3.5 with g replaced by divg, u replaced
by divu, and V = 1, from which it follows that

o0 o0 o0 o0 —A d n
S Al = 3 [divVun = 3 [V(divaa2 = 3 E2 0 g 12 4 RO (g;0)
n=1 n=1 n=1 1 n

for all u € HE, where Rgz) (g;u) is defined by (3.13). Bearing in mind that divu = VSu, we apply
Theorem 3.5 once more, this time with Sg € H!, Su € H}, and V,, :== (—A)divg,/divg, to the first

term on the right-hand side, obtaining the identity
/S Iq
n_qy Uns1 — gn+
n+1

divg) =S(-A)%,

oo

S I~ A)uaf? = zdmgjsws W +Zvn+1
n=1 n

n=1

+ R (g;u)

for all u € H%. Taking also into account that

divg

. . (A
—div(V'VSg) = div ( divg

we arrive at the desired result

o0

00 _A 9 .
S lauf = Yo 2 R g + R (gs0)
n=1

n=2 n

for all u € H?, with RéQ) (g;u) given again by the general definition (3.13).

b) Suppose m € N and assume that Theorem 3.6 holds true for all £ < 2m. Let us consider
sequences u € HgmH and g € H?™! satisfying the assumption (A1) for £ = 2m + 1. We shall verify
(3.12) for £ = 2m + 1. We have

Z ‘(_A)(Qm—i-l)/?u ‘2: Z |V(—A)mun|2: Z |(_ mvun| Z| mle’LLn|
n:[%] n=m+1 n=m+1
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Since divu € H%m and divg satisfies assumption (A1) for ¢ = 2m, we may apply the induction
hypothesis and obtain
2m—1

00 00 _A)2m .
S (A divi P = 3 w HEDY RE™ (divg: diva).

Recalling the general definition of remainders (3.13), we observe that

2m—1 2m
RE™ (divg; dive) = RUT () = Z R (divgs diva) = Y- R (g5u)

Next, we shift the index in the first sum on the rlght—hand side finding that

o0 2 o0 q2m—1(_ A)2m; n 2m m
3 ‘(—A)@m*l)/?un\ =3 ngn_lciiv M0 w2, P+ ST RET  (giu). (3.31)
n=[ 24 n=1 Bn k=1

Furthermore, we apply Theorem 3.5 with S € H{, together with S?mg € H', and the weight
s2m=t(—A)?divg,,

S?m=ldivg,
to the first term on the right-hand side of (3.31) obtaining

Vo=

X @2m—1/_ A\2m J; 0o .. om
S 825)2_?3 dlvgn ‘VS2mun‘2 _ Z W ‘SQmUn‘Z
1Vgn

n=1
o] 2m
g2m S
S V|| g, [F st
n=1 S S In

2m—1 A de
—div(VVS2mg) = —div( s%(n 13 V8 g2m— 1d1vg> —§2m=1giy(—A)2Mdivg
ivg

— SZm(_A)Qerlg7

n=1
2

Again, bearing in mind that

we arrive, after shifting the indices, at the formula

o0 g2m=1(_ A)2mdj " 0 —A)2m+l1 n
Q’En—l ) Ak ’vs2m“"|2 = Z =) :
S divg, i On

2md1Vg ‘ gn-‘rl
+ \/ Un+1 —
n= ;ﬂ diven Ont1

By (3.13), the last term coincides with R(Zmﬂ)(g; u). Hence, when combined with (3.31), we obtain
the identity (3.12) for £ = 2m + 1.

c¢) Lastly, we assume that Theorem 3.6 holds for all £ < 2m + 1 and verify it for £ = 2m + 2. If we
have u € Ha™+? and g € H?™*2 satisfying the assumption (A1) for £ = 2m + 2, we can write

’Un|2

n=1

io: ‘(_A)(2m+2)/2u ‘2 — i ‘(_A)m+1un‘2 _ io: |V(—Am)(divu)nl2
n=[2m42] n=m+1 n=m-+1

and apply Theorem 3.6 for £ = 2m + 1, i.e. the induction hypothesis, with divu € Hgmﬂ and

divg € H?*™*! satisfying the assumption (A1) for £ =2m + 1. Using the same methods as in b)

we would obtain that the identity (3.12) holds for ¢ = 2m + 2, thus the proof of Theorem 3.6 is

complete. O
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3.2.3 Proof of Theorem 3.8

The claim is an immediate consequence of Theorem 3.6. It suffices to notice that the assumptions (A2)
together with (A1) guarantee non-negativity of all the remainders on the right-hand side of (3.12).
Assumption (A3) then implies positivity of the weight p(g). The proof of Theorem 3.8 is complete. [

3.2.4 Proof of Theorem 3.10

We check that, under the respective assumptions, the discrete Hardy weight p(g) := (—A)*g/g possesses
all the three properties from Definition 3.2: criticality, non-attainability, and optimality near infinity.
The properties will be gradually worked out in three separate steps.

Similarly to the proof of Theorem 2.5, the core idea of this proof is that all the remainders on the
right-hand side of (3.12) vanish if we consider u = g. However, g ¢ H5 so we must find a suitable
regularization of g. Furthermore, the asymptotic properties of div” g turn out to be important to assert
optimality of the weight p(g). For this purpose, we will state the following lemmas. Additionally, for
more concise formulas, we introduce the middle operator acting on C(Z) defined as M := (S+1)/2, i.e.

Up + Un+t1

Mu,, =
b 2

Lemma 3.16. Let k € N, a € R\ Ny, and g be a sequence admitting the asymptotic expansion
k .
gn = Zajno‘_J +0 (no‘_k_1> , N — 00, (3.32)
§=0

for some aj € R and ag # 0. Then the following claims hold true.

(i) For all m € Z, there exist coefficients a§-m) € R such that

k
S"g, = agn® + Za}m)naﬁ + O <n°‘7k*1> ,  n— oo.
j=1

1) For all m € Ny, there exist coefficients by € R wit 0 such that
For all m € Ny, th 1 b € R with b)™ h th

k
M™g, = Z bgAm)n“*j + 0O (naka) , N — 0.
=0

(11i) For allm € {0,...,k}, there exist coefficients cg-m) € R with c%n) # 0 such that

k
div™g, = Z cg-m)na_j +0 (na_k_l) , N — 0.

Jj=m

Proof. In order to prove Lemma 3.16, it suffices to show the first point for m = £1, which can be seen
from the Taylor series expansion

g o0 J k
(n+1)% =n <1 + 1) =nf Z <ﬂ> (il) =nf + cgi)nﬁ_j +0 (na_k_l) , M — 00.
n . J n _

§=0 j=1

The rest readily follows by induction, but we leave the technical details as an easy exercise for the
reader. O
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The third statement of Lemma 3.16 asserts that, to some extent, the sequence div¥g, for g € C(z)
of the form (3.32), can be treated as a derivative g**). We will need another auxiliary claim of this
sort — a generalization of the Mean Value Theorem, which is most likely known, but we will prove it
here for the reader’s convenience nonetheless.

Lemma 3.17. Letn € Z, N € N and g € C([n,n + N]) such that g € C™((n,n + N)). Then there
exists £ € (n,n+ N) such that

div¥g, = g™ (¢),
where we denoted gy, = g(n).

Proof. Let p be a polynomial of degree less or equal to N such that p,,y; = gn; for all j € {0,...,N}.
Here and below, we use the notation p,, := p(n) and g, := g(n). Notice that

N N
) N . N . )
divig, = < .>(—1)N Tgnys = ( .>(—1)N Tpntj = divVpn.

j=0 7 =0 7

Next, we will show that
divpn = p™M (n).

First, we prove that if the degree of p is less or equal to N, then the polynomial divp(z) = p(x+1)—p(x)
is of degree less or equal to N — 1. Indeed, for p(z) = ) _, apx®, where aj;, € R, we have

divp(m):zn: <(33+1 ) Zak Z(f)xﬂ—x’f —kznzzoakg(];)aﬂ

k=0 7=0

Consequently, div¥p = ¢ for some constant ¢ € R and therefore divMp = 0 for all M > N. Because
both div and d/dx are linear operators on respective spaces, it suffices to show that (diVN V) =
(zV)V) = N1. We will prove this by induction once again. For N = 0 the statement holds trivially.
Assuming the claim holds for N — 1 we have

N-—
divVeN = divN_l(divx ) = divlV- 1((3: + 1 < ) dlvN_lmk)
k=0

,_.

= N(divV 12N = N(N - 1)! = N

AS pptj—gntj = 0forall j € {0,..., N}, we infer from Rolle’s theorem, that for all j € {0,..., N —
1} there exists ¢; € (n+ j,n+ j + 1) such that p'(¢;) — ¢'(¢j) = 0. By iteration of Rolle’s theorem, we
obtain £ € (n,n + N) such that

g™ (&) = p™M (&) = pM(n) = divVp, = divVg,. 0

The last auxiliary identity is the Leibnitz formula for the discrete divergence. The multiplication
of sequences is to be understood point-wise.

Lemma 3.18. For all m € Ny and sequences f,g € C(Z), we have

m

div™(fg) =Y (T) (divIM™ 7 £) (div™ I Mig) .

J=0

45



Proof. The proof of Lemma 3.18 proceeds by induction. The statement is trivially true for m = 0. For
m = 1, we have

(Sf)(Sg) — fg = (Sf)g = (Sf)(divg) + (divf)g
(Sf)(Sg) — fg = f(Sg) = f(divg) + (divf)(Sg)

Adding the two lines above and diving by 2, we verify the statement for m = 1. Next, for the case
m + 1 we infer from the induction hypothesis that

div(fg) = (S=D(fg) = {

div™(fg) =div(div™(fg)) = div | 3 (T) (div/M™ 7 ) (div™ /M g)

5=0

=2 (T) (div/ T IM™ I f) (div™ M g) + > (7) (div/ M™ 17 f) (div™ T M g)
0 =0

=(div™H ) (MM g) + (Mm“f)(divm“g)

i Z K] - 1> <Tyn>] (divI M f)(divm M g)

m—+1 m—+ 1
< >(d VMM ) (div T IMY g),

N

hence the proof is complete. O

Now, we are ready to prove Theorem 3.10.

a) Proof of criticality: Suppose that the sequence p = {p, }°°, is a discrete Hardy weight of order ¢
satisfying pn, > pn(g) for all n > £. Using identity (3.12) for the weight p(g) together with the discrete
Hardy inequality of order ¢ for the weight p, we find that

0< Z ) Jun]? < ZR“ (g;u (3.33)

for all u € H.

As was mentioned earlier, an important fact is that all the remainders are simultaneously anni-
hilated if we set u = g, i.e. R,(f)(g;g) = 0 for all £ € {0,...,¢ — 1}. However, we cannot directly
substitute u = g into (3.33) and conclude from here that 5 = p(g) since g ¢ H§. This is an issue which
is to be overcome by a suitable regularization of g.

Fix an arbitrary ¢ € (0,1/2) and a smooth function 7 such that n = 0 on (—o0,¢) and n = 1 on
(1 —&,00). Then for any N > 2, we introduce u” = ¢Ng, where &Y = ¢V (n) is a cut-off sequence
define as

1 if 2 <N,
V(@) = ¢ (B5ne)  if N <z < N2, (3.34)
0 if 2 > N2,

Notice that ¢ — 1 and hence u”¥ — g point-wise as N — oco. With this choice of vV € HE, we will
show that for all k£ € {0,...,¢ — 1} we may estimate

0 <RY (g;u) S — (3.35)
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where < means the inequality < up to a N-independent multiplicative constant. Invoking Fatou’s
lemma, we infer from (3.33) and (3.35) that

o0 o0 oo
~ ~ . 2 . ~ 2
Z (Pn — pn(9)) 972; = Z (Pn — pn(9)) ]\}Hn ‘ug‘ < lim inf (Pn — pn(9)) ‘ufy‘ = 0.
—00 N—oo

n=>¢ n=~_ n=>~¢
Bearing in mind, that all the terms in the sum on the left are non-negative and g,, > 0 for all n > ¢
by (Al), we may conclude that p, = pn(g) for all n > £, and the proof of criticality of p(g) will be
complete.

It remains to verify the inequality (3.35). Recalling Remark 3.9, we use the notation

2

RO = R @] = 3 RO,
n=~0—k

for all & € {0,...,¢ — 1}, where the operators R,(f) (g) are defined by (3.17). Next, we substitute
u=u" = ¢Nginto (3.17) and inspect the two factors of

1=k i k41 -k -k
() N (—A)-1-kdivktlg, divign .. 5N divign+1 .. g, oN
R Up | = div ntl — A ————div n
‘ k (g) n \/ divk+1gn divkgn_H (5 g) +1 dlvkgn (£ g)
separately.

For the first factor, by assumption (A3) and claims (i) and (iii) of Lemma 3.16, we observe that

\/(_A)élkdivk+19n \/(_1)e1kdiv2€—k—1sk+1€gn _ \/n£—1/2—(2£—k—1) i

— =N
divi+lg, divh+lg, nl—1/2—(k+1)

for any n > ¢ and k € {0,...,¢— 1}, where the unspecified constant is n-independent but may depend

on k or /.
.k
div”®g,, <1,
dingnH

Similarly, we find that
and therefore the second factor can be estimated as

I iR (€N g) gt — 2L givk (6N ), | S divE (€N gt — —— i (N g), -
div®gn11 div®g, div”®g,

Applying Lemma 3.18 in the last expression, we can rewrite it as
ko /k . . o div* ko /k . . .y
3 < > (div/MF 7)1 (divFIMIEN )y — L ( ) (divIMF7g),, (divFIMIEN),
=\ divie, =5 \J

divFg,,1 divvMF g,
divFg, divvM*¥g,

(divFIMIEN )y —

(divFIMIeN )n‘ .
J

ko . ,
< ( ) (divIM* I g),, 41
=0

Yet another application of (A3) and formulas from Lemma 3.16 reveals that

Mk ‘ iv* v/ Mb 1+0(1/n)1+0(1
(diviM*g), 1 <n727 and div i”“ div — g _1+0(1/n)14+0(1/n)
divig, divVM* g,y 1+0(1/n)1+0(1/n)
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where pglk’j) =0(1/n), as n — o0, i.e. pgﬂ’j) < 1/n. Altogether, we deduce the upper bound

‘Rl(c N‘ <nk+1/2z< )n 3(‘ (divFH1=IMIeN) ‘—f— ‘p(k’J (divF=IMIeN), D (3.36)

forall N > 2, n > ¢ and k € {0,...,¢ — 1}, where the unspecified multiplicative constant does not
depend on n nor N. In order to complete the proof, we have to estimate also the terms with div’™¢ in
(3.36). To this end, note that for all z € [N, N?], we have

2In N —Inx 1
Ny/ !
Y@= () s

thus | (¢Y)(z)| £ 1/(zIn N), where we estimated n’ with max,eo,1) |7/ (x)|. By induction, it is straight-
forward to generalize this bound to higher-order derivatives, i.e.

1
Ny (m) ‘ <
€ (@)| S —r
for all m € N and x > 0. Consequently, Lemma 3.17 implies that

1
~ npmlnN’

which is true for any m,n € N and N > 2. As the right-hand side is a decreasing function of n, we
also have

(3.37)

‘dlvmf ‘

1
n™In N
for any j € Ny, from which we infer the needed estimates in (3.36) getting

k
(0) N k+1/2 K\ _; 1 1 1 1
‘Rk (@)un ‘ s Z(:) <]>n ! <nk+1j N | nnIimN S vnln N (3:38)
‘]:

forall N >2 n>/¢ and k € {0,...,¢ — 1}. Finally, for sufficiently large N we may estimate

|div"MIEN | <

2
RO(wsw) = Y |B (@ul
k

n
n=N-—

N2 N2
2 1 1 1 1 1
Sv 2 S5 / Sdn =1
In Nn:N_kn In“*N Jy n n
for all k € {0,...,¢— 1} arriving at the desired result (3.35). The proof of criticality is complete.
b) Proof of non-attainability: For the proof of non-attainability, we first state the following auxiliary

claim which asserts that under certain assumptions, the identity from Theorem 3.6 extends from ?—lé
to all sequences in H' for which the left-hand side of (3.12) is finite.

Proposition 3.19. Let ¢ € N. Suppose that assumptions (Al), (A2), and (A3) hold. Then the identity
(3.12) extends from ’Hé to all sequences from the space

D' = {u e H | (=A%) < oo}.

Proof. We will prove Proposition 3.19 in three steps.

a) First, we show that the range of (—A)% 2‘7—[(‘; is dense in H!%/?1. Tt follows from the definition
of (—A)%/? that for any u € HY, we have (—A)?u, = 0 for all n < [£/2], i.e. (=A)?u € HIY/?1,
Moreover, from the boundedness of the operator (—A)Y/2, we infer that (—A)?u € (?(Z), hence
(=A% € HIY/2] In order to prove the density, we check that if v € H[¢/?] satisfies

(v, (=8)"?u) =0
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for all u € Hé, then v = 0. According to the parity of £, we distinguish two cases. Let £ = 2m € 2N,
then
(v, (=28)Pu) = (v, (=A)"™u) = ((=A)™v,u)

for all u € ’Hgm. In particular, by taking u = §,, i.e. up = d,k, where J is the Kronecker delta, for
n > 2m, we observe that v solves the linear difference equation of order 2m with constant coefficients

m

2m -
_A mv — —1 J'l) . = 0
SN Sl (i) [
j=—m
for all n > 2m. It is easy to show that the fundamental system of the above linear difference equation
consists of sequences 1,n,...,n>™ 1. Therefore, we find that
2m—1

Uy, = g c;n’
Jj=0

for all n > m and some ¢; € C. Taking also into account that v € (%(Z), necessarily, we have
¢; = 0 for all j € {0,...,2m — 1} and since v € H™, we conclude that v = 0. The argument for
l=2m+1 € 2Ny + 1 is analogous. In this case, we have

, (=A)?u) = (v, V(=A)™u) = — ((—=A)"divo,u) = 0

for all u € HgmH. Again, we consider u = J, for n > 2m + 1, from which we infer that v solves the
linear difference equation

m—+1
2 1
—(—=A)™divo, = Z ( m—i—'

m-+)

j=—m

)1ty =0

for all n > 2m + 1, whose general solution is given by the linear combination

2m
Uy, = E c;n’
Jj=0

for all n > m+1 and some ¢; € C. The same argumentation as in the case where £ is even then implies
v=0.

b) Pick arbitrary v € H[?/21. By a), there exists a sequence {uN}35_, C H§ such that (—A)42ulN —
v, as N — oo, in the norm of ¢?(Z). In particular, the sequence {(—A)E/zuN}?\,ozl is Cauchy in
?%(Z). Recalling Remark 3.9, assumptions (A1) and (A2) imply that the remainders in (3.12) can be
interpreted as a (non-negative) norm of R](f) (9)u” and assumption (A3) guarantees positivity of the
weight p,(g). Consequently, identity (3.12) asserts inequalities

|Ve@ ™ = || < [[(-a) 2@ )| and - ||RO @@ - ut)| < [[(-2)72 @V - |

for all k € {0,...,£—1} and N, M € N, hence the sequences {/p(g)u’ }3¥_, and {R,&Z) (g)uN}_, are
also Cauchy and therefore convergent in ¢2(Z). Let us denote w the £2-limit of \/p(g)u”, as N — oo.
Clearly, w € H* and /pn(g)uly — w,, as N — oo, for every n € Z. Since p,(g) > 0 for all n > ¢,
there exists u € H’ such that w = \/p(g)u and uY — wu,, as N — oo, for all n € Z. Moreover, the
limits of all the above-mentioned ¢?-convergent sequences must coincide with their point-wise limits,

- (—2)2uN 5 (=A)u, Vol = Vpleu, R (gu — R (g)u
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in £2(Z) as N — oo. In particular, we have v = (—A)%?u, hence u € D’. Tending N — oo in the
identity (3.12) for uy, i.e. in

i~ = ot [+
k=0
yields
i = [vam +

¢) Now, pick arbitrary @& € D’. By definition, (—A)¥2% € #[¢/2]. Part b) applied to (—A)/2%
implies the existence of a sequence u € HY, such that the above identity holds and (—A)Z/ 20 =
(—A)E/QU. In order to finish the proof, it remains to show that for two sequences u, @ € H, we have

the implication

o

(=AY 2o =(-N)"u = a=u.

By linearity, it suffices to prove that for any w € H’ such that (—A)ﬁﬂw = 0, we have w = 0. This
can be easily seen from the fact that w solves the linear difference equation

(=A) 2w, =0

for all n € Z with the boundary condition w, = 0 for all n < ¢. Recursively, we obtain w,, = 0 also for
all n > £, thus proving Proposition 3.19. O

Now, suppose that u € H fulfils (3.16) as equality whose (both) sides are finite. In view of
Proposition 3.19, assumptions (A1), (A2), and (A3) imply that Rgf) (g;u) =0forall k € {0,...,0—1}.
In particular, for £ = 0, we derive a necessary condition (which is in fact sufficient)

gn+1
A/ Unp+1 —
gn+1

for all n > ¢, see (3.13). By the additional assumption (A5) and also (A1), the prefactor is strictly
positive and therefore the sequence u is a solution of the difference equation of the first order

(A é 1legn
dlvgn

In In+1
—Up41 — U
In+1 In

for all n > £. However, this equation has the only solution g up to a multiplicative constant, i.e.
Up = cgyn for some constant ¢ € C and n > ¢. Obviously, for such u it holds that Rg) (g;u) = 0 for all
k€ {0,...,£—1}. By assumption (A3) and Lemma 3.16, we have

nl—1/2-2t

pn(8) 2 i n=?

and due to the asymptotic behaviour of g,, we may conclude that

I ogeq 1

2 _
Pn(9)8, 2 W” = (3.39)

for all n > ¢. Consequently, the right-hand side of (3.16) can be estimated as

an ) [unl* Z Z
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whenever ¢ # 0, hence the proof of non-attainability is complete.
¢) Proof of optimality near infinity: Fix M € N. As follows form (3.11), this property can be
proven by finding a sequence {u™} y>yr C H}(N) \ {0} such that

- L
 ZicoRi @)
NZoe S on(e) [

Such sequence can be obtained by slightly modifying the regularization (3.34) used in the proof of
criticality a). We define u” = ¢Vg, where, this time, ¢V is given by

(3.40)

if t <N,
n (z=p i) if N <z < N?,
Nz)={1 if N2 <2 <2N2,
1 (71“(211vn 3}{“”9) if 2N? < 2 < 2N3,
0 if z > 2N3,

where function 7 has the same properties as in (3.34). Then, indeed, u™ € H}! \ {0} for all N > M.
Note that the inequality (3.37) still holds for any m € N and « > 0. Therefore, the same estimates as
in the proof of criticality a) apply and we get

. N2 9 2N3 , 9 1 N2 2N3 1
RO@u") = Y [RO@a + Y e s o[ X o Y o) soy
n=N—k n=2N2—k n=N-— k n=2N2— k:

for all N sufficiently large and k € {0,...,¢ — 1}.
On the other hand, having (3.39) in mind, we may estimate the denominator in (3.40) from below
as

00 2N2 2N2
S on@ [ > S pul)ed 2 Z >/ fdn_ln2
n=/{ n=N?2 n= N2

for all N sufficiently large. Altogether, the above estimates immediately imply (3.40), completing the
proof of optimality near infinity and subsequently also the proof of Theorem 3.10. O

3.2.5 Proof of Theorem 3.11

For the parameter sequence g(¥ defined by (3.19), we verify below that
a) divFgl) >0foralln>¢—kand ke {0,...,0—1};
b) (—A)FkdivFg? > 0foralln > ¢ —kand k€ {0,...,0—1}.

Claim a) together with the obvious fact g(©) € H* means that g(¥) fulfils assumption (A1). Claim b)
implies that g(®) satisfies assumptions (A2), (A3), and (A5). As it follows trivially from definition
(3.19) that g\ satisfies also (A4), Theorem 3.10 asserts that the sequence p(® given by (3.20) is an
optimal discrete Hardy weight of order £.

a) First we show that divgggf ) > 0 for all n > 0. For = > 0, let us denote

R foU—J

j=1

ol



Then g( ) = g (n) for all n € Ng. By [20, Eq. (26.8.7)], we have

J4
D) =Y s(e, )72, (3.41)
j=1

where s(¢, j) are the Stirling numbers of the first kind defined by formula (3.21). Evidently, we have
(—1)*7s(¢,5) > 0 for all j € {1,...,¢}. Tt follows from Lemma 3.17, that for any n € Ny there exists
¢ € (n,n+ ), such that
£q(0)
divig® = dL(g)

" dx?

Moreover, for any = > 0, we have

2. (o) ¢ ¢
T ) = ) = SO
X

j=1 7j=1
where

V4
0 ._ £+
by = Jg H

k=1

R

for all j € {1,...,¢}. Therefore, we infer that div g(e) > 0 for all n € Ny, indeed.
Next, notice that, since g(f) € HY we have

divkg, =gl =V —1)1>0 (3.42)

for every k € {0,...,¢}. By definition of the discrete divergence, diveg(z) > 0 on Ny means that
the sequence divi™'g® is strictly increasing on Np. Since div:™! ggg) > 0 by (3.42), we conclude that

divi? (e) > ( for all n > 1. Iteration of this argument yields claim a).

b) We make use of Lemma 3.17 once more. Since

(_A)Z—kdivkgn (— )e k iy 20— kg£)£+k’

Lemma 3.17 implies that, for any n > ¢ — k and k € {0, ..., ¢}, there is £ > 0 such that

L 42 kg(0)

(—A)FdivFg, = (-1)" W@

Similarly as in part a) of this proof, we find, this time, that

42-kg® ¢ q26-k ¢ 0
(=17 x2E—K (z) = HV"“ZSW)d gt =) el T
X X
P =1
where
' 20—k 20—k 1
7= 0t T 5~ = C0se) T i+ 5 - 4] >0
k1

for every j € {1,...,¢}. Consequently,
s d2€fkg(€)

(=1) W(@ >0

for all x > 0 and k € {0,...,¢}, from which claim b) readily follows. The proof of Theorem 3.11 is
complete. O
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3.2.6 Proof of Theorem 3.14

First, with the aid of the generalized binomial theorem, we find for all v € R and n > /¢ that

L

oy = 3 (2 e —e 3 () (1+2)

i=—t j=—t

Y, AN LAV Y/ 1
=nY 1) ——11 _1)ism | _—_
* 3 () S ()= S ) |2 ()|

Recalling the definition (3.23) and the property (3.24), we arrive at the identity

u) Xy(,f)

m nmfl/

(—A)n" =Y < (3.43)
m=2¢

for all v € R and n > ¢. Moreover, if v > 0, the convergence of the series in (3.43) can be extended to
all n > ¢ by inspection of the asymptotic behaviour of the summand. Indeed, one deduces from (3.23)
and the Stirling formula, see [21], that

X5 ~2(=1)*"  and <”>~ t (D)

m
as m — oo. Therefore, the non-vanishing even summands of (3.43) behave as
v Xéfi,)l 2" (-1* (¢ am
2m ) n2m—v  T(—v) (2m)*+tl \ n ’

as m — oo and the series in (3.43) converges even for n = £.
a) Proof of claim (i): Recalling that

l
) = Y s(t i1
j=1

for all n > 0, see (3.41), and invoking the expansion (3.43), we find that

. 4 0o - £)
O DRUICASLREED SR D Ol (i e v

j=1 Jj=1 m=2¢
oo £—-1 . ©
- t—j—1/2 X
o -1)2 J X
=n Z Z ( m )S(f,ﬂ ])nm+j
m=20 =0
for all n > £. Therefore, for the weight p(), we have
gl -1 oo 41 , o
L : <£ o 1/2>8<M )
P (n=1)...(n—£+1) g P m ot
nt-1 - (L+m—j—1/2 x©
_(n—l)...(n—£+1)ﬁ;”:m< m )s(€,£+m_])nj
_ nt-1 i 2]: (+m—j—1/2 sl tm—Hxo| L
(n=1). (n=t+1) = | = m ’ DEm i
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for all n > ¢. Using also the definition (3.26), we infer that

0 = ! iﬂ(
" n=1)...(n—£€+1) =

for all n > ¢. The final step is to expand the prefactor in front of the sum in the above expression
in terms of negative powers of n, which is to be done using the Stirling numbers of the second kind
(3.22). Namely, by [20, Eq. (26.8.11)], we have

n'~1 _iS(j—i—E—l,E—l)
J

n—1)...(n—£+1) nJ

for all n > ¢ > 1. Altogether, we find that

J+€ Le-1) 5 e ) 1
Z R D I DL R R S W M o

7=0 k=0 Lm=0
1
= Z Z S(k—m+£—1,z—1)r§,{>] —
k=20 Lm=2¢ "

for all n > ¢, from which we extract the formula (3.28) for the coefficients Al(f), thus completing the
proof of claim (i).

b) Proof of claim (ii): Since p() = pKPP see (2.2), for £ = 1, the claim is an immediate consequence
of the explicitly known expansion (2.6), frorn which we deduce that

=0 and ASC) = <4k

(1) 1
A 2k> (4k — 1)24k—1

2k-+1 >0

for all £ € N.
Suppose ¢ > 2. Recalling the definition (3.22), we have S(k —m + ¢ — 1, —1) > 0 for all £ > 2

and k£ > m, hence in order to prove that Agf) > 0 for all k& > 2/, it suffices to show, that T%) >0
for all m > 2¢ which is done in the rest of this part. Recalling formulas (3.21) and (3.25), we find by
inspection of the sign of each of the three terms in the sum from (3.26) that

(-D!X{0 >0, (~1)F"s(60+j—m) >0, (-1t <£+j _;_” - 1/2> >0 (3.44)

for all m > 2¢ and m > j > 2¢. Taking also into account that X ]@) = 0 whenever j is odd, we see
(£)

that each summand from the sum for coefficients 75, in (3.26) is non-negative. Consequently, 7"7(7? >0

(

for all m > 2¢. Moreover, we can estimate rm) from below by the last non-vanishing summand which
corresponds to index j = m if m is even and j = m — 1 if m is odd. If m > 2/ is even, then

) > (4 Y 2>s(£,6>X£fi> - '(f ol 2) X
m m

by (3.25). If m > 2/ is odd, then

0= (2 s nx = | (027 (5) %
m—1 m—1 2

by (3.25) again and the fact that s(¢,£ — 1) = —¢(¢ — 1)/2. In total, we verify that r& > 0 for all
m > 2¢ and the proof of claim (ii) is complete.

>0,

> 0,
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¢) Proof of claim (ii1): The case for £ = 1 is an immediate consequence of the expansion (2.6).
Suppose n > £ > 2. The inequality

(=A)n12 (1N 1
2

nt—1/2 ,

has been already proven in [15]. It can be also deduced by using (3.43) with v = ¢ — 1/2 and noticing
that each summand corresponding to m odd is vanishing while each summand corresponding to m
even is positive, see (3.44). Then we may estimate

(=8)nt 12 <£— 1/2) X9 <1>2 1

nt—1/2 20 n2t

by (3.25) and a little algebra.
Next, we verify the inequality
o . (_A)KnZ—l/Q
n nt—1/2

We show that the summands in
E .
(=)l =" s, ) (~A) I~
j=1

are all positive. First, recall that (—1)*7s(¢,j) > 0 for all j € {1,...,¢}, see (3.21). Second, Lemma
3.17 implies the existence of & € (n — ¢,n + £), hence £ > 0, such that

20
. 1 .
x]—1/2 — (-1 Y4 < 4+ k‘) j—2£—1/2.
o (1) k|:|1 ity 3

' d2£

(_A)Enj_l/Q - (_1) A2t

It follows that (—1)7T¢(—A)fni=1/2 > 0 for all j € {1,...,¢}. Consequently, we may estimate
(~A) ) > s(6, O(~A)'n V2 = (~A)'n 2,

from which we conclude that

4 _ —_ —
p(f)<g) _ (—A)Eg%) - né 1 (_A)Zné 1/2 - (_A)Zné 1/2
" gt (n=1)...(n—£0+1) nt-1/2 nt=1/2
The proof of Theorem 3.14 is complete. OJ

3.3 More general families of discrete Hardy weights of higher order

The concrete parameter sequence g(e), defined by the formula (3.19), was considered in Theorem
3.11 because it gives rise to the corresponding optimal weight p(® which is of a relatively simple form.
However, these are not the only optimal discrete Hardy weights. In this section, we intend to emphasize
that the abstract formulation of Theorems 3.6, 3.8, and 3.10 can be used to derive more general discrete
Hardy weights of higher order.
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3.3.1 g-generalized Hardy weights of higher order

In Theorem 3.10, we restricted ourselves to parametric sequences that satisfy g, ~ n=1/2, as n — oo,

see (A4). However, an analogous claim holds even if we let the asymptotic behaviour of g, as n — oo,
depend on a real parameter s € (0, 1).

Proposition 3.20. Let £ € N. Suppose (Al), (A2), (A3), and, in addition, suppose that g admits the
asymptotic expansion

24
On = Zajné_s_j +0 <n_g_5_1) for some a; € R with ag # 0 and s € (0,1), (A4)
=0

as n — oo. Then the discrete Hardy weight p(g) = (—A)‘g/g of order £ is critical if s € [1/2,1),
optimal near infinity if s = 1/2, and non-attainable if g meets the assumption (A5) and s € (0,1/2].

Proof. The proof of Proposition 3.20 can be done in a similar manner as the proof of Theorem 3.10 in
Section 3.2.4.

a) Criticality: Suppose s € [1/2,1). The proof of criticality proceeds analogously as the proof of
criticality in Section 3.2.4 with the only difference being the resulting estimate
<1
~nslnN’
that can be further estimated from above by 1/(y/nInN), for all n > ¢ and N > 2, as in (3.38)
nonetheless. The details are left as an exercise for the reader.

The second way of proving the criticality is to restrict ourselves to the case s € (1/2,1) since the
claim for s = 1/2 is a part of Theorem 3.10. Now, similarly as in the proof of criticality in Section 3.2.4,
suppose that the sequence p = {p,}°°, is a discrete Hardy weight of order ¢ satisfying p, > pn(g) for
all n > ¢. Using identity (3.12), with the extension provided by Proposition 3.19, for the weight p(g)
together with the discrete Hardy inequality of order ¢ for the weight p (which can be straightforwardly
extended to all u € HY), we find that

n

R ()l

[e'e) /—1
0< > (5n — pu(@)) lunl? < SRV (g50)
n=~¢ k=0

for all w € D*. Invoking Lemma 3.16, we observe that (—A)Zﬂgn ~ n~% hence g € D. Substituting

u = g into the above inequality, we conclude that p, = p,(g) for all n > ¢, since all the remainders on
the right-hand side are annihilated by this particular choice of u.

b) Optimality near infinity: If s = 1/2 Proposition 3.20 becomes Theorem 3.10, hence the optimality
near infinity was already proven in Section 3.2.4.

¢) Non-attainability: Suppose s € (0,1/2]. Since g satisfies the assumptions (Al) and (A5), we
find, similarly as in the proof of non-attainability in Section 3.2.4, that if u € H* fulfils (3.9) as equality
with p = p(g), then u, = cg, for some constant ¢ € C and all n > ¢. Moreover, by assumption (A4’)
and Lemma 3.16, we have

1 _
Pn(g)gi 2 Wnﬂ %

for all n > ¢, which is not a summable sequence for s € (0,1/2]. Therefore, we conclude that ¢ = 0,
i.e. u =0, proving the non-attainability. O

Proposition 3.20 can be used to derive more Hardy weights of any order. For a parameter g > 0,
we set

-1
0 (q) = n? [J(n— j) (3.45)
j=1
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for all n > 0 and g (¢) = 0 if n < 0.

Proposition 3.21. Let £ € N and g € (0,1). Then the sequence p'¥(q) given by

O () — (—A)‘g)(q)
P’ (@) P

for all n. > €, where g\ (q) is defined by (3.45), is a discrete Hardy weight of order {. Furthermore,
pO(q) is critical if and only if ¢ € (0,1/2], non-attainable if and only if g € [1/2,1) and optimal near
infinity if and only if ¢ = 1/2.

(3.46)

Remark 3.22. If g = 1, p(¥ (1) = 0 for all £ > 1 and therefore it is meaningful to consider only ¢ € (0, 1).
In the case £ = 1, weight p(!)(q) appeared already in [16]. Clearly, g(© defined in (3.19) corresponds
to ¢ = 1/2, thus p¥)(1/2) = p defined by (3.20). Moreover, Proposition 3.21 asserts that the weight
pY(q) is optimal if and only if ¢ = 1/2.

Proof. For q € (0,1), claims a) and b) from the proof of Theorem 3.11 in Section 3.2.5 can be verified in
an analogous fashion. Consequently, g¥)(¢) meets the assumptions (A1), (A2), and (A3), hence p{¥)(q)
is a discrete Hardy weight of order ¢ for all ¢ € (0,1) by Theorem 3.8. Let us discuss the optimality of

O
P (q).

a) Criticality: Suppose ¢ € (0,1/2]. Then the assumption (A4’) holds for g(¥(¢q) with s =1 — ¢ €
[1/2,1), and therefore the weight p(¥)(q) is critical by Proposition 3.20.

On the other hand, if ¢ € (1/2,1), p()(q) is not critical because, in this case,

pi(q) < pi(1/2) for all n > ¢. (3.47)
Indeed, in view of the definition (3.46) and the formula (3.41), statement (3.47) can be equivalently

written as
l

l
D s ) (=A) T <N s (4, )nd T A (= A) R T2
j=1 j=1

for all n > ¢. Recalling that (—1)*"7s(¢,5) > 0 for all £ € N and j € {1,..., £}, it suffices to show that
(_1)€+j(_A)£njfl+q < (_1)£+jnq71/2(_A)£nj71/2

for all n > ¢ and j € {1,...,¢}. With the aid of the expansion (3.43) and the fact that x¥ =0
whenever m is odd, the above expression can be written as

() £)
J—1+4+q\ X5, Jg—1/2\ X
(—1 €+J31+q§:< >n22 < (- )€+Jq1/231/22< />n2 '

Moreover, (—l)gXéf,)l > 0 for all m > ¢ by (3.25), hence the inequality (3.47) follows from the fact that

L)

for all m > ¢ and j € {1,...,¢}. This can be verified, realizing that both expressions are positive, see
(3.44), and that (q + k)(1 — ¢+ k) < (k + 1/2)2, which holds true for all ¢ € (1/2,1) and k € Np.

b) Non-attainability: Suppose ¢ € [1/2,1). Then the assumption (A4’) holds for g{¥)(¢q) with
s=1—gq € (0,1/2], and therefore the weight p()(¢) is non-attainable by Proposition 3.20.
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Conversely, for ¢ € (0,1/2), the Hardy inequality of order ¢ (3.9), with the weight p{“)(q), holds as
equality for u = g(® (¢), while both sides are finite. This stems from the fact that

(~8)250)(g) ~

T " — 00,

hence g(¥(¢q) € D¢. Proposition 3.19 then implies, that the identity (3.12) holds for u = g()(q), while
all the remainders on the right-hand side vanish. Moreover, with the aid of (3.43) and (3.25), we find

that 0
(—1+q\X 1 (@)e(1 = q)e 1
0 — 20 _
P (a) = ( 90 ) o t0 (n2e+1> = 1O\ @ (3.48)

as n — 00, hence

@) ~

for all n > ¢, from which we infer that \/p(®(q)g\¥(¢) € H* for all ¢ € (0,1/2).

¢) Optimality near infinity: Theorem 3.11 asserts optimality near infinity of p()(1/2). The non-
optimality near infinity of p(¥)(g) for ¢ # 1/2 is a consequence of the fact that the constant by the
leading term in (3.48) is smaller than for ¢ = 1/2, i.e.

i-ar<(3)

for ¢ # 1/2. This can be seen from the definition of the Pochhammer symbol and from the inequality
(q+k)(1 —q+k) < (k+1/2)? once again. Consequently, for ¢ # 1/2 fixed, we find ¢ > 0 sufficiently
small, such that

(1+)p(q) < P

for all n sufficiently large. Then, for all M € N sufficiently large and any u € H}!, we have

> [a) | > Zp unl? = (1) 3 P a) funl?
n=[¢/2] n=M
contradicting (3.10). O

3.3.2 Countable sets of Hardy weights of higher order

Recall that the concrete parameter sequence gt© defined by (3.19) meets all the assumptions of The-
orems 3.6, 3.8, and 3.10 for all £ € N. In fact, any family of parameter sequences with this property
gives rise to a countably infinite set of new optimal discrete Hardy weights of order £. In the next
statement, gl¥ stands for any family of parameter sequences with explicitly designated dependence on
the integer /.

Proposition 3.23. Suppose that the sequences gl¥ fulfill the assumptions (A1), (A2), and (A3) for
all £ € N. Then for any k € Ny, the sequence pl“*!, given by

. (+k
K] ._ (—A) divFgl ™
" dlvkg[ﬁk}
for all n > ¢, is a discrete Hardy weight of order £. If, in addition, gl satisfy the assumption (A4)
for fized s € (0,1) and all £ € N, then the weight pl“*! is critical if s € [1/2,1), optimal near infinity if
s = 1/2, and non-attainable if gl meet the assumption (A5) and s € (0,1/2].
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Proof. We will prove both claims of Proposition 3.23 separately.

a) First, we show that if the sequences gl‘t1] fulfill all the assumptions (A1), (A2), and (A3) with
¢ + 1, then the sequences divgl‘™! also meet these assumptions, but with ¢. By induction, we find
that, for all k € Ny, the sequences divFglt** also satisfy the assumptions (A1), (A2), and (A3), hence
Theorem 3.8 implies that pr] are discrete Hardy weights of order £ for all k € Np.

Suppose ¢ € N. Evidently, the assumption (A1) for gt (with £ + 1) implies that divgl‘*! also
satisfies the assumption (A1) (with £). Analogously, inequalities of assumption (A2) for glt1) include
the respective inequalities of (A2) for divglé*1.

Moreover, the assumption (A2) for gl with k = 1, yields inequalities

(=A)divglt > 0 for all n > £+ 1. (3.49)

In order to deduce it also for n = ¢, and hence to check non-strict inequalities in the assumption (A3)
for divglt!), we need to apply (A3) to gl“*!), which can be written as the inequality

—V(=A)divglt > 0
for all n > ¢+ 1. It follows that, for all n > ¢+ 1, we have
(— A)edlvg[eﬂ} > (=A) divglY, (3.50)

which, together with (3.49), implies that the inequality (3.49) holds also with n = ¢. To complete part
a) of this proof, we must show that the inequalities in (3.49) are strict for all n > ¢, and therefore that
divgl!) meets the assumption (A3). Indeed, from (3.50), we infer that if there exists ng > ¢, such
that (—A)edlvgwﬂ] = 0, then for all n > ng, we have (—A)Zdlvg[@r F<o0 contradicting (3.49).

b) It is easy to see that, if glT! admits the expansion (A4’) with £+ 1, ag # 0, and s € (0,1), then
divgl1 fulfils (A4’) with the same s and aq replaced by (£+1 — s)ag # 0. In order to finish the proof
of the second part of Proposition 3.23, it suffices to show that if gt meets also the assumption (Ab),
then the sequence divgl‘! satisfies (A5) too. The rest readily follows by induction and Proposition
3.20.

Indeed, if ¢ = 1, then the assumption (A5) (with £ = 1) is trivially true for divgl®*!. Furthermore,
for £ > 2, the assumption (A2) applied to gl+! with k = 2 yields

(=AY diviglt > 0 (3.51)

for all n > ¢. In order to show that inequalities (3.51) are actually strict, we proceed analogously

as in part a) of this proof. Suppose that there exists ng > ¢ such that (—A)é_ldeg%Jr U~ 0. The
assumption (A5) imposed on gl*! tells us that

(—A)divZgll < (—A)divZl T
for all n > £ 41, hence (—A)e_ldiVQQ,[fH] < 0 for all n > ng, contradicting (3.51). O

Proposition 3.23 is evidently applicable for the parameter-dependent sequences (3.45). The fol-
lowing extension of Proposition 3.21 yields a countable set of Hardy weights of any order for any
€ (0,1). Since the proof of attainability and non-optimality near infinity in Proposition 3.21 relies
on the asymptotic behaviour of g(¥(¢) and p¥(g), defined by (3.45) and (3.46) respectively, these
properties can be verified in an analogous fashion, and therefore the proof will be omitted.

Proposition 3.24. Let ¢ € N. For any k € Ny and q € (0,1), the sequence p“F)(q), given by

(1) () o (ZA) V' ()

Pn’
div g(€+k) ( )
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for all m > £, where g™ (q) is defined by (3.45) for any m € N, is a discrete Hardy weight of order .
Furthermore, p\“*)(q) is critical if ¢ € (0,1/2], non-attainable if and only if ¢ € [1/2,1) and optimal
near infinity if and only if g = 1/2.

Remark 3.25. Evidently, Proposition 3.24 asserts Proposition 3.21, for any ¢ € N, since p(g’o)(q) =
p(z) (¢). Furthermore, for ¢ = 1/2, we obtain a countable set of explicit optimal discrete Hardy weights
of any order. For example, for £ = 2 and k = 1, we have the optimal discrete Rellich weight

(g gy = CAPivE 9 63 9357 (1)

divg® 160t " 40n5 320010 n?
Notice that the coefficient 63/40 by the second term improves upon the analogous term 3/2 in the
expansion of p(?), see claim (iii) of Remark 3.15. On the other hand, for the weight p(>(1/2) it does
not hold, that all the terms in the expansion are non-negative (unlike for p()).

3.3.3 Multi-parameter families of optimal discrete Hardy weights of higher order

For ¢ > 2, more optimal weights generalizing (3.20) in (¢ — 1)-parameters can be found. The basic idea
for their detection is reminiscent of the one developed in [10], where the authors related Hardy weights
(¢ = 1) to positive harmonic functions. For ¢ > 2| we seek poly-harmonic functions, i.e. solutions of
the equation

(=4)%, =0

for all n > ¢, satisfying the boundary condition hy = --- = b,_; = 0, and then we take g := /b,
provided that h > 0, as a candidate for the parameter sequence. Up to a multiplicative constant, a
general solution h of this problem can be expressed as

/—1 /—1
bo = [[(n =) [[(n — ), (3.52)
§=0 k=1
where a1, ...,ay—1 € R are parameters.
Notice, that if aj, = k, then /b coincides with the sequence g(g) given by (3.19). However, for
general aq,...,ay_1, we find it difficult to formulate further restrictions, directly in terms of the

parameters, so that the sequence g = v/h would satisfy the assumptions (A1), (A2), and (A3). Never-
theless, the verification of claims a) and b) from Section 3.2.5 for the sequence g® and perturbation
arguments imply that the set of admissible values of a, ..., ay_1 contains other solutions than the one
corresponding to the particular parameter sequence g.

As far as the optimality is concerned, notice that the assumption (A4) always holds for g = /b,
with b given by (3.52), by the generalized binomial theorem. Therefore, the resulting candidate weight
p(g) = (—A)’g/g is critical and optimal near infinity. The non-attainability of p(g) is again a question
of additional restrictions of the parameters a1, ..., ay_1 guaranteeing the assumption (A5).

We illustrate the situation in the still relatively simple case £ = 2 when our candidate is

an(a) = /n(n —1)(n - a).

Assumption (A1) requires gpi+1(a) > gn(a) > 0 for all n > 2. The positivity of g,(«) for all n > 2
induces the restriction av < 2 which is also sufficient for the monotonicity gp+1(a) > gn() for all
n > 2. Assumptions (A5) (hence also (A2)) and (A3) amount to inequalities 0 < (—A)divg,(a) <
(—=A)divg,—1(«a) for all n > 2, from which only the second inequality introduces new restrictions on «
since

. 3 1
(—A)divg,(a) = 52 +0 (n5/2> , asn — oo.
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Thus, the final range for a < 2 is determined by the requirement (—A)2g,(a) > 0 for all n > 2.
However, it seems difficult to find the solution analytically. Nevertheless, numerically we get the
approximate range 0.847 < a < 1.307 (a suitable CAS such as Wolfram Mathematica is capable of
expressing the lower and upper bounds in radicals). Thus, we conclude that for any a approximately
within this range, the weight
@ . (=A)g()
P () =
()

is an optimal Rellich weight by Theorem 3.10.
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Conclusion

In this thesis, we first studied the classical discrete Hardy inequality (1) in Chapter 1, summarizing its
existing proofs and the historical circumstances leading to its discovery. In Chapter 2, we looked into
the recent development of the improved optimal discrete Hardy inequality (2.1). Finally, in Chapter
3, we tackled the contemporary problem of optimal discrete Hardy inequalities of higher order. As our
main result, we discovered the optimal Hardy weight (3.20) of an arbitrary order £ € N. For ¢ = 1, we
rediscovered the optimal Hardy weight (2.2) of Keller—-Pinchover—Pogorzelski. For ¢ = 2, we improved

For ¢ > 3, we proved the conjecture (3.5) by Gerhat—Krejéifik—Stampach and improved the classical
discrete weights (3.2) due to Huang—Ye to optimal weights. Moreover, by means of Theorems 3.6, 3.8,
and 3.10, we provided a way of detecting and constructing additional optimal weights. Some examples
were given in Section 3.3.

Nevertheless, it is also important to mention some related questions and possible open problems.
For example, as we mentioned in Remark 3.7, there are numerous unanswered questions concerning
weighted discrete Hardy-type inequalities such as the Knopp inequality, which was studied in [19], or
the Hardy inequality with shifting weight investigated in [13]. As of our knowledge, optimal versions
of these inequalities remain an unsolved mystery, for which identity (3.14) might be a potent tool.
Lastly, optimal Hardy weights (of any order) in a general /P setting are yet to be found, see [12] and
[13] for some improvements in this regard, however it seems that the approach from Chapter 3 might
not be viable.
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