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Abstrakt: Naplni této préace je zkouméni spektralnich vlastnosti Schrédingerova operatoru H, na
(?(Z) s komplexnim schodovitym potencialem a komplexni vazebnou konstantou a. Zkoumame
pseudospektrum tohoto operdtoru. Po nalezeni spodniho a horniho odhadu normy rezolventniho
operatoru jsme zkonstruovali nadmnozinu a podmnozinu pseudospektra, navic jsme také odvodili
asymptotické chovani pseudospektra. Pomoci Birman—Schwingerova principu jsme studovali exis-
tenci a jednoznac¢nost slabé vazanych vlastnich hodnot za jistych predpokladii na potencial V.
Operator Hy+V ma jednozna¢né vlastni hodnoty. Naproti tomu, pokud Ima # 0, potom Hy+V
nemé zadné vlastni hodnoty, neboli vykazuje spektralni stabilitu. Tyto vysledky jsme porovnali
se spojitym nastavenim. Préaci jsme zakoncili predstavenim problému Diracovy interakce.

Klicovd slova: Birmaniv-Schwingeruv princip, diskrétni Schrodingeriv operator, nesamosdruze-
nost, pseudospektrum, schodovity potencial, slabé vazby, spektralni stabilita

Title:
Pseudospectrum of the discrete Schrédinger operator with a complex step potential

and the weak coupling

Author: Be. Vojtéch Bartos

Abstract:We study spectral properties of a Schrodinger operator H, on ¢?(7Z) with a step-like
potential and complex coupling constant . We investigate the pseudospectrum of this operator.
After obtaining the lower and upper estimates of the resolvent operator’s norm, we construct a
superset and a subset of the pseudospectrum, in addition, we also derive the asymptotic behavior
of the pseudospectrum. Utilizing the Birman—Schwinger principle, we study the existence and
uniqueness of weak-coupled eigenvalues under certain assumptions on the potential V. The
operator Hyp + V' has unique eigenvalues. On the other hand, if Ima # 0, then H, + V has no
eigenvalues, i.e. H, exhibits spectral stability. These results were compared with the continuous
setting. The paper concludes by introducing the Dirac interaction.
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Introduction

Consider the continuous Laplace operator on the real line. Its domain may be defined as the
space of twice differentiable functions, and its action is given by

d2
da?’

Derivatives, by their nature, are defined by infinitesimal changes, but they can be approximated
by finitely small changes. Consider a function f on the real line; we can discretize it simply by
restricting its argument to whole numbers. While having at our disposal only the values of f at
whole numbers, we can approximate the value of the Laplace operator applied on f at n by

—Af(ac)‘n ~fn+1)—2f(n)+ f(n—1).

It is important to note that the continuous Laplacian is highly valuable in theoretical analysis,
mathematical modeling, and certain scientific disciplines, such as classical physics and differential
geometry. It provides a foundation for understanding continuous systems. However, in many
practical applications involving discrete data and numerical computations, the discrete Laplacian
offers distinct advantages and is more directly applicable.

For our purposes, we will define the discrete Laplacian Hg as the sum of the forward trans-
lation and the backward translation

Vf e C*(R) : —Af=—

Vo = {xn}nez C C : (HoZ)p := Tpt1 + Tp—1-

The difference between this definition and the approximation above is just the identity operator
multiplied by two. From the point of view of spectral analysis, this is an insignificant change, as
it only shifts everything in the complex plane by 2.

As the title of this project suggests, we study the Schrédinger operator with a complex step
potential defined as

Tn—1+ Tpt1 n <0,

Vo = {z,12°, € (2(Z) : (Hyz), =
{ratnz () + (How)n {%1+aM+wm1 n >0,

where « is a complex parameter. A Schrodinger operator is defined as the Laplace operator with
some potential applied, so in our case, the potential can be understood as the discrete Heaviside
function multiplied by the complex coupling constant . Such an operator is non-self-adjoint for
any o € C\ R.

In the first chapter, we state several standard results from functional analysis and recall
important results we showed in [I4]. These were the resolvent operator and the spectrum of Hy,
which is purely continuous and coincides with the two line segments [—2,2] U [-2 + «,2 + o] in
the complex plane.

7



The aim of the second chapter is to describe e-pseudospectra of H,, which are nested supersets
of the spectrum where the resolvent operator’s norm is greater than the reciprocal value of e.
After defining the pseudospectrum, we mention the trivial case, when the operator is self-adjoint.
Next, we introduce theorems for estimating the norm of an operator, or more specifically, the
resolvent operator’s norm, with which we estimate the pseudospectrum.

In the third chapter, we replicated the results obtained by Simon in [§], where he showed the
properties of weakly coupled bound states of the continuous Schrodinger operator, for the discrete
operator Hy. Then we showed that H, exhibits spectral stability under some assumptions on
the potential and compared it to the continuous case from [I0]. The last chapter introduces the
problem of the Dirac interaction.



Chapter 1

Preliminaries

1.1 Standard results from functional analysis

Recall several standard results, see [1], [2].

Definition 1.1 (Bounded operator): Let s be a Hilbert space. An operator A : 7 — J is
said to be bounded if
M >0, Ve € 5 : ||Ax| < M||x||.

The smallest of these constants M is called the norm of A and may be defined as

| Az ||
IIA|| :== sup .
ven |zl

We define the linear space of all linear bounded operators on 5 by
B(H) = {A s = I | Al < oo}.

Definition 1.2 (Compact operator): An operator A € B() is said to be compact if the image
of a bounded set is precompact. The set of all compact operators is denoted by £ (.77).

Definition 1.3: Let A € #(5). The numerical range Num(A) is the image of the unit sphere
of H under the quadratic form x — (x, Az) associated with the operator. More precisely,

Num(A) := {(z, Az) ‘ x| =1}.

Theorem 1.4 (Birman-Schwinger principle): Let H,V € B(.), A € p(H). Let us decompose
operator V such that A, B € Z() and V = AB, next we define the Birman—Schwinger operator

K(\) :=B(H — \)'A.
Then
1. Xeop(H+V) = —1 € o,(K(N),
2. Vex(#H) &—1co,(K(\) =  Neco,(H+V).

Proof. This theorem was proven in my bachelor’s degree project, see [14]. O
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Notation 1.5: Assuming v = {v, }nez is a complex-valued sequence. Let us denote
V = diag(v),
ol = {lvnl},epr V] = diag(Jv]),
[ = {VIonl} g [VI7* 1= diag(Jo] ),
Vijy 1= {Msgn U”}nel’ Vi, 1= diag(viy,),

where the signum function for complex inputs is given by

sgn z 1= é Z#O’
' 0 z=0.

For the purposes of this paper, we will formulate Theorem with the Hilbert space being
?%(Z) and some extra assumptions on the potential V', namely diagonality so we may use Nota-
tion A common choice for decomposing the diagonal operator V' in the Birman—Schwinger
principle is to set

A=|V|'"?, B=Vy,

Apart from diagonality, if we impart the assumption on V that the sequence v is summable in
absolute value, i.e. v € £}(Z), then necessarily lim,, 4o, v, = 0. Since

Ve (x) = lim v, =0,

n—+oo

the potential V is a compact operator. With this assumption, the Birman—Schwinger principle
states an equivalence between —1 being an eigenvalue of K(\) and A being an eigenvalue of

H+V.
Theorem 1.6: Let H € B((*(Z)), \ € p(H), v € £*(Z), then

Aeop,(H+V) = —1 € op(K(N)).

Let us introduce a set of important statements from spectral analysis theory. For reference,
see Chapter XIIL.1 in [2].

Definition 1.7 (Bounded from below operator): A densely defined operator A on a Hilbert
space ¢ is said to be bounded from below if

Je € R, Voo € DomA : (1, AY) > ||y

Theorem 1.8 (Min-Max): Let A be a self-adjoint operator on .7 bounded from below. Define

An(A) == sup inf {(y, Ap) | ¢ € DomA, ¥ L by, ..., -1, || = 1}.
Y1, —1€DomA

Then for each fixed n, either

(a) there are n eigenvalues(counting degenerate eigenvalues a number of times equal to their
multiplicity) bellow the bottom of the essential spectrum, and A, (A) is the nth eigenvalue
counting multiplicity;

(b) An is the bottom of the essential spectrum, i.e. A, = inf{\ | A € 0ess(A)} an in that case
An = Apt1 = ... and there are at mot n — 1 eigenvalues (counting multiplicity) below A,,.
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Remark. One can define \,(A) equivalently by

An(A) = inf sup {(¢,A¢) ‘ ¥ € span(i, ..., Uy, ||| = 1}.

¥1,..,thn€DomA

If we wish to investigate eigenvalues above the essential spectrum, the operator in question
has to be bounded from above and it suffices to set A — —A, since A € o(A) if and only if
—\ € o(—A). Factoring the negative sign out of supremum changes it to infimum, and vice versa.
Let us also state an immediate corollary of the Min-Max theorem which allows us to compare
eigenvalues of different operators. We will formulate this corollary for bounded operators.

Corollary 1.9: Let A, B € #(5) be self-adjoint operators. Then for eigenvalues either below
the essential spectra of the respective operators holds the implication

A<B = Vn eN : A\ (A) <\, (B).

Proof. Let us prove only the case, where the eigenvalues are below the essential spectrum; the
other case is analogous. The operator inequality is in the sense of quadratic forms

V€ 1 (i, AY) < (Y, BY).
Choose an arbitrary n-tuple of vectors 1,...,%, € JZ, then
sup { (1, AY) | ¢ € span (v, ..., ), [[0]| = 1} < sup {(, By) | ¢ € span(ipy, ..., ¢n), o] = 1}.
Taking the infimum over all choices of these n-tuples in the inequality above proves the assertion.
O
1.2 Main results from bachelor’s degree project

This research project is a direct continuation of my bachelor’s degree project [14]. Let us
reiterate the setting and some of the results which will be used in this text.
We studied the bounded non-self-adjoined operator H, on the Hilbert space £2(Z) defined as

Tn—1+ n <0,
Ve = {l'n}?lozl € EQ(Z) : (Hal')n — n—1 n+1
Tp—1+ Ty + Tpi n >0,

where « is a free complex parameter. The matrix representation of H, reads

H, = 1 o 1
1 o 1

To find the spectrum of H, we utilized the Joukowsky transform, more on this topic in Section
on X\ and A — « separately, i.e.

A=E+¢ A—a=n+nh



CHAPTER 1. PRELIMINARIES 12

This transformation allowed us to find the solution of the eigenvalue difference equation in a
simple form

ATy = Tp—1+ Tpyl n < 0,

1.2.1
A=)z, = Tp_1+ Tpi1 n > 0. ( )
& n <0, ( )
Yn = _ 1.2.2
A B )
e e <0
P ¢-¢7 1.2.3
£

n" n >0,
The spectrum of the operator H,, is purely continuous and coincides with the set
[—2,2] + af0,1}
depicted in Figure [I.]] We have also discovered the numerical range of H, to be
Num(H,) = [-2,2] + [0, .

2i

—2i

Figure 1.1: Spektrum operatoru H,

We have also managed to get an explicit description of the resolvent operator using the Green
Kernel theorem, thus denoted G()) := (H, — A\)~!, which reads for A € p(H,)

(St Syl mn > 0,
1| e m>0,n <0,
Gmn(A) = — . I (1.2.4)
| B g e min <0,
U m < 0,n >0,
where w = & — 771,
For ease of notation, it is useful to set
_ -1 -1 _ —1_ -1
A S0 p=t"1_ o1& p_n & (1.2.5)

nt—n’ o=t =g et
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Thus, writing

A m+n+B |m—mn
A By m,n >0,
e m>0,n <0,
Gmn(A) = el e (1.2.6)
LS ZDﬁ m,n <0,
ng—m
T m < 0,n >0,
By direct calculation
A 1 1 B 1 C 1 D 1 1
—= gt — = — = — =g st (1.2.7)
woonTt e w wo =1 wo £—=¢ w o =6 w
In some cases, it will be more useful to formulate the Green kernel as such
m4+n__|m—n| m-+n
A L >0,
%nmffn m > Oa n < 07
G = n ecmn e (1.2.8)
3 §—2§1 + & o m,n <0,
%n”ﬁ’*m m < 0,n>0.
1.3 Joukowsky transform
Definition 1.10: Joukowsky transform is a bijective map between the sets
C\ [-2,2] — {ceC|o<fg <1}
given by the equation
A=¢+¢h (1.3.1)

Furthermore, 1) maps {{ € C ! 0 < |¢] < 1} onto the whole complex plane, though not
injectively.

Remark. Given the two Joukowsky transforms A\ = & + &' and A — a = n + n~!, for any
AeC\ ([-2,2]U[-2+ @, 2 + a]) there exist unique Joukowsky parameters & and 7 such that
0<|¢<land0< |n <1.

Proposition 1.11: Let A € C\ [-2,2]. The inverse to the Joukowsky transform A = & + ¢! is
given by
A+ VA2 —4)/2 ReX < 0 or Rel = 0,ImA\ < 0,
§A) = 5
(A=VA2—4)/2 ReA > 0 or ReA = 0,Im\ > 0,

where /- assumes its principal branch. Furthermore, the reciprocal value of £ is given by

()\—\/)\2—4)/2 ReX < 0 or Rel = 0,Im\ < 0,
(A+vX2—4)/2  ReA >0 or ReA = 0,Im\ > 0.

(€)™ = {

Proof. Let us break down the proof of this proposition into three parts.
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1. Form of &:

If we multiply the definitory equation of the Joukowsky transform by a non-zero &, we
obtain a quadratic equation €2 — A\ 4+ 1 = 0, the solutions of which read

AtV —4

£+ = 5

2. Reciprocal value of ¢:

Since the constant term in a quadratic equation is the product of its roots and the constant

term in the studied equation is 1, we have £;£_ = 1; hence,
1 AFVAZ—4
GEhET

From this follows the equivalence

=1 = jel<L

3. Piece-wise nature of ¢:

It suffices to show the following

(1.3.2)

NSV NV
ReX > 0 or ReA =0,ImA >0 B ’/\ A ‘ ‘)\+ A ‘

e Let Rel > 0, then one may write A = = + iy, where x > 0 and y € R. Considering
the principal square root, we know that Vz € C : Rey/z > 0. This allows us to write
VA2 =4 = u+iv, where also u > 0 and v € R. Let us rewrite the inequality in (1.3.2)

T+iy+u+iv
2 2
(@—w?®+y—v)?* < (@+uw)’+@y+v)%
0 < 4zu + 4yv.

r+iy—u—iv

IN

?

The assumption above and said property of complex square root implies that 4xu >
0. To conclude this proof we need to show that sgn y = sgn v, i.e. sgn ImA =
sgn Imv/ A2 — 4. Applying the formula for the square root of a complex number

2 2 2 2 _
Varih— —W+isgn(b) —v@zba

n VA% — 4 we get
Imy/ A2 — 4 = Imy/(22 — y2 — 4) +i(2zy)

x?_y2_42+(2my)2_$2+y2+4
= sgn (Qxy)\/\/( ) 5 .

From this one easily sees

sgn (Imv/ A2 — 4) = sgn (2@1111/\) = sgn (Im)).

>0
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e Let Red = 0,ImA > 0, then one may write A = ic, where ¢ > 0. A simple estimation

yields ; we have
A= VX —4|=ic— V- -4 <c+ VA +a=ict V-2 —4] = |]A+ VA2 -1

Similarly, one would show the other implication

Rel < 0 or ReA=0,ImA <0 ==

’A—\//\Q—4‘>‘)\+\/)\2—4‘
2 - 2 '

O

Proposition 1.12: Assuming the bijective relation between A ~ £ given by the Joukowsky
transform A\ = & + ¢!, the following statements hold:

Im\ # 0 = <1 |EN) <0,
reC = dp>0 : [EN)] > p.

Proof. Clearly, the function R : Ry — (0,1) : t — %( 2 +4— t) is continuous and monotonic.
The limits of R at the boundary of its domain are R(04+) = 1 and R(4o00) = 0; therefore, it is
also decreasing. Let us describe ¢ in polar form ¢ = rel?, where ¢ € (—m, 7] and r € (0, 1]. For
the first statement, we estimate

1 1
a:=Im(\)| = Im(£+ ¢ = ’(7« - 7) sin ¢‘ <= (1.3.3)
r r
This leads to the quadratic inequality
r2+ra—1 <0.

The solution of its boundary equation is r = R(a) = %(\/@2 +4 — a). We ignore the other
quadratic solution because we assume r to be positive; hence, the solution of the inequality with
this assumption is 0 < r < %( a?+4 — a). Therefore, we may set

1
§ = 5( (V)2 + 4 — |Im()\)\).
For the second statement, we estimate
-1 o , L _ig 1 g il 1
b:=|N=[+& | =re?+ —re | > |-re?| — |re?| = - —r.
r r r
This leads to a quadratic inequality
r24+rb—12>0,

the boundary equation of which is similar to the case above. Its solution of the boundary equation
is 7 = R(b) = 3(Vb2+4 —b). Hence, for any fixed b > 0 the value r(b) is also positive. The
solution of the inequality is %(\/ b2 +4— b) < r < 1. Therefore,

p= 5 (VIETA- ).
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1

Remark. Considering the other Joukowsky transform A —a =n+n~" we get

Im(A—a) #0 = <1 In(N)] <o,
reC = dp >0 : [n(N\)| > p.

Proposition 1.13: Let Ima # 0 and consider the two Joukowsky transforms A = & + ¢~! and
A—a=n+n"1 then

(a) 1€ > 2 (y/|Imaf? + 4 — |Ima|) = o < 1, Fp2 >0 : pa < |n| < d2.

(d) |n| > 3(v/|Ima? + 4 — [Ima|) = 301 <1, 3p1 >0 : p1 <|§] <6,

Proof. Since the two statements are analogous to each other, we shall prove only one; let us
choose (a). Consider ¢ in polar form ¢ = re®, where ¢ € (—m, 7] and r € (0,1]. Let us show a
series of implications and justify them individually

1 1
€] > 5(\/ Imal|? + 4 — [Ima|) == o< |Ima| = ImA| < [Ima|
— Im(\ — a)| #0 — oo < 1, Jp2 >0 : p2 < |n| < do.

If we denote ¢ := |Ima/, the first implication follows from the fact that the right side of the
implication is equivalent to 2 + ¢r — 1 > 0. Similarly to the proof above, the solution is

%( 2 +4- c) < r < 1. The second implication follows from the inequality 1' and the last

implication follows from Proposition [1.12 O
Lemma 1.14: Let Ima # 0. Then there exists w > 0 such that
VAaeC : w() > w,

1

where w = & — n~" is the Wronskian.

Proof. Let us decompose the complex plane into two sets U” and U¢. If Ima > 0, we set
UT:={XeC||m\ >|ma|/2} and U®:={XeC]||m)\ < |ma|/2}.

Notice that
{YeC|ln=1}cU" and {XeC]|[{=1}cCU"

This decomposition is useful because we can use the proof of Proposition for all & corre-
sponding to A € U"

1 1 T 2 I
!£|§§( |Im>\l2+4—|1m)\|)§2< ’Hf’ +4_|m204> _. 5,

where the second inequality follows from the fact that the function t — (\/252 +4 — t) /2 is
decreasing and the definitory property of the set U". Similarly, we get the same estimate for all
n corresponding to A € U¢. For the Joukowsky parameter i the proof of Proposition we
have

MmO —a)£0 — |l < %(\/Hm()\ “a)P T4 (- a))). (1.3.4)



CHAPTER 1. PRELIMINARIES 17

With the inequality defining the set U¢ in mind let us estimate
1 1
’Im()\ - oz)’ = |Im)\ - Ima| > |Ima| — [ImA| > |Ima| — §|Ima| = §|Ima\.

Plugging this estimate into (1.3.4)) we get |n| < 6. With these estimates established, we may
move to estimate the Wronskian w = & — n~ ! itself

_ _ _ >1_ 3
€n — 1] 51 nll€] > )1 ol=1-46 onU S1-6—@
Ul 1 1—40p>1-6 onU"

w|=[§—n" =



Chapter 2

Pseudospectrum

In this chapter, we will almost solely rely on the book Spectra and pseudospectra by Lloyd
Nicholas Trefethen and Mark Embree, see [5]. We will define what pseudospectra are and state
their basic properties before we commence pseudospectral analysis of the studied operator H,,.
Since these properties are not crucial for this paper and serve only the purpose to familiarize us
with this new notion, we will not be providing proofs; one may find them in [5].

Definition 2.1: Let A € #B(°) and £ > 0 be arbitrary. The e-pseudospectrum of operator A
is defined as the set

0:(A):=0(A)U {)\ e C\o(A) ‘ [(A=X)71) > 5_1}.
Theorem 2.2: Given A € B(), the pseudospectra {06(‘4)}5>0 have the following properties.
e Each o.(A) is a nonempty subset of C.
e Any bounded connected component of o.(A) has a nonempty intersection with o(A).
e The pseudospectra are strictly nested supersets of the spectrum.

Describing the pseudospectra of self-adjoint operators is a relatively trivial endeavor because
we can describe the norm of the resolvent in terms of the distance between its spectral parameter
and the spectrum of the operator.

Theorem 2.3: Let A € B(J) be a self-adjoint operator and A € p(A), then

1

I(A=X)7Y = dist(o(A), N)’

Therefore, given a bounded self-adjoint operator with a known spectrum, one can explicitly
describe the e-pseudospectra as the e-neighborhood of o(A).
Corollary 2.4: Let A € B() be a self-adjoint operator, then
e>0: oe(A)=0c(A)U{reC\o(A) ‘ dist(c(A),\) < e} = (A) + D(e),
where D(e) denotes a centered disc in the complex plane with radius .

Let us now apply these results to operator H,. The following proposition immediately follows
from the corollary above.
18
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Figure 2.1: o.(Hy) for e = 1234567

Proposition 2.5: Let a be a real number. Then
e>0: 0:(Ho) = [-2,2]U[-24 o,2 4 o] + D(e).

Visualizations of the e-pseudospectra of the self-adjoint operator Hy are in Fig. 2.1]for various
values of ¢.

Setting aside the trivial case for a real parameter «, we will discuss the general case of « being
any complex number. Describing the pseudospectra of non-self-adjoint operators is no more a
trivial endeavor. Still, we can get an explicit expression for the pseudospectrum intersected with
a certain set. This is justified by the following propositions.

Proposition 2.6: Let A € A(°) and A € p(A). Then

1
. — T = | D
Tt o) = 1A=-27
A lower bound can also be obtained simply from the definition of operator norm. Let A be
a bounded operator on a Hilbert space 5, then

we, lyl=1: Al = sup |Az] > | Ay]. (2.0.1)

|z||=1

We shall refer to such a vector y as a test vector. However, in our case a more suitable lower
bound is given by the proposition above.

Proposition 2.7 ([0, Proposition 2.8]): Let A be a closed operator on 7. Let U be a connected
open subset of C\ Num(A). If there exists a number A\g € U which is contained in p(A), then

U C p(A). Moreover,
1

A, Num(A))

. ~_y\—1
VAEU : [[(A-N) Hgdist(
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Lemma 2.8: Let K C C be bounded closed convex set, then its complement C\ K is connected.

Proof. Let us establish notation for lines, rays, and line segments:

(a,b) :={(1—t)a+1tb|teR} by :={(1—t)a+tb|te(0,+o0)}
[a,b] == {(1 a+tb\teo1]} b):={(1—t)a+tb|te0,1)}

We will show that C\ K is path-connected since it implies connectedness. We need to construct
a path connecting any two different points v1,v3 € C\ K. The set K is bounded; therefore,
we can find r > 0 such that K C B(0,7). If (v1,v2) N K = ), we connect v; and ve with the
line segment [v1,vo]. If the line (v1,vs) has a non-empty intersection with K, then we denote
(v1,v2) N K = {k1, ka}, where k; and ko may equal each other if the intersection is a singleton.
Moreover, (v1,v2) N K is necessarily a convex set. Therefore, the line (v1,v9) decomposes into
exactly three disjoint parts which read

<1)1, Ug> = (Ul, kl) U [kl, kg] U (kQ,'U2>.

Let us denote {b1} = 9B(0,r) N [k1,v1) and {ba} = OB(0,7) N [k2,v2). Now we can connect
v1,v9 € C\ K with either one of the paths given by the set [v1,b1) UOB(0,7) U (b1, ve). O

If an operator is bounded the closure of its numerical range is convex; therefore C \ Num(A)
is connected. The restriction to bounded operators simplifies Proposition in such a way that
the inequality holds for all A € C\ Num(A).

Let us define

Q(a) := {z € C | dist(A\, Num(H,)) = dist(X,0(Ha)) }-

In Fig. we have depicted the set Q(a) for certain values of a. For all A € Q(«) the upper

4 4
2 2
0 0
-2 -2
74 L n n 1 n n n n 1 n n n L 1 L L - 74 - L L L L L L L L L L L L L L L -
-5 0 5 -5 0 5
(a) a =2i (b) a=2i+1

Figure 2.2: Depictions of the set («) for certain choices of a.

and lower estimate of H (A-X)"1 H equal each other on; therefore, we can describe the e-spectrum
explicitly as
Qa)No(Ha) = Q)N (0(Ha) + D(e)).

To our knowledge, there is no way to describe the pseudospectra of H, explicitly outside of
Q(a); therefore, our task is to obtain a superset and a subset of each e-pseudospectrum. This
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(a) a =2i (b)) a=2i+1

Figure 2.3: Depictions dist(A,o(H,)) =€ for e = 2,2 43618

way we get a region where the boundary of the e-pseudospectrum must reside; this region is
the set difference of the superset and the subset. We will obtain these supersets and subsets
by estimating the norm of the resolvent above and below. As stated above we obtain a lower
bound by virtue of Proposition [2.6] These lower bounds are depicted in Figures [2.3] The tool
we will use for obtaining upper estimates of an operator’s norm is the Schur test, though it is
usually formulated for continuous operators, i.e. operators on the Hilbert space L?. A discrete
formulation (for £2(N)) can be found in [7] as an exercise. Let us now present a formulation of
the Schur test for an operator on ¢2(Z).

Theorem 2.9 (Schur test): Let A = (a; ;) jez be a doubly infinite matrix of complex entries.
If there exists a positive number p; for all j € Z such that

sup 1 Z la; ;

1
P =:a <00 & Sup—z la; jlp; =: B < o0,
jez Pj 1€EZL '

i€Z Pi iez

then A € Z(¢*(Z)) and || A|| < Vap.
Proof. Choose an arbitrary ¢ € span{e, | n € Z}, then

2
Ay )2 =" ‘ Zai,jwjf < % (Z i jlp; ‘2’7 |¢jl>
1€

i€Z  jez JEL J
C.S. |a; 5] 2| X 1 2 2
SO D Dlaagls ) | DS S P ) <ad (=D laigle) [ < aBll)®.
i€Z \ jEZ jEZL pj jez Pj ez
<ap;, Vi <p

C.—-S. signifies the Cauchy—Schwarz inequality and after starred inequality, the interchange of
summation is justified by Tonneli’s theorem. O

Remark. Let us state a couple of notes on this operator norm inequality theorem:

1. If the given doubly infinite matrix A is symmetric in terms of the absolute value of its
entries, then

1
a=8 & A <sup— ) laijlpi.
JEL ¥ ez
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2. In some cases we may get estimates in a simple form using p; = 1 for all j € Z. However,
these estimates may be rougher than ones using carefully optimized weights p;.

2.1 Global behavior

As we have indicated before, to obtain an upper bound we will use the Schur test, Theorem
2.9 We set pj = 1 for all j € Z. This way we get a readily available, albeit possibly rough,
estimate. In this setting, the Schur test implies

H(H _)‘) 1H<SupZ}Gmn ‘

meZnEZ

Finding the actual supremum proves to be quite difficult; therefore, we will be taking an esti-
mate of Y, .y |Gmn(A)| from above while ridding it of dependence on m. Recall the constants
A, B,C, D from (|1.2.5). Due to the form that G()\) takes, we need to investigate two branches:

An™ + Bp—m| &
m>0: Z{Gmn( 777 Z 1€]7"+ W Z|A77 +B _n"i" i |w] L ‘Z "
Nne” n=m
n™ €] |77| ( n “1n [An™ + By~™| g™
< A +|B ) n
(=& " ol \ ’Z nl" 'Z Il Wl 1-Tn]
— 1=l Inj=—1
1—[n] [l —[nl

In|™[¢] 1 2 1+ 2
= + Alln|™ — |Aln|“™ + |B||n| — |B||n|" ™™ + |Al||n|“™ + |B
o ien et =g (Al = 1Al Bl = 1Bl 4 | Al +1])
i 1

= Tl —Je) * Jufa = g (A O IDIE) =),

D —-m

nez n=m-+1 n=—00

=l e i S \Osmwé—m\ -
STl@=1m " Tw (’C' Z €7 +D] D e S B

A,_/
:|§‘|5\m*1 1-jg—m
1-1¢] 1—[¢]

e~ 1 L N

clil —|C D — 1D Cl+ 1D
< Tol(T= o) * T =y UCTI — G+ IDYET™™ = DIy~ + IC1 + 1D ")
|€nl 1

= Twl( =D Tl = &)

Proposition 2.10: An upper bound of the norm of the resolvent operator takes the form

(IDIE] + (1 + [EDIC]) =: Ua(N).

YA€ p(Ha) ¢ ||(Ho — N7 < max {U1(A), Us(A\)} =: U(N)

For illustrations, see Figures [2.4]
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(a) a =2i (b)) a=2i+1

: : ot _ 20 20 20 20 20 20 20
Figure 2.4: Depictions U(\) = ¢ fore = 5, 5, %, 5, 5, 5, &

Theorem 2.11: Let Ima # 0. Then the e-pseudospectra of H, follow these inclusions:

{A eC ‘ W 25*1} Co:(Hy) C{AeC|UN) ="}

These estimates are used when we do not have an explicit expression for the resolvent oper-
ator’s norm, i.e. on C\ Q(«). In Fig. we ilustrate our findings.

— G
) /e

(a)a‘=2i | (b)) a=2i+1

Figure 2.5: In these pictures ¢ = 1/3. The green line is given by U(A\) = e~!. The blue line
is given by dist ()\, O'(Ha)) = ¢. The purple line is the boundary of the e-pseudospectrum of a
finite-dimensional approximation of H,. The light blue region is the set Q(«) on which we can
describe the pseudospectrum exactly by the blue line.

2.2 Asymptotic behavior

In this section we will try to describe the behavior of pseudospectra near the spectrum of H,,.
Since the global estimates of ||(H, — A) 71| are quite cumbersome, it may be helpful to derive
asymptotic formulas for these estimates. We will be heavily using big O notation so let us first
define it for the sake of clarity.
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Definition 2.12 (Big O notation): We say
f(x) =0(g(x)) asz —a if 30,M >0; Vz € (a—96,a)U (a,a+0) : |f(x)] < Mg(x).

Because there are two connected components of o(H,) (assuming Ima # 0), we will be
showing asymptotic behavior around each of them. The component (—2, 2] corresponds to |[£| = 1
and the component [—2 + «, 2+ a] corresponds to |n| = 1. Let us quickly note that the previous
sentence implies that if one of the parameters & or n is equal to 1 in absolute value, then the
other is strictly less than 1 in absolute value; this is discussed in greater detail in Proposition
Assuming ¢ € [—7, 7], we will denote these two cases as such

€] — 1 : e — 0y, where £ = (1 —¢)el?,

In] — 1 : e — 04, where n = (1 —e)e'?.

The number ¢ describes which point in a particular component are we approaching and from
which side. E.g. if ¢ = 0, £ or n is approaching 1; therefore, A is approaching 2 or 2 + «,
respectively.

For easier readability we will divide this section into three parts; in the first part, we will
prepare the upper and lower bounds of ||(H, —A)!|| in a way that is more suitable for asymptotic
analysis than bounds derived in the previous section. Next, we shall derive asymptotic formulas
for each of the expressions in the upper and lower bounds. In the last part, we will put it all
together and evaluate the result.

2.2.1 Preparation of bounds

A trick we can use while evaluating asymptotic pseudospectra is to separate the quadrants
of the matrix representation of the resolvent operator

G~ G G 0 0 G* 0 O 0 0
G(A) = (G+_ G++> = < 0 0) + (0 0 > + <G+_ 0) + <0 G++> . (2.2.1)
Taking the norm of the resolvent operator and estimating it with triangle inequality may be too
rough of an estimate for global estimation but if we show that all but one term are asymptotically

insignificant, we can make the asymptotic formula simpler. To make the quadrant separation
more clear, let us read them out individually

1
G = — (Aﬁm+n + Bnlm_”|) m,n >0,
’ w
+— 1 me—mn
Grn(A) = ol 13 m > 0,n <0,
1
- _ = |m—n)| —m-n
G = — (Cgm=rl 4 D) m,n <0,

1
Gr_r:%(A) = Eﬁnf_m m < 0,n>0.
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Since it is not ideal to work with matrices whose indices are on the negative half-line, let us
rearrange them appropriately

i) = g mon>1,
nw
~ 1
GV = — (Cem=l + pgmen) mn > 1,
~—+ 1 nem
Gm,n()‘) = —n¢ m,n > 1.
nw
In [14] we showed that
G~ O> ~_ _ 0 Gt ~_
=16 e (5 %) =16 by
’( 0 0 () 0 0 0 2(z2) )
0 0 o ~+_ 0 O o ++
(e 0) e P 16 o) P o

With this established let us evaluate or estimate the norm of these operators.
The norms of GT~ and G~ can be evaluated exactly by applying the following lemma.

Lemma 2.13: Let p,q € C, |p|, |¢| < 1. We define an operator A = A(p,q) on ¢?(N) whose
matrix representation reads
Vm,neN : Ay, :=p"q¢".

Then A € #(¢*(N)). Moreover, we can calculate its norm

Al = pl> gl
H || - 2 1 2°
L—|p*1—|q|

Proof. Choose an arbitrary vector ¢ € £2(N), then the mth element of A reads

(A¢)m = Z Am,nwn = meqn% = pm Z qnwn-
n=1

Next, we estimate the square of its norm

JAvI? = 314Gl = > | > a4 < > |p|2’”(2 |q|”|¢n\)2
m=1 m=1
< Z |p|2m2|qr2"2|¢ e L
n=1

lq

where the marked inequality denotes the Cauchy—Schwarz 1nequahty. This calculation proves
the assertion that A is a bounded operator on £2(N) and provides an upper bound for the norm
of A. For the lower bound estimation let us choose a test vector v, := (§)", then

lAy)? = Z (A0l = 32 ol Yra| =3 |p\2m(2 rqP")Q
2
= ’p‘QmZ’anZ’qu Z ‘p’2mZ|CI’2nZ‘¢ ’2 |p‘21 lq ‘ ’2“1/)“2

lq
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Since these two estimates are equal, we know it is the norm of A itself. O

Moreover, as it turns out they are equal to each other

11 o
[l T= o /T = &P

The norms of the other quadrants are more complicated. We were not able to evaluate them
exactly; hence, we give estimates. Multiple estimation techniques were used to take the upper
bound, though not one yielded a better asymptotic formula than the others; therefore, we will
show the most conspicuous one — the Schur test. We will get the lower bound by choosing suitable
test vectors.

Gl =1G Il =

Proposition 2.14: Let us denote

1 1 3
Upyi=m— | =+ ————
T (@*\s—s—l>’

L VO TEPPIE + 2Re(=€ Tw)[E[(L— [€) + [wP L+ [€F)
¢ wl 67T — €[ (1 — [€[2) ’

1 1 3
Uy= 1 (= + )
T 1| (w \n—n‘1|>

V(1= [n2)? + 2Re(—nw)n?(1 = [n]?) + [n|*|w]>(1 + [n]?)
lw 7] [t —nl (1= |n|?)

L, :=

The upper and lower bounds of the norm of G~ and G take the forms
Ue 2G> Le, Uy 2 [IGTF] > Ly,
where @ is the uniform lower bound of w = & — n~! from Proposition m

Proof. Upper bounds U¢ and U, were obtained in a similar fashion as the upper bound for the
global estimate in Proposition [2.10] using the Schur test. Hence, we omit the details of this
calculation. For the lower bound we will be using estimation by a test vector, see . For
GTT()\) and G~ ()\) we define test vectors

Y= {nn}nENO and Y= {gn}neN’

respectively. Their norms are

1
W= and el = S

1—nl? V1=
Let us calculate the m element of GT(\)y. Let m € Ny, then

m—1 oo m

(@), =" S (A" — B) + (A + By 3= — T

n=0 n=m
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where we substituted for A and B from ((1.2.5)); from these formulas it is easy to see that A+ B =1
and (1 —n%)B = —wn. If we calculate

11— mnw|* = (1 - mRe(nw))2 + (mIm(nw))2 =1 — 2mRe(nw) + m?|nw|?.
then the squared absolute value of (GT (X)) —reads

1
jw[?[1 = n?

2
(@), | = 7 (P =l 2Re(pe) + PP gl?). - (2.2.2)
In order to calculate the sum over indices m of the expression above, let us show special power
series, so-called low-order polylogarithms, a special case of which is the geometric series. Let

€ (0,1), then
> w1 z 20 _ 2 z2(1+ 2)
7;)2 T an (1—2)2 Z (1—2)3"

After we take the square root of the sum of ( and divide it by the norm of ¢ we get Ln
after simple manipulations. The calculation of the lower bound of |G~ ()\)|| denoted by Le¢ is
analogous and we also omit details. O

2.2.2 Asymptotic formulas

As this section heavily relies on Proposition let us reiterate it in a more intuitive though
less precise way. Because we are studying the immediate neighborhood of the spectrum, the left
side of the implication will always hold.

Let Ima # 0. If X is sufficiently close to

(@) [-2,2] = 3 <1 :<|yg <oy
(b) [2+a,2+a] = T <1 :<|E <,

and if A is close to either connected component of the spectrum, there exists p > 0 such that

§1 Inl > p.
In Table 2.1] we provide asymptotic formulas for the expressions inside Proposition Let

us prove them for the case |€| —> 1; the other case is analogous. Let us write & = (1 — ¢)e'?.

e From Proposition directly follows that the absolute value of 7 is inside a closed interval,
subset of (0,1), when A is sufficiently close to the interval [—2,2]. Therefore,

Inf=0(1)  asff—1

e The absolute value of w can be written as

1 _
] = J¢ -t = L8,
ul

This expression can be easily estimated from above and below in the following way

1+ 6 > L+ (€] > 11— &n > 1 —[¢]|n] > -0
p In| |n| |n] o1
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As we can see |w| has values inside a compact interval; therefore,
lw| =0(1) as €| — 1.

Since the estimation above shows that |w| can never be 0, we can take its reciprocal value

—=0(1)  aslg ol

|w]

Moreover, this reciprocal value can be uniformly estimated from above by 1/w as was
already used in Proposition [2.14] for its reciprocal value.

e For the next expression let us assume that ¢ # 0, 7, then

1 . 1 e—0 1 - 1
€= (1 —e)ei? — the] [ — e 2fsin(9)]

If ¢ = 0,7, then e = e7% = £1. With this assumption, we have

1 1 1
= =—+0(1 —1
e e 2 OW wid

)

e We have )

— - —0Q1) as|¢ > L
In—n~1 o g

Indeed, one can estimate

p 1 1 1 1 1 o1
1+o1p 6 1= T Si—5:1—62'
+op i+ T Il ] L/ B U el U/ B 1 i

o If we estimate
61— 1< []ln] =1 < —nllw| < Re(—nw) < |w|[n| =1 =&l <1+ |¢]In] <1+ 6,

we can conclude that
Re(—nw) = O(1) as €] — 1.

e Similarly,

71—1—51
P

0
< —fw| = —[¢" wll€] < Re(—¢ M w)l¢] < ¢ wllé] = fw]| < 1; -

Hence,

Re(—¢lw)le) =0(1)  as g — 1.
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=1 0 e=(1-ad® | |1 : p=(1-2)¥
[3 1—¢ 0(1)
7] O(1) 1«
Tl o(1) O(1)
‘f—é_” 2\sm( )] + O( ) 0(1)

> +0(1), ¢==%m0

T o) e + 0)
L 4+0(1), ¢==m0
Re(nw) o(1) O(1)
Re(¢w)l¢| o(1) o(1)

Table 2.1: Table of asymptotic formulas

2.2.3 Asymptotic pseudospectrum

We will calculate asymptotic behavior for each quadrant of G()\) individually.

Lemma 2.15: )
IGTT| = G™F|=0(2) as [¢],|n] =1

Proof. From the calculation it will be clearly visible that is the same in both cases |£| — 1 and
In| — 1. Let us show it only for [¢| — 1. It suffices to show

1—c¢

" O(c2) as €—0 (2.2.3)

because

_ 1 1 & 1—¢ 1—¢
s g _ —oq)

0l TP /I [€P w_ i (Wi

If we calculate

VE(l—e) _ JEl—g) _(1-¢) cx 1
V1— 1—52_\/25—52_\/2—6 V2’

we prove as well as the lemma itself. O
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Lemma 2.16: The asymptotic behavior of upper bounds from Proposition reads

Us=0(1) as|n —1, Us=0(1) as | — 1.
If ¢ # m,0, then
1,1 3
=—(= 1)=0@E! —1
Ue=2(5+ 3r5mg) + O =0E as J¢ 1,
1/1 3
=—(= 1)=0("! 1
U, 5(@+2|Sm¢|)+0() O(e™Y) as n] = 1,
If ¢ # 7,0, then
3 -1 -2
U§:@+O(€ ):O(E ) as ’£|—>1,
U, = 3 + 0@ =0E?) as |n| — 1.
T 9e2
Proof. We get these formulas simply by plugging in asymptotic formulas from Table 2.1 into the
expressions in Proposition O

Lemma 2.17: The asymptotic behavior of lower bounds from Proposition [2.14] reads

Le=0(1) as|n| —1, Le=0(1) as ¢ — 1.
If ¢ # m,0, then
1 V2
Le= - O(1) = 0! 1
5 €4|Sin¢’ + ( ) (6 ) as |§| — 9
1 V2
Ly=-—"— 1) =01 — 1.
If ¢ # m,0, then
2
Le = 4 + 0™ = O(e7?) as €| — 1,
de
2
L,= iz LOEY = 0(E?) as |n] = 1.
4e
Proof. Again, we get these formulas by plugging in asymptotic formulas from Table 2.T] into the
expressions in Proposition O

We may conclude this section by stating the following theorem.

Theorem 2.18: The asymptotic behavior of the resolvent operator’s norm reads

1y 1,
£ 4 sin ¢| W 2|sin¢|

1 1 1
+0(7%) < [l(Ha =N 71 < <( )+OEE) as el 1,
if it does not approach the spectrum along the line on which a given connected component
resides, i.e. ¢ # m,0. Otherwise, the norm follows
V2

3
vz -1y < )l < 2 ~1 '
12 TOET) s lHa =Nl = 55 +0(E™)  asfelfnl =1
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Proof. Taking the triangle inequality of the decomposed resolvent operator, see (2.2.1]), we esti-
mate ||(H, — A)7!|| from above and below. If we then estimate further using Proposition m,
we get

I(Ha = N7 < NG INGT I+ IGF I+ G < Ug + 2G| + Uy, (2.2.4)
I(Ho =N 2 NG = IGT = IGTF = 16T = Le — 2G| = Uy, (2.2.5)
I(Ho =N = NG = 16T = IGTH = 1677 = Ly = 2G| = Uk (2.2.6)

These estimates allowed us to separate asymptotically insignificant terms. We get the assertion
of the theorem simply by plugging in the asymptotic expressions from Lemmas [2.15] 2:16] and
For all upper estimates, we use . If we are evaluating the lower bound as || — 1,
we use the inequality Similarly, if we are evaluating the lower bound as || — 1, we use
the inequality [2.2.6] We also need to separate the case when ¢ = 0, . O



Chapter 3

Weak-coupling & spectral stability

The weak-coupling analysis consists of showing the existence, uniqueness, and asymptotic
behavior of bound states, i.e. eigenvalues, while a small potential V is applied.

3.1 Weak-coupling of the discrete Laplace operator

In this section we work out e a discrete analog to some results from [§], see also [9]. The
article showed that under some assumptions posed upon the potential V', there exists a unique
negative bound state of —d/dz +V on L?(R).

Consider the discrete Laplace operator, i.e. discrete Schrédinger operator with zero potential.
Let us first describe some basic properties of this operator, since they do not immediately arise
from the case of the Schrodinger operator with complex step potential. Though our notation H, is
consistent with this case, we denote the Laplace operator Hy. Its action on & = {x, nez € (*(Z)
is given by

(Hox)p = Tp—1 + Tpt1 n € Z.

Honoring the notation from [3], we denote the Joukowsky transform of the spectral parameter
A by the letter k, i.e. A = k+ k1. The operator Hy is self-adjoint. Furthermore, in this section,
we will consider only real-valued potential V. Hence, the spectrum of the operator H + V is
purely real and we will be looking for bound states only on the real line. As a well-known fact,
we state that the spectrum of Hy coincides with the interval [—2, 2]. From this and the Definition
m it is easy to see that the Joukowsky transform bijectively maps the resolvent set p(Hp) to
the set {k € C | 0 < |k| < 1}. If we set @ = 0 in (1.2.8), we get the matrix representation of the
resolvent operator which reads

Llm—n|

(Ho = Npin = (Ho — k — k'),

mn = L -1 m,n€”Z, 0<lkl<1.

Since the discrete version of the Laplacian is bounded, there arises a significant difference to
the continuous version. The spectrum of the continuous Laplacian is [0, 00); therefore, one needs
to consider only the left neighborhood of zero while looking for bound states. In the case of the
discrete Laplace operator, we need to investigate both the right neighborhood of 2 and the left
neighborhood of —2. Though, the following proposition allows us to investigate, in fact, only
one of these cases because the behavior is equivalent.

32
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Proposition 3.1: Consider the Laplace operator Hy and let V = diag({vn}nez) be a bounded
potential. Then the spectrum of the Schrodinger operator Hy := Hy 4+ V satisfies

o(Hy) = —o(H-v).

n

Proof. Let x = {, }nez € £?(Z) and consider the unitary operator U given by (Ux),, = (—1)"xz,.

Then
U 'HyUz = UHyUz = UHyUz = UHyU{z,} = UHy{(—1)"'2,}
= U{(fl)”_lazn,l + (=) "vpz, + (71)”_130”,1} ={—zp_1+vpxp —xpy1} = —H_yzx.

Since this operation does not change the spectrum and scaling the operator by —1 also scales
the spectrum as a subset of C by —1 we have

o(Hy)=0(-H_v)=—o(H_y).
More specifically, the equality holds for point spectra as well. O

Let us restrict ourselves to investigating the right neighborhood of 2 when looking for bound
states. Considering the Joukowsky transform A\ = k + k=, one can easily see that

A— 24 = k— 1_.

Before we move further, let us reiterate the Birman—Schwinger principle (Theorem which
says that, whenever v € £1(Z), any A € p(Hp) is an eigenvalue of Hy + V if and only if —1 is an
eigenvalue of the Birman—Schwinger operator K(\). Its matrix entries read

jelm—n|

Kpn(X) =/ |vm] T V |vn| sgn vy, m,n € Z.

Later, we will be scaling the potential V' by some small € > 0, for this purpose, we will denote
H. := Hyp+eV. The Birman—Schwinger principle still holds in the following sense. Any A € p(Hj)
is an eigenvalue of H. if and only if —1 is an eigenvalue of e K'(\).

The trick is to decompose the Birman—Schwinger operator into the sum of a well-behaved
operator and a rank-one operator as A — 2, as follows

K\ = L) + M(\),

where the matrix entries of these operators read

1
Linn(A) == V/|vm| -1V |un| sgn vn,
klm—nl _1
Mm7n()\) = 1/ |’Um| W \/ ‘Un’ Sgn Up -

The operator L()\) is rank-one. Indeed, if we take 1 € ¢?(Z), we have for m € Z

(L), = 3 LW = S Jom] 7 /Ton] s vt

neL neL

1 1
= m(z msgnvn¢n>m = m<@1/2,1/}>\/m.

nel
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From this, one can easily notice that RanL()\) = span(|v|”/?), i.e. L()) is rank-one. This
operator removes the singular expression (k —k~1)~! from the operator K (\). Now let us prove
that M (X) is well-behaved as A — 2., and state what exactly we mean by that.

The matrix entries operator M (\) converge to

m—n
Vm,n€Z : Mpn(2):= \/|vm|| 5 |\/\vn]sgnvn.

Em=nl—1 (1 —g)lmml—1 1—|m-nle+0(E}) -1 —|m—nle+0(c?)

S 1-e—  1l-e—-1-e+0(2) = —2e+0(2)
_elm=n|+0() _|m—n|1+0() _|m—n|
= aroR - 3 1100 - 3 + O(e).

Lemma 3.2:
VYA>2, Vm,neZ : ]an(/\)] < |an(2)|

Proof. Since A > 2, we have k € (0,1] Let us set N := |m — n| and prove that
KW-1 N
R
k—k—t = 2
The inequality is equivalent to kN+! — k > N(k? — 1)/2; therefore, it suffices to show that the

function g(k) := kNt — k + N(1 — k2)/2 is greater than or equal to 0 for k € (0,1). Let us take
the derivative of g

gk)=(N+1DkYN —1-Nk=Nk(kN'1-14+**-1) <.
<0 <0

We can see that g is decreasing and clearly g(k) LiniN 0; this proves the inequality above and we
can write

m" |_V|Um’k kl‘\/|v”|<\/|vm ‘m n‘\/|n ‘an
]

Remark. Numerical calculation showed that this inequality may hold more generally for Re\ > 2.
This would simplify one argument later, though it is not necessary. One could surely use the
maximum modulus principle to prove the more general inequality, but expressing the region
ReA > 2 and its boundary in terms of the Joukowsky parameter k is quite complicated.

Notation 3.3: Let v € /1(Z) and k € N. We define the weighted ¢* norm of v by

k
1ollerzmty = D [ml*[om] + vol-

meZ
We also define subspaces of ¢!(Z) by
(NZ,m") = {ve Nz ’ V]l o1 (z,mry < 00}
It is easy to see that || - ||,z m#) is, in fact, a norm. Also, one can easily notice that [[v]|s(z) <

Hszl(z,mk) < Hngl(Zmz) whenever k < [.
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If we pose some extra assumption upon the potential V', M()\) converges to M(2) in the
operator norm.

Proposition 3.4: Let the sequence v € £*(Z, m?), then

i () - M),
—>2+

where || - || denotes the operator norm on ¢?(Z). Moreover,
YA€ C,Red >0 : [[MN] < [[v]lerzm2)-

Proof. The convergence in the space of Hilbert—Schmidt operators implies the standard operator
convergence because ||A|| < ||A||gs for any Hilbert—Schmidt operator A, it suffices to show that
limy_yo, [M(X)—M(2)||gzs. Under the stated assumption on potential V', the operator M (2) is,
in fact, a Hilbert—Schmidt operator. Indeed,

2
IMEls = X 1Wma@P = 2 fonl (" 5) o

m,ne’l m,ne’
<1 2, 2 1 2 1 9
=79 Z [Um |(m” 4+ n7)|vn| = 9 Z m” |vm ||vn| + B Z N v |vg|
mneZ m,ne”l m,neZ
2
= 3 wlumllel = 3 o] 3 lond < (3 foul® + ool ) = ol
m,ne” meZ nez nez

We have already discussed two important properties of the relation between M () and M(2);
these being

e inequality of matrix entries VA>2, Vmn€eZ : [Myn(N)| < |Myn(2)],

)\—)2+

e pointwise convergence Vm,n € Z : Mpyn(X) —— Mp(2).

This satisfies the assumptions of Dominated convergence theorem; therefore

A*}2+

[M(X) = MQ@)|| < [[M(X) = M(2)[zs — 0.
O

Proposition 3.5 (Basic criterion for the existence of a bound state): Let v € £1(Z, m?) and let
e > 0 satisfy e|v][p1(z,m2) < 1. Then any k+ k™' = X € {z € p(Hp) | Rez > 0} is an eigenvalue
of H. if and only if

k— k™t = —e(uip, (I +eM(N) o 72). (3.1.1)

Proof. From Proposition we have [M(AN)|| < [[v|p(zm2) < oo. The assumed choice of e
implies invertibility of I 4+ M (A). If we write

(1K) = (T eMO) (14 + M) =Lv))

-1
(I +(I+ 5M()\))’1EL(/\)) (I+eMO)™Y,
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we see that —1 is an eigenvalue of e K (\) if and only if —1 is an eigenvalue of (I+eM (X)) ~teL()\).
The latter operator is rank-one because L(\) is rank-one. Hence, the action of this operator may
be written using the inner product

Veel?(Z) : (I+eM) teL(Nz = (¥, 2)0,

where

9 _
b=y 6= (M) ol

Since it is a rank one operator, it has only one eigenvalue, namely (1, ¢). If we set it equal to
—1, the Birman—Schwinger principle concludes the proof. O

Lemma 3.6: Let A > 2, i.e. k€ (0,1). Then for all m,n € Z

Proof. 1f we denote N :=|m — n|, it suffices to show
g( EN —1 ) N?
Ok —k/| — kL -k
Let us first evaluate the derivative above,
0 0 ok 1 0k ok k
—(k+E) = oA A | g
o ) = g3 ox Eox Dk kT

8(kN—1)_8(kN—1> Ok NENT2 — kN2 - NEN — kN 4 k2 41 k
OMNE™ =K/  Ok\k"1—Fk/ Ox (k=1 — k)2 k— k1
NEN k+k™t 1-—kN

kT—k)?2 (k1—k)? k'—k

Using mathematical induction and the inequality k& + &k~ > 2, one can show that

NEN - E+kt  1-kN
(k=1 —k)2 = (k1 — k)2 k1-Fk

Below we verify that the following inequality holds true

(‘)(k:N—1>_ k+k™t  1-kY  NEY N7
OMNET =K/ | (k' =k kT =k (b1 —k)? T kT -k

Multiplying the inequality by the positive number (k! — k)3 we get
(k+E 1=k = NEN (' = k) < N2(k7' = k)% (3.1.2)

Let us show the inequality
k+ k7t —2< (k7 —k)2 (3.1.3)

If we rearrange its term, we get an equivalent inequality k2 —k — k~! + k=2 > 0. This inequality
may be obtained by the following estimation

0<(k—12=k(k—1)+1-k<kk-1D)+k 'k '-D=k-k-—k1+k2
We shall prove the inequality (3.1.2]) using mathematical induction
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e N=0: (k+k)(1-k) -0k —k) =0<0=02(k"' — k)%
e N— N+ 1: We want to prove
(k+E A=k = (N DN (B — k) < (N+1)2 (k' — k)%
Expanding the terms we get

E+ k' =242 kN2 kN - NEN 4 NENT2 - N 4 pN+2
< N2k = k) 42Nk = k)P + (k= k)

If we remove the underlined terms, then because of (3.1.3)) it suffices to show that

2(1—kN) = kNEN (k™' — k) < N2(k™' —k)* + 2N (k' — k)%

If we use the inequality k~! + k > 2 and add zero, we get the inequality below

(' + k) (1= &Y) = NEN (K7 — k) + NEV (k7' — k) — kNEN (k71 — k)
<N - k)24 eN (kT - k)%

Here, the underlined terms reduce because of the induction hypothesis (3.1.2)); we get

NEN(E™' = k) (1— k) <2N (k™' —k)®

N(1—k)<2(k - k)
k' —k

EN <2
- 1—-k%

=2(1+k7h).

The last inequality clearly holds.

This proves the inequality (3.1.2)) and by extension the whole lemma.

O
Proposition 3.7: Let v € £}(Z, m?) be a real-valued sequence and let ¢ > 0. If
Z v > 0,
nez
then H. has an eigenvalue greater than 2. If there is such an eigenvalue, it follows
\/)\2—4262Un+(9(82) as e — 0.
ne”L
Proof. Suppose that €||v]|p1(z m2) < 1. Plugging into (3.1.1)) the following identity
(I+eMN) P =T—eM\(+eM(N)™? (3.1.4)
we get
k1 —kzeZvn—i—O(eQ) as € — 0. (3.1.5)

nel
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To prove the asymptotic formula it suffices to substitute for k and k~! from Proposition m
From the assumption ) ., v, > 0 follows that for ¢ sufficiently small the right-hand side of
is positive; therefore there exists & € (0,1) which solves the equation since k~! — k is
strictly positive. Since the relation between k € (0,1) and z € (0,00) given by x = k=1 — k is
bijective as is the relation between k € (0,1) and A € (2,00) given by A = k~! + k, Proposition
[3:5] states that there is a one-one correspondence between eigenvalues of H. greater than 2 and
solutions of . So for all € < g¢ there is an eigenvalue of H,. greater than 2. Let u > ¢, then
Ho+ puV > Hy + V. We conclude this proof by showing that Hg + pV also has an eigenvalue
greater than 2. By virtue of Corollary we have

)\1(H0 + MV) > )\1(H0 + 8V) > 2.
O

Proposition 3.8: Let v € ¢}(Z,m?) be a real-valued non-zero sequence and let ¢ > 0 be
sufficiently small. Then H. has at most one eigenvalue greater than 2.

Proof. We are looking for eigenvalues A € (2,00), i.e. k € (0,1). One can easily see that
Hy + ¢V < Hy+ ¢|V] in the sense of quadratic forms. Suppose that Hy + |V has at most one
eigenvalue greater than 2, then from Theorem we have

Vi>2 : M(Ho+e|V]) > N(Ho + ¢|V|) = sup oess(Ho + €|V]) = 2.
Then by virtue of the Corollary [1.9 we have
Vi>2 2=N(Hy+¢|V]) > N(Ho+ V) =supoess(Hp + V) = 2.

And so Hg 4+ €V has also at most one eigenvalue greater than 2. Without loss of generality, this
allows us to restrict V' to have only non-negative entries.

So that we can use Proposition (3.5 assume that e[[v||s1(z,,2) < 1. Let us define the function
F' as the right-hand side of and take its derivative w.r.t. A

F(\e) i=e(v'? (I +eM(N) 0",

OF _ 4, LM
8>\—€<v (T +eM)) ey

Next, we will plugging in (3.1.4) and estimate its absolute value:

(I+ 5M(A))’1vl/2>.

‘gi = 6‘<U1/2756W()‘)U1/2> _ <U1/2,52MM(A)(I + 6]\4()\))_11}1/2>

O\ O
_ <U1/2752M()\)(I+€M()\))18]\84)(\)\)1)1/2>
+ {0 MOV + sM(/\))_la]\gi)\)M()\)(I +eM ()02
< 52‘<v1/27 a]\g)(\)‘)vl/z> + 283||U1/2”2H8]\g)(\)\)HHM()‘)HH(I +eM(A) Y|

+ 54111)1/2\\2"6)]\;)(\)\)HHM(A)H2H(I + M)

Let us now estimate or in other ways investigate all the terms in this expression.
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From Propositionwe have [[M(A)|| < [[vl¢1(z,m2) =: C1. In this notation, e < 1/C.
Having in mind the upper bound on € we can independently on A and € estimate

(1 +eM(A) \_HZ M| < ZsJHM ||J<Zgﬂcf 1—1501 = O,

There is a certain relation between ¢! and #2 norms (note that we are restricting ourselves
to non-negative entries in the sequence v):

[0l = (00" = 3 Vonvim =3 v = e

nez ne”Z

Because v is a non-zero sequence with non-negative entries, > v, > 0; therefore, ([2.14))
allows us to estimate for e sufficiently small (k=! — k)~! < C3e~!

We employed Lemma [3.6] and estimate

‘< vz OMQA) BM 1/2> < ‘ Z U Z Un|mnk ’ _ — Z (ol [omllm — 1)

meZ me mne”

2
< -1k § |UnHUm|(m +n )S R— < PR

m,nez

There exist Cy > 0 such that Vk € [1/2,1) : (A —2)7! < Cye~2. Indeed, if we estimate
for k € [1/2,1)
(7~ k) (V24 1/V2) 2 (K k) () =4t ke
3
we get

g2 g2

TN, R VNG e

The operator-valued function z — M(z) is easily seen to be analytic in the region Rez > 2.
Moreover, the function z — ||[M(2)| is continuous, and since any contour in the region
Rez > 0 is compact, ||[M(z)| may be estimated from above by a constant K;. The remark
below Lemma [3.2]indicates that this constant may turn out to be C;. The Cauchy formula
states that

A—2=k+k—2= (K- k)

1 M(z)
27 ‘Z,/\|:52‘*)\
The derivative of M (\) with respect to A reads

oM\ 1 M(z) .
O\ _27r17€ N=s ( —A)?d'

M) = dz, where 0 < § < A —2.

Taking its norm we obtain the estimate

ooy |1 g M@,
27 |2— )\‘52’— _271' |z A|=6 62

f |d|_K1 s—a—2  Kj <K1C4 Cs
|z—A|=48

) A—2 " g2 g2

— 27?2

=2nd
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Putting all these estimates together, we get

+2ﬂWerCﬁh+€ﬂﬂw c¢5

N €

g%%&bﬂhM%Q@+MW%Q@%ﬂk(mm

As stated before, the relation between k € (0,1) and = € (0,00) given by = = k™1 — k
is bijective and the relation between k € (0,1) and A € (2,00) given by A = k~! + k is also
bijective. Hence, there is a one-one correspondence A ~ x. Suppose there are two different
eigenvalues greater than 2, denote them \; ~ x1 and Ay ~ x9, taking their difference yields

2 0F

l‘l—wQZF()\l,E)—F()\Q,&): ad/\

xr1

The estimation (3.1.6) allows us to find € > 0 so small that ‘g—f < %; this yields the following
argument

T2 OF
|l’2—$1|—)/ d)\’_2’$2—$1| — o = XI1.
And therefore, A\ = Ag. O

Theorem 3.9: Let v € (1(Z, m?). Then for all ¢ > 0
Z vy >0 == Hy + €V has an eigenvalue > 2,

Z vy <0 = Hy + €V has an eigenvalue < —2.

Moreover, if € is small enough, the eigenvalue is unique and follows

sgn(Zvn>\/)\2—4:52vn+0(52) as e — 0.
Proof. This theorem follows clearly from Propositions and O

In [I1], they studied bound states of a large class of discrete Schrédinger-type operators in
one and two dimensions. A special case of which is the operator Hy in one dimension. In their
paper, a different technique from ours was utilized; nevertheless, what we showed is in accordance
with their results, though our result is not as general.

3.1.1 A comparison to the continuous setting

In [8] they study the bound states of weakly coupled continuous Schrédinger operator. In
the previous section, we used similar steps that Simon used to give a sufficient and necessary
condition for the existence of a bound state. Let us present two theorems from this paper that
describe this behavior.

Theorem 3.10: Suppose that V € LY(R,(1 + 2?)dx). Then, for ¢ > 0 sufficiently small,
—d?/dz? + eV has at most one negative eigenvalue. There is such an eigenvalue X if and only if

VEX=—S(v (4 eMy) V).
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The operator M) is the well-behaved part of the Birman—Schwinger operator, it is an analogue
to the operator M (\) from the section above; M) is defined by its kernel

—V=Aa—y| _
My(z,y) = |V(x 2l Ty,

) = V@) V()
Theorem 3.11: Let V € LY(R, (1+2?)dz), V not a.e. zero. Then —d?/dz? +¢V has a negative
eigenvalue for all € > 0 if and only if

/V(:z:)da: <0.

If it does have an eigenvalue A, then it is unique and simple and obeys

V== [Vade -5 [Vl -yl +OE)  as <0,

3.2 Spectral stability of the discrete Schrodinger operator with
complex step potential

In [I0] it was shown that the continuous Schrodinger operator with complex step potential
possesses some sort of spectral stability, though not complete. Later in this text, we will describe
exactly what is meant by this when we compare the discrete and continuous settings. We show
that the discrete version of the discrete Schrodinger operator with complex step potential exhibits
similar behavior.

In this section, we consider only the case where Ima # 0. If we pose certain assumptions on
the potential V', we can rule out the existence of bound states, i.e. we show that H,+V possesses
spectral stability. Note that our aim is to demonstrate spectral stability but some assumptions
may be too restricting and some estimates may be rougher than needed.

The main tool we use in this section is the Birman—Schwinger principle, see Theorem [I.6]
We will take the upper bound of the Hilbert—Schmidt norm of the Birman—Schwinger operator
K (\) which scales proportionally to the norm of the potential V. Then we set the norm of V'
such that the norm of K (\) is strictly less than 1. From this follows the fact that A is not an
eigenvalue of Hy + V.

The first step is to find the upper bound of the resolvent operator matrix entries uniform in
A € p(Hy). In order to do so, let u first show some preliminary results.

Lemma 3.12: Let m,n > 0. A function given
LmAn Z\mfn\

f(z) = 1

z7l—2
can be continuously to the closed unit disc and it satisfies

m+n—|m—n|

max | f(2)| =

l2|<1 2

Proof. Clearly, the definitory expression of the function f is not well defined at z = 0, £1. Let
us first show that in these points it can be continuously defined, i.e. there exist limits of f at
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these points. Let us consider the limit as z — 1. For this purpose we parameterize z = (1 — ¢),
and analyzing the limit as € — 0 we get the asymptotic expression

gmin _glmenl(p—gymAn (1 —g)mnl 1 — (m+tn)e — 1+ |m — nle + O(?)
-z (- l-(1-¢) l+e+0(2)—1+e¢

_m—n|-m-n

2

+0(e),

which shows us that f has a limit at z — 1. Similarly, let us show that there exists a limit of f

as z = —1, we parameterize z = —(1 — ¢). Notice that [m —n| and m + n have the same parity;
therefore, we can factor out (—1)™+" = (=1)lm="l in

LmAn _ o m—n]| B (_1)m+n(1 _ €)m+n _ (_1)\m—n\(1 _ 5)|m—n|

271 —2 N (I—e)"1—(1-¢)
(1ot (gl

— (—1)mtn — (_1\mtn Ole
To show there exists a limit of f as z — 0 let us rewrite
_ —lm— ok k—1
ymAn _ o m—n]| _ _Z\m—”H‘l 1 — ymtn—|m—n]| * —z|m_n|+11l _ _Z|m—n|+1 Z 520
z7l—2z 1— 22 1— 22 = '

The marked equality follows from the fact that (m+n) and |m — n| have the same parity; hence,
their difference is necessarily even and one may write 2k = m + n — |m — n/|, where k is some
natural number. By rewriting the function f in such a way we have also rid it of any issues when
z = 0. Furthermore, if we take the absolute value of f written in such a way, we can estimate it
from above by triangle inequality and get the assertion of this lemma. O

This lemma and Lemma allow us to find a uniform upper bound of all matrix entries of

GON).

Lemma 3.13: Let us define a doubly infinite matrix M by setting

( m+n—|m—n| + % m,n >0,
1
A = m > 0,n <0,
o —m-n—|m-n]| +L mn<o0
2 w ) b
1
= m < 0,n>0.

Then
VAeC, VmneZ : |Gun(N)| < Myp.

Proof. The Green Kernel theorem used to derive the resolvent operator does not define G(\) for
A € 0(H,). A byproduct of Lemma is that we can continuously extend G(A) to the whole
complex plane. If we estimate entries of G(\), see , with triangle inequality and further
with Lemmas and we get the matrix M. O

Finally, let us estimate the norm of the Birman-Schwinger operator K (\).
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Proposition 3.14: Let Ima # 0 and v € £}(Z, m?). Then the following estimate holds

2
VA€ p(Ha) + KN = Zlvllerzme)-

Proof. Before we move to the calculation itself, let us first show some estimates that we will be
using. For m,n > 0 we have

(m+n — |m —nl)? (m+n)2<m2+n2

— —n| < d <
m+n—|m—-—n|<m+n an 1 < 1 < 5
Similarly, for m,n < 0 we estimate
o — i — ]2 )2 2, 2
—-m—-n—|m—-n|<-m-n and (=m n4|m nl) S( m4 n) _m;—n

In fact, we will be calculating the Hilbert—Schmidt norm as it dominates the standard operator
norm and it is easier to calculate. Further on, we will use the matrix M from Lemma to
estimate the absolute value of matrix entries of G(\). With this established, we calculate

2

KO < IEWrs = Y |Vivml Gna) Vvl senvn

m,nEL
2 —~
= Z ‘UmHGm,n’ lun| < Z |Um|M§zn‘Un| = Z Minn
mne” m,nEL m,neL
KOV S Mo+ 3 Mot S M+ S My
m>0 m>0 m<0 m<0
n>0 n<0 n<0 n>0
—_—— ~~
A B C D

We estimate each of the sums separately:

m+n—|m—n| 1)2

m>0
n>0
(m+n—|m—nl)? m+n—|m—n| 1
= Z 4 |Um||vn|+z PN |Um||vn|+72 Z |Um|z|vn|
w w
m>0 m>0 m>0 n>0
n>0 n>0 ~-
As
Al A2
1 2 2 1 2 2
AL <5 3 (w2 40 omloal = 5 (32 2ol D fval + 3 loml D n?ual)
m>0 m>0 n>0 m>0 n>0
n>0
=2 mloal ) lval
m>0 n>0
1 1
Ao < = 37 (m+n)|onllon] = 5( 3" mlonl 3 ol + Y ol Zmun\)
m>0 n>0 m>0 n>0
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2
-m—-n—|m-n 1 -m-—-n-+|m-n
C=3 ful oy LY e = 30 = ) o)
2 w 4
m<0 m<0
n<0 n<0
c
—m n|
""Z [Uml| n|+ Z |Um|2|vn‘
m<0 m<0 n<0
n<0
Co s
1 1
Cr <5 > (M40 allval = 5 (D2 mloml Y Joal + D loml D n?nl)
m<0 m<0 n<0 m<0 n<0
n<0
_ 2
=D m?loml D vl
m<0 n<0
1 1
C2 <= 3 (= m=n)lvmllval = = (3 mllvml 3 loal + 3 loml 3 Inllvnl
wm<0 w m<0 n<0 m<0 n<0
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Adding everything together we get the assertion of the proposition.

ol 2
IEOIE £ —52 + [olla@ms IWlo @) + =100 @mllolla )

1 2
= vl (z) (ﬁHUHEl(Z) + [[vller(z,m2) + EH’UHﬂ(Z,ml))

4

2
< ﬁ”””gl(z,nﬂ)

The last estimate is unnecessarily rough but as we have mentioned above our objective here is

not optimality. At this point, we prefer simpler expressions to finer though more complicated

upper bounds. O
Let us conclude this section with the culmination of these results.

Theorem 3.15: Let Ima # 0 and v € £'(Z, m?). If we take & > 0 so small that 2¢||v[|g1(z,,2) < ©

then the potential €V does not change the spectrum, i.e.

0(Hy) =0(Hq +€V).

Proof. If we estimate the norm of the Birman—Schwinger operator e K (\) for the operator H,+¢V
according to Lemma |3.14] we get

2
e[ KN < 55HU||81(Z,m2) <L

This rules out the possibility of —1 being an eigenvalue of K¢(\). To finish the proof let us
reiterate the Birman—Schwinger principle (Theorem :

A€ op(Hy+€V) = —1 € op(K°(N)).

Therefore, op,(Hq + V) = 0. Since V is a compact operator, the perturbation does not change
the essential spectrum, i.e. gess(Hy + V) = 0ess(Ha ), and so the assertion holds. d

Under similar assumptions on the potential V', the operator H,+V exhibits spectral stability
while the operator Hy + V has an eigenvalue no matter how small the potential is.

3.2.1 A comparison to the continuous setting

In this section we will compare our results to the result in [10]. The operator studied in this
paper is the Schrodinger operator on L?(R) defined by

2

H:= —% + isgn (), Dom(H) := W%2(R).

The spectrum of H is shown to be purely essential and takes the form
0(H) = 0ess(H) = [0,400) +1{—1,1}.

In order to get a more precise analogue to the continuous operator H, we define the discrete
operator H on ¢*(Z) by N
H := Hy — il = Hy + isgn (n).

In [14] we showed that the spectrum of H is also purely essential and coincides with the line
segments [—2,2] £ 1, i.e. _ N
o(H) =o0ess(H) = [—2,2] +i{—1,1}.

The main result of weak coupling analysis of H in [10] is the following theorem.
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Theorem 3.16: Let V € L'(R, (1 + 2?)dx) and denote the closed half-strip S := [0, +00) +
i[—1,1]. There exists a positive constant C (independent of V" and ¢) such that, whenever

1

e [Vt < g,

R C

we have

€ ||V||L1(R)

A more intuitive, albeit less precise, interpretation of this theorem is that the continuous
operator H exhibits spectral stability outside the half-strip S, while any eigenvalue inside it is
further from the origin of the complex plane, the smaller the perturbation; while the assumptions
from the theorem above are satisfied.

If we adjust Theorem [3.15| from the preceding section to resemble Theorem [3.16] more closely,
we get the following theorem.

Theorem 3.17: Let v € £}(Z, m?). Then the point spectrum of H+ eV is empty whenever
ellvllozmey < 557"

is the golden ratio.

where ¢ = 1‘*'2—\/5

Proof. In [14] we set the two Joukowsky transforms to be
A=+ A—a=n+nh

This allowed us to find the matrix representation of (H, — A)~! in the form (1.2.4). One can
easily notice that if we set the two Joukowsky transforms to be

Ai=¢&+€",  A—i=n+n

we get the matrix representation of (fl — N)\)_l in the exact same form. Therefore, Theorem
still holds. Since the point spectrum of H is empty, the point spectrum of H + eV is empty as
well. In order to evaluate the constant @ from Lemma[l.14] we need to slightly modify the proof
of the lemma. Let us define two sets, U" and U¢, and state basic inequalities on these sets

U"={XeC |Im\ >0} In| <1, [Tm(A +1i)| > 1,
Ut ={AeC|ImA <0} €1<1, |Im(A—1i)| > 1.

From Proposition [1.12| we get

Im(A—i) £0 = nl < 5 (VIO =P +4 - [im(x - )]),

<\/|Im(>\ T2+ 4 [Im(\+ i)|).

Im(A+i)#0 = €] <

N =N =

If we set § := (v/5 —1)/2, we get |n| < & on U and |¢] < § on U" by the same argument as in
Lemma So, as before, we have VA € C : w(A) > w := 1 — 4. One can notice that the
constant ¢ is the reciprocal value of the golden ratio ¢. A straightforward calculation shows that
1—-0=¢p2 O

So in contrast with the continuous operator H, the discrete operator H exhibits complete
spectral stability under similar assumptions on the potential V.



Chapter 4

Dirac interaction

The Dirac interaction is a special case of diagonal perturbation, where we take V' = ¢dy. The
coupling constant ¢ of the Dirac interaction is an arbitrary complex number and §y considered
as an operator on £2(Z) is defined on x = {x, }nez € (*(Z) as

(50-%')71 = xo(sn,o.

Our aim in this chapter is to find eigenvalues of H,, + ¢y given a coupling constant ¢. The tool
we will be using for this is the Birman—Schwinger principle, see Theorem

The operator dy is a projection, i.e. 63 = &y. Therefore, for purposes of the Birman—Schwinger
principle we may decompose ¢y = (cdp) - (dp). The matrix entries of the Birman—Schwinger
operator K(\) in this setting read

Hoy — N)gp =

— m7n:0,
m,n # 0.

- o -
KN = (e8o(Ho = N "40),,, {0 -
Theorem states that A\ is an eigenvalue of H, + cdy if and only if —1 is an eigenvalue of
K(X). Since the operator K () takes in this setting a rather simple form, spectral analysis of
the operator H, + ¢dp reduces to solving the algebraic equation 5_;_1 = —1 and if we rearrange
it, it reads

c=nt-¢ (4.0.1)
In the previous chapter, we showed that H, exhibits spectral stability if the perturbation is

small enough. Let us illustrate that result in this more specific setting.

Proposition 4.1: Let o have a non-zero imaginary part. Then whenever |¢| < 1—9, the spectra
of H, and H, + cdg are identical, where § is a constant dependent only on the parameter «.

Proof. There is no solution to if the absolute value of ¢ — &€ + 7~ is strictly above zero.
Let us estimate

le—&+n > [e=n" —lef > 1=,
where the last inequality follows from Lemma If we set 1 —0 — |¢| > 0, we get a sufficient
condition for the absence of eigenvalues. O

For a more careful analysis of the equation (4.0.1]), we need to express the parameters £ and
1 in terms of A. Proposition [1.11] states

¢ {H \/2/\2—4 Re) < 0, . Aza—y/(A-a)®—4 \W Re(A — a) <0,
- —VA2— o= —oty/(A—a)?—
Avi2d ReX > 0, M Re(A—a) >0

47
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If we plug this into the equation (4.0.1), we get a more explicit, albeit piece-wise formulation
that is dependent on the real part of «

e Reaa <0 :
Red € (—oo,Rea] =  2c4+a=—-VX2—-4—\/(A—a)2—4
Rel € (Rea,0] =  2c+a=-VX -4+ /A—a)?—4
Re € (0, 00) = 2eta=+VA2 -4+ /(A—a)2—4
e Rea=0:
Re € (—o0, 0] — 2e+a=—-/A2—-4—/A—a)2 -4
ReA € (0, 00) = 2A+a=4+VA2—4+/(A—a)2 -4
e Reaw > 0:

Rel € (—o0, 0] = 2Ata=—-VN2-4—\/(A-a)?-4
Re) € (0, Req] = 2A+a=4+VA2—-4—/(A—a)? -4
Re) € (Rea, 00) = 2A+a=4+VA2 -4+ /(A—a)2 -4

Any solution to these equations within the respective regions is an eigenvalue of H,+cdy. Finding
these solutions proved, however, to be quite difficult. They can surely be obtained analytically
because by carefully squaring the equation, we get quartic polynomial equations in terms of
A which have solutions in radicals; however, these are difficult to work with. A more careful
analysis of these equations may be the subject of further research projects.



Conclusion

Since this research project is a direct continuation of my Bachelor’s degree project, see [14], we
built upon the results obtained in that project. We incorporated elementary findings regarding
the Joukowsky transform from the previous project and further extended and proved additional
assertions. Moreover, we began this paper with the knowledge of the spectrum of H, and its
resolvent operator. The content of the first chapter consisted also of some standard results from
functional analysis and spectral theory.

The second chapter was devoted to the pseudospectral analysis of H,. The e-pseudospectra
are strictly nested supersets of the spectrum where the resolvent operator’s norm is large. After
we mentioned the trivial case of self-adjoint operators we showed several techniques for esti-
mating ||(Hs — A) 71| from above and below. The Schur test served as the primary tool for
obtaining upper bounds, for which we provided a formulation in #2(Z). Using these estimates we
constructed a subset and a superset of the e-pseudospectrum on the region of the complex plane
where we do not have general mathematical tools to describe it exactly. Asymptotic formulas
for the estimates of the resolvent operator’s norm were also given.

In [8], the existence and uniqueness of weakly-coupled bound states were described for the
operator —d?/dz? + V. The authors demonstrated that if V is integrable with the weight
(1 + 22)dz and ¢ is sufficiently small, the aforementioned operator has at most one eigenvalue.
Furthermore, this eigenvalue corresponds to a solution of a specific algebraic equation. For
all values of e, an eigenvalue exists if and only if the mean value of V is non-positive. We
demonstrated that similar assertions hold true in the discrete setting. Specifically, the operator
Hy + €V has at most one eigenvalue when the potential is summable with quadratic weight and
¢ is sufficiently small. However, the other assertion made in the continuous case is slightly more
intricate for Hy due to its bounded nature. We proved that if the mean value of the potential is
positive, there exists an eigenvalue greater than 2. Similarly, if the mean value of the potential
is negative, there exists an eigenvalue less than —2.

We showed a similar behavior regarding spectral stability between the continuous Schréodinger
operator with a complex step potential, as described in [10], and its discrete counterpart that we
studied. When the potential applied to H, is summable with quadratic weight and sufficiently
small, we provided proof that it does not generate any eigenvalues. In other words, the operator
H, exhibits complete spectral stability. They, under similar assumptions imposed on the poten-
tial, showed that the continuous operator H may not have eigenvalues outside the closure of the
numerical range. Furthermore, the smaller the potential, the greater the distance any eigenval-
ues must be from the origin. The primary tool for these results in weak-coupling analysis and
spectral stability was the Birman—Schwinger principle.

The last chapter introduced the Dirac interaction and formulated the problem. Moreover,
we demonstrated the spectral stability property of H, stated in the previous chapter.
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