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@ Basics from the theory of measure and integral, definition of orthogonall
polynomials, examples, tree-term recurrence, Favard’s theorem (regular lecture).

@ Christoffel-Darboux kernel and formula, zeros of orthogonal polynomials,
properties of the very classical orthogonal polynomials (regular lecture).

© Orthogonal polynomials and spectral theory of Jacobi operators, interesting
comments, criteria on uniqueness of the measure of orthogonality, the case of
non-uniqueness of measure of orthogonality, Markov’s theorem, Navanlinna
parametrization (informative chitchat lecture).

-

g

Sources used: Akhiezer’s, Chihara’s and Ismail’s
monograph, Koornwinder’s lecture notes, papers
cited later.
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A very strong motivation

@ Why to care about Orthogonal Polynomials?
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A very strong motivation

@ Why to care about Orthogonal Polynomials?
@ Polynomials = very simple special functions, everybody understands them.
@ Orthogonality = makes things simple,

moreover, this phenomenon naturally emerge in the real life:

Proof:
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Very strong motivation

By the way orthogonal polynomials brings together many mathematical and physical
branches:

Complex analysis (Bieberbach conjecture, moment problem, Padé
approximation)

Functional analysis (Fourier-Plancherel transform, spectral analysis of Jacobi
operators)

Numerical mathematics (approximation theory, quadrature, differential
equations)

@ Number theory (continued fractions, proofs of irrationality of numbers)

Quantum mechanics (harmonic oscilator and its deformations, Schrédinger
operator with spherically symmetric potential, coherent states)

@ Integrable systems (solitons, Toda equation)

Random matrix theory, Riemann-Hilbert problem, Radon transform, Zonal
spherical harmonics, group representation theory, coding theory, electrostatic
problems, ....
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Several books

@ G. Szegd: Ortogonal polynomials, Amer. Math. Soc., Fourth %
ed., 1975.
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Several books

@ G. Szegd: Ortogonal polynomials, Amer. Math. Soc., Fourth %
ed., 1975.

@ T. S. Chihara: An Introduction to Orthogonal Polynomials,
Gordon and Breach, 1978, reprinted Dover, 2011.
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Several books

@ G. Szegd: Ortogonal polynomials, Amer. Math. Soc., Fourth %
ed., 1975.

@ T. S. Chihara: An Introduction to Orthogonal Polynomials,
Gordon and Breach, 1978, reprinted Dover, 2011.

@ N. |. Akhiezer: The Classical Moment Problem and Some
Related Questions in Analysis, Oliver & Boyd, 1965.

Frantisek Stampach (CTU) OPs Intro May 18-24, 2014 5/45



Other Sources

@ M. E. H. Ismail: Classical and Quantum Orthogonal Polynomials i

POLYNOMIALS IN

in One Variable, Cambridge University Press, 2005.
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in One Variable, Cambridge University Press, 2005.

@ R. Koekoek, P. A. Lesky R. F. Swarttouw: Hypergeometric

p— orthogonal polynomials and their g-analogues, Springer-Verlag,
s 2010.

@ The Askey-scheme available on arXiv: arXiv:math/9602214

Frantisek Stampach (CTU) OPs Intro May 18-24, 2014 6/45



Other Sources

@ M. E. H. Ismail: Classical and Quantum Orthogonal Polynomials i

POLYNOMIALS IN

in One Variable, Cambridge University Press, 2005.

@ R. Koekoek, P. A. Lesky R. F. Swarttouw: Hypergeometric

p— orthogonal polynomials and their g-analogues, Springer-Verlag,
s 2010.

@ The Askey-scheme available on arXiv: arXiv:math/9602214

NIST Hand
@ NIST Digital Library of Mathematical Functions, in particular of Mathematica

Chp. 18 on Orthogonal polynomials (e |
@ http://dlmf.nist.gov

Frantisek Stampach (CTU) OPs Intro May 18-24, 2014



Construction of Orthogonal polynomials

@ Let P be the real linear space of polynomials in one variable with real coefficients.

Frantisek Stampach (CTU) OPs Intro May 18-24, 2014



Construction of Orthogonal polynomials

@ Let P be the real linear space of polynomials in one variable with real coefficients.
@ Assume a positive definite inner product (., .) is given on P.

Frantisek Stampach (CTU) OPs Intro May 18-24, 2014



Construction of Orthogonal polynomials

@ Let P be the real linear space of polynomials in one variable with real coefficients.
@ Assume a positive definite inner product (., .) is given on P.
@ Apply the Gram-Schmidt orthogonalization process to monomials {1, x, x2,...}.

Frantisek Stampach (CTU) OPs Intro May 18-24, 2014



Construction of Orthogonal polynomials

@ Let P be the real linear space of polynomials in one variable with real coefficients.
@ Assume a positive definite inner product (., .) is given on P.
@ Apply the Gram-Schmidt orthogonalization process to monomials {1, x, x2,...}.

@ Resulting polynomials {po, p1, p2, . . . } are mutually orthogonal (with respect to the
given inner product) and they are produced recursively

,

n—1
P =1, ol =X = > e
k=0

(Need to check the orthogonality?)
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Construction of Orthogonal polynomials

@ Let P be the real linear space of polynomials in one variable with real coefficients.
@ Assume a positive definite inner product (., .) is given on P.
@ Apply the Gram-Schmidt orthogonalization process to monomials {1, x, x2,...}.

@ Resulting polynomials {po, p1, p2, . . . } are mutually orthogonal (with respect to the
given inner product) and they are produced recursively

,

n—1
) =1, prl)=x"= 3" 4D, X
k=0
(Need to check the orthogonality?)
@ Moreover, it holds

Pp:=span{1,x,...,x"} = span{po, 1, ..., Pn}.

@ Polynomials p, are unique up to a nonzero multiplicative constant. We denote
constants h, and k, as follows:

(P, Pn) = hn and  pa(x) = kax" + “a polynomial of degree < n”.
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Construction of Orthogonal polynomials

@ Let P be the real linear space of polynomials in one variable with real coefficients.
@ Assume a positive definite inner product (., .) is given on P.
@ Apply the Gram-Schmidt orthogonalization process to monomials {1, x, x2,...}.

@ Resulting polynomials {po, p1, p2, . . . } are mutually orthogonal (with respect to the
given inner product) and they are produced recursively

,

n—1
P =1, ol =X = > e
k=0

(Need to check the orthogonality?)
@ Moreover, it holds

Pp:=span{1,x,...,x"} = span{po, 1, ..., Pn}.

@ Polynomials p, are unique up to a nonzero multiplicative constant. We denote
constants h, and k, as follows:

(P, Pn) = hn and  pa(x) = kax" + “a polynomial of degree < n”.

@ Orthonormal polynomials (h, = 1) vs. Monic orthogonal polynomials (k, = 1).
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Inner products on P

@ What inner product on P can we have?
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Inner products on P

@ What inner product on P can we have?
@ For example for f,g € P

b
(f.g) = / (090 w()dx or (1.0) = 3 e 1(4)9(x).

>0 >0
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Inner products on P

@ What inner product on P can we have?
@ For example for f,g € P

b
(f.g) = / (090 w()dx or (1.0) = 3 e 1(4)9(x).

>0 >0

@ These examples are special cases of the inner product of the form
(t.) = [ 1)g00du(x)
R

where . is a (positive) measure.
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Intermezzo about measures

@ Let B be a system of Borel subsets of R.
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@ Let B be a system of Borel subsets of R.

@ Amap u: B — [0,00) is finite (Borel) measure on R if it is o-additive. That means
that for any system of mutually disjoint sets {A;} it holds

I (U A/) =" u(A).
i=1 i=1
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that for any system of mutually disjoint sets {A;} it holds

I (U A/) =" u(A).
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@ Having a measure p on R there is a general construction of an integral

/R F(X)du(x)

where f is a measurable function (preimage of a Borel set is a Borel set).
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Intermezzo about measures

@ Let B be a system of Borel subsets of R.

@ Amap u: B — [0,00) is finite (Borel) measure on R if it is o-additive. That means
that for any system of mutually disjoint sets {A;} it holds

«(0A) =3um)
i=1 i=1
@ Having a measure p on R there is a general construction of an integral
| fdutx)
R
where f is a measurable function (preimage of a Borel set is a Borel set).

@ Very nice introduction on the general theory of measures and integral calculus is
given in

W. Rudin: Real and complex analysis, in czech, Academia, 2003.
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Intermezzo about measures - two special cases

@ We distinguish two special cases.
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@ We distinguish two special cases.
@ The measure p is absolutely continuous if there exists a positive function w such
that du(x) = w(x)dx. The integral of a measurable functions f has the form

/Rf(x)du(x):/Rf(x)w(x)dx.
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Intermezzo about measures - two special cases

@ We distinguish two special cases.
@ The measure p is absolutely continuous if there exists a positive function w such
that du(x) = w(x)dx. The integral of a measurable functions f has the form

/Rf(x)du(x):/Rf(x)w(x)dx.

2
*" we have

/R1du(x) = /Re*"zdx = /T

@ Example: For w(x) = e~
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Intermezzo about measures - two special cases

@ We distinguish two special cases.
@ The measure p is absolutely continuous if there exists a positive function w such
that du(x) = w(x)dx. The integral of a measurable functions f has the form

/ f(x)du(x) = / f(x)w(x)dx.
R R
@ Example: For w(x) = e~ we have
/1du(x) = / e dx = V.
R R
@ The measure v is discrete if there exists sequences xx € R, wx > 0 such that

du(x) = >, Wkox, (X) where 6y, (x) is a unit mass at xx. The integral of a
measurable functions f has the form

/ f()du(x) = (i) wk.
R K
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Intermezzo about measures - two special cases

@ We distinguish two special cases.
@ The measure p is absolutely continuous if there exists a positive function w such
that du(x) = w(x)dx. The integral of a measurable functions f has the form

/ f(x)du(x) = / f(x)w(x)dx.

@ Example: For w(x) = e~ we have

/R1du(x) = /Re*"zdx = /T

@ The measure v is discrete if there exists sequences xx € R, wx > 0 such that
du(x) = >, Wkox, (X) where 6y, (x) is a unit mass at xx. The integral of a
measurable functions f has the form

/ f()du(x) = (i) wk.
R K

@ Example: For xx = k, wx = 1/k!, k € Z we have

/R1du(x = i

k=0
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Intermezzo about measures - distribution function

@ With any measure n one can associate the distribution function

Fu(x) := p((=o00, X])-
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@ With any measure n one can associate the distribution function

Fu(x) := p((=00, x]).
@ Function F, is non-decreasing and continuous from the right.

@ On the other hand such function F determines a unique (Lebesgue-Stieltjes)
measure on R.
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Intermezzo about measures - distribution function

@ With any measure n one can associate the distribution function

Fu(x) := p((=00, x]).
@ Function F, is non-decreasing and continuous from the right.

@ On the other hand such function F determines a unique (Lebesgue-Stieltjes)
measure on R.

@ We say measure p has in x a mass point of mass ¢ > 0 if F, has jump at x of
magnitude c, i.e.,
F.(x) — 5|l>n3+ F.(x—-9)=c.

(The number of mass points is at most countable.)
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@ Function F, is non-decreasing and continuous from the right.

@ On the other hand such function F determines a unique (Lebesgue-Stieltjes)
measure on R.

@ We say measure p has in x a mass point of mass ¢ > 0 if F, has jump at x of
magnitude c, i.e.,
F.(x) — 5|l>n3+ F.(x—-9)=c.
(The number of mass points is at most countable.)

@ More generally, the support of the measure . consists of all x such that
u((x —d,x +46)) > 0forall § > 0. This is set is always closed.
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Intermezzo about measures - distribution function

@ With any measure n one can associate the distribution function
Fu(x) := p((=00,x]).

@ Function F, is non-decreasing and continuous from the right.

@ On the other hand such function F determines a unique (Lebesgue-Stieltjes)
measure on R.

@ We say measure p has in x a mass point of mass ¢ > 0 if F, has jump at x of
magnitude c, i.e.,
F.(x) — 5|l>n3+ F.(x—-9)=c.
(The number of mass points is at most countable.)

@ More generally, the support of the measure . consists of all x such that
u((x —d,x +46)) > 0forall § > 0. This is set is always closed.

@ Soif AC R\ supp i then u(A) = 0 and one does not need to "integrate outside the
support”,

[ 00dut) = [ tosuto

for any measurable function f. (Examples!)
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Definition of Orthogonal polynomials

@ Let u be positive Borel measure on R of infinite support such that

/x"d,u(x) < oo, forallnez,.
R
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Definition of Orthogonal polynomials

@ Let u be positive Borel measure on R of infinite support such that
/x"d,u(x) < oo, forallnez,.
R
@ Let the space P is equipped with inner product

(f.g) = / F(X)g(x)dpu(x).
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Definition of Orthogonal polynomials

@ Let u be positive Borel measure on R of infinite support such that
/RX"dM(X) < oo, forallnez,.
@ Let the space P is equipped with inner product
(r.9):= [ 10090)du.

@ A sequence {po, p1, P2, ...} C P where degree of p, is n orthogonal with respect
to the above inner product is called a sequence of orthogonal polynomials (=OPs)
with respect to the measure p.
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Definition of Orthogonal polynomials

@ Let u be positive Borel measure on R of infinite support such that
/RX"dM(X) < oo, forallnez,.
@ Let the space P is equipped with inner product
(r.9):= [ 10090)du.
@ A sequence {po, p1, P2, ...} C P where degree of p, is n orthogonal with respect

to the above inner product is called a sequence of orthogonal polynomials (=OPs)
with respect to the measure p.

@ The orthogonality relation then reads

/ Pm(X)Pa()H(X) = Pobmp, M1 E L.
R
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Example - Hermite polynomials

@ Hermite polynomials H,: orthogonal on R with respect to w(x) = e (normalized
by k, = 27).
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Example - Hermite polynomials

@ Hermite polynomials H,: orthogonal on R with respect to w(x) = e (normalized
by k, = 27).
@ Constants h, can be determined and the orthogonality relation reads

/ Hin(X)Ho(x)&dx = /7 2" N6 1.
R
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Example - Hermite polynomials

@ Hermite polynomials H,: orthogonal on R with respect to w(x) = e (normalized
by k, = 27).
@ Constants h, can be determined and the orthogonality relation reads

/ Hin(X)Ho(x)&dx = /7 2" N6 1.
R

@ In principle, Hn(x) can be computed for any n € Z, by using the Gram-Schmidt
procedure. Several first are

Ho(x) =1, Hi(x)=2x, Ha(x)=4x*—2, Ha(x)=8x"—12x,

Hio(x) = 1024x"° — 23040x® + 161280x° — 403200x* + 302400x° — 30240

However, it is a difficult task to derive the explicit formula for H, from the very
definition. The formula reads

N ) A
(X) = nzkl(n oK1 (2x)"2
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More examples

@ Laguerre polynomials L, : orthogonal on (0, co) w. r. t. the weight function e™*,
thus w(x) = € *x(0,00)(X) (normalized by k, = (—1)"/nl or h, = 1).
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More examples

@ Laguerre polynomials L, : orthogonal on (0, co) w. r. t. the weight function e™*,
thus w(x) = € *x(0,00)(X) (normalized by k, = (—1)"/nl or h, = 1).

@ The explicit formula for L, reads

n _1 k
Lo(x) = O<Z>(k!) X, neiz..

k=l
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More examples

@ Laguerre polynomials L, : orthogonal on (0, co) w. r. t. the weight function e™*,
thus w(x) = € *x(0,00)(X) (normalized by k, = (—1)"/nl or h, = 1).

@ The explicit formula for L, reads

Ln(x) = zn: <Z> (_,:!)k X, nez,.

k=0

Exercise for students #1: Prove the explicit formula for Laguerre polynomials. Further
find the generating function formula and the three-term recurrence relation for L,(x).
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More examples

@ Laguerre polynomials L, : orthogonal on (0, co) w. r. t. the weight function e™*,
thus w(x) = € *x(0,00)(X) (normalized by k, = (—1)"/nl or h, = 1).

@ The explicit formula for L, reads

Ln(x) = zn: <Z> (_,:!)k X, nez,.

k=0

Exercise for students #1: Prove the explicit formula for Laguerre polynomials. Further
find the generating function formula and the three-term recurrence relation for L,(x).

@ Jacobi polynomials PR orthogonal on [—1, 1] w. r. t. weight function
(1 — x)*(1 + x)® where a, 8 > —1 (normalized by P (1) = (o + 1)n/nl).
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More examples

@ Laguerre polynomials L, : orthogonal on (0, co) w. r. t. the weight function e™*,
thus w(x) = € *x(0,00)(X) (normalized by k, = (—1)"/nl or h, = 1).

@ The explicit formula for L, reads

Ln(x) = zn: <Z> (_,:!)k X, nez,.

Exercise for students #1: Prove the explicit formula for Laguerre polynomials. Further
find the generating function formula and the three-term recurrence relation for L,(x).
@ Jacobi polynomials PR orthogonal on [—1, 1] w. r. t. weight function
(1 — x)*(1 + x)® where a, 8 > —1 (normalized by P (1) = (o + 1)n/nl).
@ There are several families of OPs that are special cases of Jacobi polynomials.

For example Gegenbauer or ultraspherical polynomials (o = 8 = A — 1/2),
Legendre polynomials (« = 8 = 0), Chebyshev polynomials (o« = § = £1/2).
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More examples

@ Laguerre polynomials L, : orthogonal on (0, co) w. r. t. the weight function e™*,
thus w(x) = € *x(0,00)(X) (normalized by k, = (—1)"/nl or h, = 1).

@ The explicit formula for L, reads

Ln(x) = zn: <Z> (_,:!)k X, nez,.

Exercise for students #1: Prove the explicit formula for Laguerre polynomials. Further
find the generating function formula and the three-term recurrence relation for L,(x).

@ Jacobi polynomials PR orthogonal on [—1, 1] w. r. t. weight function
(1 — x)*(1 + x)® where a, 8 > —1 (normalized by P (1) = (o + 1)n/nl).

@ There are several families of OPs that are special cases of Jacobi polynomials.
For example Gegenbauer or ultraspherical polynomials (o = 8 = A — 1/2),
Legendre polynomials (« = 8 = 0), Chebyshev polynomials (o« = § = £1/2).

@ Charlier polynomials cd: orthogonal on Z, w. r. t. the weights wi = a*/k! where
a > 0 (normalized by C{?(0) = (—a)").
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Three-term recurrence relation

Monic orthogonal polynomials p, satisfy

Pn+1(X) = (X = @n)pn(X) — bo-1pp-1(x), forn>1,
p1(x) = (x — a)po(x)

where a, € R and b, > 0. Moreover, one has h,/hy = bob; ... by_1.
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Three-term recurrence relation

Monic orthogonal polynomials p, satisfy

Pn+1(X) = (X = @n)pn(X) — bo-1pp-1(x), forn>1,
p1(x) = (x — a)po(x)

where a, € R and b, > 0. Moreover, one has h,/hy = bob; ... by_1.

Proof: (on the whiteboard)
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Favard’s theorem

Theorem (Favard, 1935)

If polynomials p, of degree n satisfy =

Pr1(X) = (X — a@n)Pn(X) = bn—1pn-1(x), forn=>1,
p1(x) = (X — a)po(X)

where a, € R and b, > 0 then there exists a positive measure p
on R such that polynomials p, are orthogonal w. r. t. p.

Proof: indicated on the whiteboard
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Favard’s theorem

Theorem (Favard, 1935)

If polynomials p, of degree n satisfy =

Pr1(X) = (X — a@n)Pn(X) = bn—1pn-1(x), forn=>1,
p1(x) = (X — a)po(X)

where a, € R and b, > 0 then there exists a positive measure p
on R such that polynomials p, are orthogonal w. r. t. p.

Proof: indicated on the whiteboard

Several remarks on uniqueness of the measure of orthogonality:
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Favard’s theorem

Theorem (Favard, 1935)

If polynomials p, of degree n satisfy =

Pr1(X) = (X — a@n)Pn(X) = bn—1pn-1(x), forn=>1,
p1(x) = (X — a)po(X)

where a, € R and b, > 0 then there exists a positive measure p
on R such that polynomials p, are orthogonal w. r. t. p.

Proof: indicated on the whiteboard

Several remarks on uniqueness of the measure of orthogonality:
@ The measure p from the Favard’s theorem may not be unique!
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Favard’s theorem

Theorem (Favard, 1935)

If polynomials p, of degree n satisfy =

Pr1(X) = (X — a@n)Pn(X) = bn—1pn-1(x), forn=>1,
p1(x) = (X — a)po(X)

where a, € R and b, > 0 then there exists a positive measure p
on R such that polynomials p, are orthogonal w. r. t. p.

Proof: indicated on the whiteboard

Several remarks on uniqueness of the measure of orthogonality:
@ The measure p from the Favard’s theorem may not be unique!
@ If sequences {an} and {b,} are bounded then the measure  is unique.
@ The measure p is unique if

> 1 (Carleman’s condition)
n=0

5
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Christoffel-Darboux kernel

Definition

Let p, be OPs w. r. t. measure p. The Christoffel-Darboux kernel kernel is the function

Kn(X,y) = Z pk(x/?’pk(y)

k=0 ks
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Christoffel-Darboux kernel

Definition

Let p, be OPs w. r. t. measure p. The Christoffel-Darboux kernel kernel is the function

Kn(X,y) =Y Pk(X/)fk(y)
k=0

Linear map N, : P — P, defined by formula

(Maf) = / Kn(x, ) (y)du(y) J

is an orthogonal projection onto P, (Proof: whiteboard).
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Christoffel-Darboux formula

Theorem

Assume p, are monic OPs (k, = 1) then it holds ‘m

(x - y)Zpk WP _ L (6)009) ~ a0 (1)
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Christoffel-Darboux formula

Theorem
Assume p, are monic OPs (k, = 1) then it holds -~ % '\,;
n X 1
(x—y) > PP _ L (o (x)puy) = u(X0Pir (1)) a
k=0
Corollary
A R , 4
PL _ L (01 (x)pn(x) = Ph(X)P1(x) B
k=0

Proofs: whiteboard
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Zeros of OPs

Let p, be OPs w. r. t. i (of degree n). Then p, has n distinct zeros in supp .

Proof: whiteboard
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All zeros of p, are simple. \
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Zeros of OPs

Let p, be OPs w. r. t. i (of degree n). Then p, has n distinct zeros in supp .

Proof: whiteboard

All zeros of p, are simple. \
Zeros of p, and p,1 alternate. \
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Zeros of OPs

Let p, be OPs w. r. t. i (of degree n). Then p, has n distinct zeros in supp .

Proof: whiteboard

All zeros of p, are simple.

Zeros of p, and p,1 alternate.

Exercise for students #2: Prove the last Theorem. Hint: WLOG take k, = 1 and use
that for all x € R it holds

n 2
Pht (X)Pa(X) = Ph(X)Pnst (X) = hn > w >0,
k=0

as it follows from the Christoffel-Darboux formula.
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Graphs of Chebyshev OPs of the second kind

@ Chebyshev polynomials of the second kind U, are orthogonal on [—1, 1] w.r.t the

weight function /1 — x2.

\ ]
Q\/“ — ()

\//

/

A

Figure : Alternating zeros of Chebyshev polynomials Ug and Ug.

May 18-24, 2014
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Some properties of the very classical OPs

@ For the very classical OPs (Jacobi, Hermite, Laguerre) the following relations are
known.
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@ For the very classical OPs (Jacobi, Hermite, Laguerre) the following relations are
known.

@ Relations (2nd order ODE, Shift operator, Rodriguez) mentioned below do not

hold for a general family of OPs (cf. Bochner’s classification)! However, there are
various generalizations of them (again not remaining true in general).
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known.

@ Relations (2nd order ODE, Shift operator, Rodriguez) mentioned below do not
hold for a general family of OPs (cf. Bochner’s classification)! However, there are
various generalizations of them (again not remaining true in general).

@ We illustrate them in the case of (generalized) Laguerre polynomials Ly (x).
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Some properties of the very classical OPs

@ For the very classical OPs (Jacobi, Hermite, Laguerre) the following relations are
known.

@ Relations (2nd order ODE, Shift operator, Rodriguez) mentioned below do not
hold for a general family of OPs (cf. Bochner’s classification)! However, there are
various generalizations of them (again not remaining true in general).

@ We illustrate them in the case of (generalized) Laguerre polynomials Ly (x).

@ Polynomials Ly (x) are orthogonal on [0, o) w. r. t. the weight function
w(x) = x*e~* where a > —1. They are normalized as L;(0) = (a+ 1)n/n!.
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Some properties of the very classical OPs

@ For the very classical OPs (Jacobi, Hermite, Laguerre) the following relations are
known.

@ Relations (2nd order ODE, Shift operator, Rodriguez) mentioned below do not
hold for a general family of OPs (cf. Bochner’s classification)! However, there are
various generalizations of them (again not remaining true in general).

@ We illustrate them in the case of (generalized) Laguerre polynomials Ly (x).

@ Polynomials Ly (x) are orthogonal on [0, o) w. r. t. the weight function
w(x) = x*e~* where a > —1. They are normalized as L;(0) = (a+ 1)n/n!.

Explicit expression:

Ly (x) = Z( 1) k<”+a));l
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Some properties of the very classical OPs

@ For the very classical OPs (Jacobi, Hermite, Laguerre) the following relations are
known.

@ Relations (2nd order ODE, Shift operator, Rodriguez) mentioned below do not
hold for a general family of OPs (cf. Bochner’s classification)! However, there are
various generalizations of them (again not remaining true in general).

@ We illustrate them in the case of (generalized) Laguerre polynomials Ly (x).

@ Polynomials Ly (x) are orthogonal on [0, o) w. r. t. the weight function
w(x) = x*e~* where a > —1. They are normalized as L;(0) = (a+ 1)n/n!.

Explicit expression:
@ k[N +a X
Ly(x) = Z( 1) < ) T

Recurrence relation:

(n+ Do) — @n+a+1-x)L(x) + (n+ )Ly (x) =0
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Some properties of the very classical OPs - cntd.

Second order ODE:

xy"(x) + (@ +1=x)y' () +ny(x) =0, y(x) = Ly(x)
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Some properties of the very classical OPs - cntd.

Second order ODE:

xy"(x) + (@ +1=x)y' () +ny(x) =0, y(x) = Ly(x)

Forward shift operator:

d «@ «@
aLn (X) = _Lnj11 (X)
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Second order ODE:

xy"(x) + (@ +1=x)y' () +ny(x) =0, y(x) = Ly(x)

Forward shift operator:

d «@ «@
aLn (X) = _Lnj11 (X)

Backward shift operator:

d

o 67X L] = (n+ e x T L ()
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Some properties of the very classical OPs - cntd.

Second order ODE:

xy"(x) + (@ +1=x)y' () +ny(x) =0, y(x) = Ly(x)

Forward shift operator:

d «@ «@
aLn (X) = _Lnj11 (X)

Backward shift operator:

d

g (€7 XL ()] = (n+1)e”*x* L ()

n+1

Rodriguez formula:
e“x ¢

L) = &% (a> " el
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One way for the derivation of the previous relations

@ In special situations (the very classical OPs is the case) one can use the following
procedure to derive the explicit formula and other relations for OPs in question.
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One way for the derivation of the previous relations

@ In special situations (the very classical OPs is the case) one can use the following
procedure to derive the explicit formula and other relations for OPs in question.

@ Letus assume 0 < w,w; € C'((a, b)) and pn, g» be OPs orthogonal w.r.t. w, wy,
respectively. Further let

Jim () = I () = 0.
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One way for the derivation of the previous relations

@ In special situations (the very classical OPs is the case) one can use the following
procedure to derive the explicit formula and other relations for OPs in question.

@ Letus assume 0 < w,w; € C'((a, b)) and pn, g» be OPs orthogonal w.r.t. w, wy,
respectively. Further let

Jim () = I () = 0.

@ If one more assumption is provided, namely

1 d

n—1 _ n “ : ”
w(x) dx [x wy (x)] = \gn/x + “a polynomial of degree < n”,

#0
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One way for the derivation of the previous relations

@ In special situations (the very classical OPs is the case) one can use the following
procedure to derive the explicit formula and other relations for OPs in question.

@ Letus assume 0 < w,w; € C'((a, b)) and pn, g» be OPs orthogonal w.r.t. w, wy,
respectively. Further let

Jim () = I () = 0.

@ If one more assumption is provided, namely

1 d n—1 _ n “ H 9
W& [x wy (x)] = \gn/x + “a polynomial of degree < n”,
#0

one deduces relations

Ph0 = n0-1(x) and s s ()4 ()] = —€opr
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One way for the derivation of the previous relations

@ In special situations (the very classical OPs is the case) one can use the following
procedure to derive the explicit formula and other relations for OPs in question.

@ Letus assume 0 < w,w; € C'((a, b)) and pn, g» be OPs orthogonal w.r.t. w, wy,
respectively. Further let

Jim () = I () = 0.

@ If one more assumption is provided, namely

1 d n—1 _ n “ H 9
W& [x wy (x)] = \gn/x + “a polynomial of degree < n”,
#0
one deduces relations
"x) — _t d -
Pna(x) = ngn-1(x) and w(x) dx [Gn—1(X)w1(X)] = —Enpn.

@ From which it further follows
b b
n/ Gn—1(x)?ws (x)dx = g,,/ pn(x)?w(x)dx.
a a

(Details on whiteboard.)

Franti$ek Stampach (CTU) OPs Intro May 18-24, 2014 23/45



Derivation of relations for Laguerre polynomials

Exercise for students #3: Derive the explicit formula, backward/forward shift operators,
second order ODE and Rodriguez formula for Laguerre polynomials Ly by applying the
previous general procedure. Moreover, determine the normalization factors hy,.
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Derivation of relations for Laguerre polynomials

Exercise for students #3: Derive the explicit formula, backward/forward shift operators,
second order ODE and Rodriguez formula for Laguerre polynomials Ly by applying the
previous general procedure. Moreover, determine the normalization factors hy,.

hint 1: Consider monic version of Laguerre polynomials p,(x) = ¢;(x) and set

w(x) = x%e*, w(x)=x>""e™, hence gn(x) = 3" (x).
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Derivation of relations for Laguerre polynomials

Exercise for students #3: Derive the explicit formula, backward/forward shift operators,
second order ODE and Rodriguez formula for Laguerre polynomials Ly by applying the
previous general procedure. Moreover, determine the normalization factors hy,.

hint 1: Consider monic version of Laguerre polynomials p,(x) = ¢;(x) and set

w(x) = x%e*, w(x)=x>""e™, hence gn(x) = 3" (x).

hint 2: Ask me for the advice!
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Classification theorems for the very classical OPs

The very classical polynomials (Jacobi, Laguerre, Hermite) are determined as the only

OPs ps(x) (up to constant factor and linear transformation of the argument) by one of
the following condition:
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Classification theorems for the very classical OPs

The very classical polynomials (Jacobi, Laguerre, Hermite) are determined as the only

OPs ps(x) (up to constant factor and linear transformation of the argument) by one of
the following condition:

@ Bochner's theorem: p, are eigenfunctions of the 2nd order ODE of the form

2
100 0+ 900 o

with f, g polynomials of degree at most 2,1, respectively.
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Classification theorems for the very classical OPs

The very classical polynomials (Jacobi, Laguerre, Hermite) are determined as the only

OPs ps(x) (up to constant factor and linear transformation of the argument) by one of
the following condition:

@ Bochner's theorem: p, are eigenfunctions of the 2nd order ODE of the form

2
100 0+ 900 o

with f, g polynomials of degree at most 2,1, respectively.
@ Polynomials p;(x) are OP’s as well.

© The polynomials are orthogonal w. r. t. 0 < w € C* on an open interval and there
exists a polynomial Y such that the Rodriguez formula

pn(x) = const.w(x) ™

d’
o [YComwx)].
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Towards the Askey scheme - the very classical polynomials

TJacobi

i
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Askey scheme

4R4) Wilson 4F(4)
35(3) Lomtianous ‘ Sentimons ‘ Dual Hahn ‘ 3F3(3)
dual Hahn
Meixner
2F1(2) - ‘ Jacobi Meixner ‘ Krawlchouk‘ 2F1(2)
Pollaczek Jacobi
1R (1)/2R(1) ‘ Laguerre Bessel ‘ ‘ Charlier 1A /R(1)
2/5(0) Henmte 2R(0)
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Askey scheme with heads

Askey scheme

Meixner / Erawtehonk
E .

]

Hermite
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g-Askey scheme

(&)

U]

Askey-Wilson gRacah
Cootzmons Comimons B ‘ -Hahn Dusl g-Hahn ‘
dual g-Hzhn g-Hahn g-Jacobi
AbSalam | [ g-Meixoer | [ Conti . Quantum r Affine Dual
Chihara Pollaczek qfl-mbi Hwobﬂ g-Krawtchouk g-Krawtchouk | | g-Krawtchouk|
/ // /7-:\L
Little AlSalam AlSelam
-Laguere. Bosscl g-Charlicr
HF g-Hermite Laguerre || 7 * Carliz T
Continuous Stieltjes Discrete Discrete
g-Hermite Wigert ¢-Hermite 1 g-Hermite IT

“@

3

P
&

©
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Intermezzo - OPs and the spectral analysis of linear operators

@ We saw any sequence of monic OPs {p,} is a solution of the recurrence

Past (X) = (X = @n)pa(X) = bo—1pn-1(x),  (p-1(x) == 0),

and vice versa.
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Intermezzo - OPs and the spectral analysis of linear operators

@ We saw any sequence of monic OPs {p,} is a solution of the recurrence

Past (X) = (X = @n)pa(X) = bo—1pn-1(x),  (p-1(x) == 0),

and vice versa.
@ Consequently, by setting /by . . . bo—1Pn(x) := pa(x) one arrives at the equation

\/bn_1Pn_1(X) + anPn(X) + \/FnPn+1 (X) = XP"(X)7 (P—1(X) = 0)
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Intermezzo - OPs and the spectral analysis of linear operators

@ We saw any sequence of monic OPs {p,} is a solution of the recurrence

Past (X) = (X = @n)pa(X) = bo—1pn-1(x),  (p-1(x) == 0),

and vice versa.
@ Consequently, by setting /by . . . bo—1Pn(x) := pa(x) one arrives at the equation

/b1 Pn_1(X) + @nPa(X) + v/ baPri1(Xx) = xPa(x), (P-1(x) =0).
@ Hence sequence P(x) := {Px(x)} is a formal solution of the eigenvalue equation
JP(x) = xP(x)

where J is semi-infinite symmetric Jacobi matrix with diagonal sequence {a,} and
off-diagonal sequence {/bn}.
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Intermezzo - OPs and the spectral analysis of linear operators

@ We saw any sequence of monic OPs {p,} is a solution of the recurrence
Pri1(X) = (X = @n)pn(X) = bp—1pn-1(x),  (p-1(x) :=0),
and vice versa.
@ Consequently, by setting v/bo . . . bo—1 Pa(X) := pn(x) one arrives at the equation
Vb1 Pai(X) + @nPa(X) + v/ buPay1 (x) = XPa(x),  (P_1(x) =0).
@ Hence sequence P(x) := {Px(x)} is a formal solution of the eigenvalue equation
JP(x) = xP(x)

where J is semi-infinite symmetric Jacobi matrix with diagonal sequence {a,} and
off-diagonal sequence {/bn}.

@ Matrix J determines (not uniquely in general) a densely defined linear operator on
C(Z2).
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Intermezzo - OPs and the spectral analysis of linear operators

@ We saw any sequence of monic OPs {p,} is a solution of the recurrence

Past (X) = (X = @n)pa(X) = bo—1pn-1(x),  (p-1(x) == 0),

and vice versa.
@ Consequently, by setting /by . . . bo—1Pn(x) := pa(x) one arrives at the equation

/b1 Pn_1(X) + @nPa(X) + v/ baPri1(Xx) = xPa(x), (P-1(x) =0).
@ Hence sequence P(x) := {Px(x)} is a formal solution of the eigenvalue equation
JP(x) = xP(x)

where J is semi-infinite symmetric Jacobi matrix with diagonal sequence {a,} and
off-diagonal sequence {/bn}.

@ Matrix J determines (not uniquely in general) a densely defined linear operator on
C(Z2).

@ So one can guess there is close connection between the spectral analysis of
tridiagonal linear operators and corresponding OPs. Indeed, there is relation

between spectral measure of J (under some assumptions) and the measure of
orthogonality 1 for OPs.
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Intermezzo - Two problems to solve

Problem n.1: The measure u is given (e.g. by its density w(x)) and the goal is to
recover sequences {a,} and {b,} (or at least some of their properties as asymptotics,
periodicity, etc.) from the three-term recurrence relation of corresponding OPs

- a.k.a. inverse spectral problem.
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Intermezzo - Two problems to solve

Problem n.1: The measure u is given (e.g. by its density w(x)) and the goal is to
recover sequences {a,} and {b,} (or at least some of their properties as asymptotics,
periodicity, etc.) from the three-term recurrence relation of corresponding OPs

- a.k.a. inverse spectral problem.

Can you hear the shape of a drum?
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Intermezzo - Two problems to solve

Problem n.2: A sequence of OPs is prescribed by the tree-term recurrence relation,
i.e. by sequences {an} and {b,}. The goal is to describe a measure of orthogonality
(character, support, mass points/jumps) and find the orthogonality relation

- a.k.a spectral analysis of a linear operator.
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i.e. by sequences {an} and {b,}. The goal is to describe a measure of orthogonality
(character, support, mass points/jumps) and find the orthogonality relation

- a.k.a spectral analysis of a linear operator.

This situation is quite familiar in problems of mathematical physics
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Intermezzo - Two problems to solve

Problem n.2: A sequence of OPs is prescribed by the tree-term recurrence relation,
i.e. by sequences {an} and {b,}. The goal is to describe a measure of orthogonality
(character, support, mass points/jumps) and find the orthogonality relation

- a.k.a spectral analysis of a linear operator.

This situation is quite familiar in problems of mathematical physics

Examples:
@ Quantum mechanics: discrete Schrédinger operators on ¢2(Z..);

(Hd})" = —(¢n+1 + ¢n71) + Von.
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Intermezzo - Two problems to solve

Problem n.2: A sequence of OPs is prescribed by the tree-term recurrence relation,
i.e. by sequences {an} and {b,}. The goal is to describe a measure of orthogonality
(character, support, mass points/jumps) and find the orthogonality relation

- a.k.a spectral analysis of a linear operator.

This situation is quite familiar in problems of mathematical physics

Examples:
@ Quantum mechanics: discrete Schrédinger operators on ¢2(Z..);

(Hd})" = _(wn+1 + ¢n71) + Vn'l/1n~

@ Statistical physics: equation of motion for magnetization in kinetic Ising chain;

am Vn— v/
dtn = —mMp+ 7’%2 1 Mp—1 + 4’7/2’n+1 Mnpyq.
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Intermezzo - Is it still actual?

Available online at www.sciencedirect.com

scuncl@mn-cT- JOURNAL OF
COMPUTATIONAL AND

i APPLIED MATHEMATICS
ELSEVIER Joumal of Computational and Applied Mathematics 178 (2005) 531-532

www.elsevier.com/locate/cam

Problem 4. A moment problem
Mourad Ismail

Department of Mathematics, University of Central Florida, Orlando, FL 32816, USA

Borzov etal. [1] defined polynomials {ﬁ,, (x|q)} recursively by

Hyxlg) =1, H(xlg) =12x,

oy (elq) = 25 H(xlq) — (@7 — g™ Huoy (xlg), D<g <1 (1)

These polynomials generalize Hermite polynomials since

Figure : Open problem: M. Ismal, JCAM, 2005
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Intermezzo - Is it still actual? (cntd.)

H
T JOURNAL OF
k- ‘,% COMPUTATIONAL AND
. APPLIED MATHEMATICS
ELSEVIER Journal of Computational and Applied Mathematics 133 (2001) 697

www.elsevier.com/locate/cam

Finding a measure of orthogonality
P.D. Siafarikas

Department of Mathematics, University of Patras, 26500 Patras, Greece

Find the measure of orthogonality of the polynomials:

Po() 4 Pos() + 22 P () = 2P (0),
n+1

P_i(x)=0, Py(x)=1 b#0.
Figure : Open problem: P. D. Siafarikas, JCAM, 2001
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Criteria for boundedness of the measure of orthogonality u

Let p, be the sequence of monic OPs generated by the three-term recurrence

Pnt1(X) = (X = a@n)pn(X) = bn—1Pn—1(X).
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Criteria for boundedness of the measure of orthogonality u

Let p, be the sequence of monic OPs generated by the three-term recurrence

Pnt1(X) = (X = a@n)pn(X) = bn—1Pn—1(X).

{an}, {bn} bounded <= supp i bounded.

Proof: only indicated on whiteboard (in terms of operators)

Letlimy—o a = a € R and limy—« by, = b € R then supp . is a bounded set which is
composed of interval [a — 2v/b, a + 2v/b] and possibly at most countably many point
being outside [a — 2v/b, a + 2v/b] with the only possible limit points a + 2v/b.
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Criteria for boundedness of the measure of orthogonality .

Let p, be the sequence of monic OPs generated by the three-term recurrence

Pnt1(X) = (X = a@n)pn(X) = bn—1Pn—1(X).

{an}, {bn} bounded <= supp 1z bounded.

Proof: only indicated on whiteboard (in terms of operators)

Letlimy—o a = a € R and limy—« by, = b € R then supp . is a bounded set which is
composed of interval [a — 2v/b, a + 2v/b] and possibly at most countably many point
being outside [a — 2v/b, a + 2v/b] with the only possible limit points a + 2v/b.

Remark: Blumenthal (1898) proved a part of the above theorem, but he asserted there
can be at most finitely many point of supp 1 in the complement of [a — 2v/b, a+ 2/B].
Chihara (1968) proved the assertion is false (chain sequences approach and Szégo’s
theorem).

Nowadays one can find numerous other proofs in the literature. However, the concrete
example illustrating the invalidity of Blumenthal’s assertion was missing until 2000, ...
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Criteria for uniqueness of the measure of orthogonality 1

The measure of orthogonality of the monic OPs {p,} is unique iff there exists at least

one z € C\ R such that
|Pn _
Z bO bn 1 o
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Criteria for uniqueness of the measure of orthogonality 1

The measure of orthogonality of the monic OPs {p,} is unique iff there exists at least

one z € C\ R such that
|Pn _
Z bO bn 1 -

Remarks:
@ If the measure of orthogonality . is unique then

- (a2250)

if x is a mass point of the measure p.
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Criteria for uniqueness of the measure of orthogonality 1

The measure of orthogonality of the monic OPs {p,} is unique iff there exists at least

one z € C\ R such that
|Pn -
Z bO bn 1 o

Remarks:
@ If the measure of orthogonality . is unique then

—1
u{x)) = (Z NG bm) ,

if x is a mass point of the measure p.

@ In the case of non-uniqueness the sum above is the value of the largest possible
jumps of a measure p at x and there always exists a measure realizing this jump.
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Criteria for uniqueness of the measure of orthogonality . (cntd.)

Recall the nth moment of Borel measure i on R is defined as

mp ::/x”du(x), (provided the integral exists).
R
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Criteria for uniqueness of the measure of orthogonality . (cntd.)

Recall the nth moment of Borel measure i on R is defined as

mp ::/x”du(x), (provided the integral exists).
R

Theorem (Carleman, 1926)

The measure of orthogonality 1 of monic OPs p, is unique if one
of the following condition holds:

o — 1
° = 1
2 Vb -
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Criteria for uniqueness of the measure of orthogonality ;. - Examples

@ Hermite:
mg,,:/ x2"e* dx_F<n+1)
R 2

Since I'(n+ 1/2) < n! we have

= oo (Stirling’s formula)

At the same time b, = (n+ 1)/2 hence also 3, b, '/? = co. Consequently, the

measure of orthogonality of Hermite OPs is unique. (In other words: “Gaussian
normal distribution is uniquely determined by its moments.”)
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@ Hermite:
mg,,:/ x2"e* dx_F<n+1)
R 2

Since I'(n+ 1/2) < n! we have

- 1 1 A
> = — > > ——= =00 (Stirling's formula)

At the same time b, = (n+ 1)/2 hence also 3, b, '/? = co. Consequently, the
measure of orthogonality of Hermite OPs is unique. (In other words: “Gaussian
normal distribution is uniquely determined by its moments.”)

@ Laguerre: by = (n+1)(n+a+1),

Y ———— =00, sothe measure of orthogonality is unique.
vn(n+ «)

n=1

Also one has m, = / x" e *dx = I'(n+a+1) leading to the same conclusion.
0
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Criteria for uniqueness of the measure of orthogonality ;. - Examples

@ Hermite:
mg,,:/ x2"e* dx_F<n+1)
R 2

Since I'(n+ 1/2) < n! we have
At the same time b, = (n+ 1)/2 hence also 3, b, '/? = co. Consequently, the

measure of orthogonality of Hermite OPs is unique. (In other words: “Gaussian
normal distribution is uniquely determined by its moments.”)

@ Laguerre: by = (n+1)(n+a+1),

= oo (Stirling’s formula)
n

n=0

Y ———— =00, sothe measure of orthogonality is unique.
VALl n + a

n=1
Also one has m, = / x" e *dx = I'(n+a+1) leading to the same conclusion.
0
@ All OPs from the Askey scheme: unique measure of orthogonality.
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Example of non-unique orthogonality measure

@ To find an example of OPs with non-unique orthogonality measure one has to
enter the g-world - e.g. the Stieltjes-Wigert polynomials.
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@ To find an example of OPs with non-unique orthogonality measure one has to
enter the g-world - e.g. the Stieltjes-Wigert polynomials.

@ First note o
/ x*x~""*sin(2rInx)dx =0, Vk € Z,,
0

(substitution Inx = y + (k + 1)/2).
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@ First note o
/ x*x~""*sin(2rInx)dx =0, Vk € Z,,
0

(substitution Inx = y + (k + 1)/2).
@ Thenforallk € Z; and all 6 € (—1,1) one has

/ Xx7" (1 1 Osin(@r Inx)) dx = /re™ /4,
0

@ Hence all measures py with densities wy(x) = x~ "% (1 4 0 sin(2x In x)) on (0, )
have the same moments.

@ Corresponding OPs are Stieltjes-Wigert polynomials that are orthogonal w.r.t 19
forall -1 <6 < 1.
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Example of non-unique orthogonality measure

@ To find an example of OPs with non-unique orthogonality measure one has to
enter the g-world - e.g. the Stieltjes-Wigert polynomials.

@ First note o
/ x*x~""*sin(2rInx)dx =0, Vk € Z,,
0

(substitution Inx = y + (k + 1)/2).
@ Thenforallk € Z; and all 6 € (—1,1) one has

/ Xx7" (1 1 Osin(@r Inx)) dx = /re™ /4,
0

@ Hence all measures py with densities wy(x) = x~ "% (1 4 0 sin(2x In x)) on (0, )
have the same moments.

@ Corresponding OPs are Stieltjes-Wigert polynomials that are orthogonal w.r.t 19
forall -1 <6 < 1.

@ Moreover, note the function

_sin(27Inx)
fo(x) = 1+ 0sin(2rInx)

isin L2(R., due) and is orthogonal to all polynomials.
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Thomas Joannes Stieltjes

The previous example is due to Thomas Joannes
Stieltjes:

@ Dutch mathematician, born in 1856 in Zwolle,
died in 1894 in Toulouse at the age of 38!

@ 1877 - Assistant at Leiden observatory

@ 1884 - Honorary doctorate of Leiden University

@ 1885 - member of the Royal Dutch Academy of
Sciences

@ 1889 - professor at Toulouse University
@ 1882-1894 corresponding with Hermite (432 letters)
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@ Dutch mathematician, born in 1856 in Zwolle,
died in 1894 in Toulouse at the age of 38!

@ 1877 - Assistant at Leiden observatory

@ 1884 - Honorary doctorate of Leiden University

@ 1885 - member of the Royal Dutch Academy of
Sciences

@ 1889 - professor at Toulouse University
@ 1882-1894 corresponding with Hermite (432 letters)

@ Stieltjes contributed significantly to the analytic theory of continued fractions.

@ Initiated a systematic study of the moment problem, see his memoir:
Recherches sur les fractions continues, Anns. Fac. Sci. Univ. Toulouse (1894-95).
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Thomas Joannes Stieltjes

The previous example is due to Thomas Joannes
Stieltjes:

@ Dutch mathematician, born in 1856 in Zwolle,
died in 1894 in Toulouse at the age of 38!

@ 1877 - Assistant at Leiden observatory

@ 1884 - Honorary doctorate of Leiden University

@ 1885 - member of the Royal Dutch Academy of
Sciences

@ 1889 - professor at Toulouse University
@ 1882-1894 corresponding with Hermite (432 letters)

@ Stieltjes contributed significantly to the analytic theory of continued fractions.

@ Initiated a systematic study of the moment problem, see his memoir:
Recherches sur les fractions continues, Anns. Fac. Sci. Univ. Toulouse (1894-95).

@ His work is also seen as important as a first step towards the theory of Hilbert
spaces.

Frantisek Stampach (CTU) OPs Intro May 18-24, 2014 40/ 45



Stieltjes transform of a measure and associated OPs

@ Let u be finite Borel measure on R. The Stieltjes (Chauchy) transform is given by
the formula

dM(X), zeC\R.
R X—Z
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Stieltjes transform of a measure and associated OPs

@ Let u be finite Borel measure on R. The Stieltjes (Chauchy) transform is given by
the formula

dM(X), zeC\R.
R X—Z

@ This transform is one-to-one mapping between finite complex Borel measures and
analytic functions on the cut-plane C \ R. There exists the expression for the
inverse transform known as Stieltjes-Perron inversion formula.
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Stieltjes transform of a measure and associated OPs

@ Let u be finite Borel measure on R. The Stieltjes (Chauchy) transform is given by
the formula
dp(x)

R X—Z

, Z€eC\R.
@ This transform is one-to-one mapping between finite complex Borel measures and

analytic functions on the cut-plane C \ R. There exists the expression for the
inverse transform known as Stieltjes-Perron inversion formula.

@ Let {pn} be monic OPs satisfying
Pri1(X) = (@n = X)Pn(X) — bp—1Pp—1(x),  (P-1(x) :=0)
and {p"} be monic (first) associated OPs, i.e., the monic solution of recurrence

P () = (@ns1 — )5 () — bapl (%), (6 (x) := 0).
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Stieltjes transform of a measure and associated OPs

@ Let u be finite Borel measure on R. The Stieltjes (Chauchy) transform is given by
the formula
dp(x)

R X—Z

, Z€eC\R.

@ This transform is one-to-one mapping between finite complex Borel measures and
analytic functions on the cut-plane C \ R. There exists the expression for the
inverse transform known as Stieltjes-Perron inversion formula.

@ Let {pn} be monic OPs satisfying
Pri1(X) = (@n = X)Pn(X) — bp—1Pp—1(x),  (P-1(x) :=0)
and {p"} be monic (first) associated OPs, i.e., the monic solution of recurrence
P (%) = (@nsr — x)p (%) = bap(4 (%), (PU}(x) == 0).

@ Assume p is a probability measure (my = 1). It can be shown polynomials p, and
pﬁ,L)1 are related by formula

/ Pn(X pn(y) Po(¥) = Po(¥) g,
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Markov’s theorem

Theorem (essentially due to Markov)

Suppose the measure of orthogonality © (mo = 1) of monic OPs
Pn is unique. Then it holds

(1)

lim Pr-1(X) :/dﬂ(x)

n—oo pn(X) X—2

and the convergence is local uniform on C \ R.

Frantisek Siampach (CTU) OPs Intro May 18-24, 2014 42/ 45



Markov’s theorem

Theorem (essentially due to Markov)

Suppose the measure of orthogonality © (mo = 1) of monic OPs
Pn is unique. Then it holds

(1)

lim Pr-1(X) :/dﬂ(x)

n—oo pn(X) X—2

and the convergence is local uniform on C \ R.

Historical remarks:

Frantisek Siampach (CTU) OPs Intro May 18-24, 2014 42/ 45



Markov’s theorem

Theorem (essentially due to Markov)

Suppose the measure of orthogonality © (mo = 1) of monic OPs
Pn is unique. Then it holds

(0 dux)
i S = L5

and the convergence is local uniform on C \ R.

Historical remarks:

@ Markov considered the measure p with a density and a bounded support (1895).
The restriction to measures with density is not essential for the proof.
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@ On the other hand the case of measures with unbounded support is significant.
Already Markov knew the theorem holds for some measures with unbounded
support (Laguerre OPs).
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Markov’s theorem

Theorem (essentially due to Markov)

Suppose the measure of orthogonality © (mo = 1) of monic OPs
Pn is unique. Then it holds

(0 dux)
i S = L5

and the convergence is local uniform on C \ R.

Historical remarks:

@ Markov considered the measure p with a density and a bounded support (1895).
The restriction to measures with density is not essential for the proof.

@ On the other hand the case of measures with unbounded support is significant.
Already Markov knew the theorem holds for some measures with unbounded
support (Laguerre OPs).

@ The theorem as stated has been proved then by Hamburger in 1920. In the
respective paper he treated the complete convergence of continued fractions.
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Measures in case of non-uniqueness - Nevanlinna functions

@ The crucial question in the case of more measures of orthogonality is: How the set
of all the measures of orthogonality looks like? Can they be somehow described?
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Measures in case of non-uniqueness - Nevanlinna functions

@ The crucial question in the case of more measures of orthogonality is: How the set
of all the measures of orthogonality looks like? Can they be somehow described?

@ In the case of non-uniqueness sums

lpn(2) 2 o5 (2 )|2
Zbo b, 2 Zb1b2

converge locally uniformly on C.
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Measures in case of non-uniqueness - Nevanlinna functions

@ The crucial question in the case of more measures of orthogonality is: How the set
of all the measures of orthogonality looks like? Can they be somehow described?

@ In the case of non-uniqueness sums

|pn(z 1 (2)2 )|2
Z bbb and Z Dby,

n—1

converge locally uniformly on C.
@ Consequently four Nevanlinna functions

=P 0)py (2) _ P (0 )pn(z)
A(z) .—znzom, B(z) := —1 +zz\/>b1

Pa(0)P"(2) > 5.(0)p,
C(z)::1+zz_;m, D(Z)::ZZ%

are well defined entire functions.

Frantisek Siampach (CTU) OPs Intro May 18-24, 2014 43/ 45



Measures in case of hon-uniqueness - Nevanlinna parametrization

Theorem (Nevanlinna, 1922)

All the measures of orthogonality for OPs in the case of
non-unigueness are parametrized via homeomorphism ¢ — p.,
of P U {oo} onto the set of all measures of orthogonality given by

dua(x) _ A2)e(2) - O(2)
LS =g 2<C\F

where P is the set of holomorphic functions in the upper
half-plane {z € C | Sz > 0} with nonnegative imaginary part
(Pick functions).
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Remarks:
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non-unigueness are parametrized via homeomorphism ¢ — p.,
of P U {oo} onto the set of all measures of orthogonality given by

dua(x) _ A2)e(2) - O(2)
LS =g 2<C\F

where P is the set of holomorphic functions in the upper
half-plane {z € C | Sz > 0} with nonnegative imaginary part
(Pick functions).

Remarks:
@ By setting ¢(2) :=t € RU {oo} in the Nevanlinna parametrization (¢ € P) one
arrives at the so called Nevanlinna extremal measures ;.
@ Measures p; are all discrete with unbounded support. Moreover, they are
precisely those measures for which polynomials are dense in L3(R, d) among all
the measures of orthogonality (Riezs, 1923).
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Measures in case of hon-uniqueness - Nevanlinna parametrization

Theorem (Nevanlinna, 1922)

All the measures of orthogonality for OPs in the case of
non-unigueness are parametrized via homeomorphism ¢ — p.,
of P U {oo} onto the set of all measures of orthogonality given by

dua(x) _ A2)e(2) - O(2)
LS =g 2<C\F

where P is the set of holomorphic functions in the upper
half-plane {z € C | Sz > 0} with nonnegative imaginary part
(Pick functions).

Remarks:

@ By setting ¢(2) :=t € RU {oo} in the Nevanlinna parametrization (¢ € P) one
arrives at the so called Nevanlinna extremal measures p;.

@ Measures p; are all discrete with unbounded support. Moreover, they are
precisely those measures for which polynomials are dense in L3(R, d) among all
the measures of orthogonality (Riezs, 1923).

@ u; are also very closely related with spectral measures of all self-adjoint
extensions of the corresponding Jacobi operator.
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