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L-matrix vs. Hankel matrix

@ L-matrix £: @ Hankel matrix H:
am,n = amax(m,n) am,n = @m-+n
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@ Goal 1: Definition of an L-operator
on £2(Np).
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@ L-matrix £: @ Hankel matrix H:
am,n = amax(m,n) am,n = @m-+n
o )
a a a ... a ar a
a ay a ... aj a as
L= a& a a ... H= a as as

@ Goal 1: Definition of an L-operator
on £2(Np).
@ Goal 2: Spectral analysis.

Franti$ek Stampach (CTU in Prague) The Hilbert L-matrix

3/29



L-matrices and L-operators

The standard construction

© A matrix A = (am,n)iy ,_o With rows and columns in ¢ is given.
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The standard construction

® A matrix A = (am,n),, o With rows and columns in £ is given.
@ Operators Amax and Amin:

AnaxX = A-x and  Aminx = A- X,
where x is from the respective domain:
Dom Amax := {x € 12| A-x € ?}
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Dom Anmin := {x € 2| (3% € Co)(Xn — X A A~ Xp — AminX)}.
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® A matrix A = (am,n),, o With rows and columns in £ is given.
@ Operators Amax and Amin:

AnaxX = A-x and  Aminx = A- X,
where x is from the respective domain:
Dom Amax := {x € 12| A-x € ?}

and
Dom Anmin := {x € 2| (3% € Co)(Xn — X A A~ Xp — AminX)}.

@ Then Anin C Amax and Anin C B C Amax for any closed operator B with Cy € Dom B
and matrix representation A.

@ The matrix A is called proper iff Amin = Amax-

If Ais an L-matrix, then the standard construction is applicable iff a € £2(Np).
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@ Let £ be an L-matrix with the parameter sequence such that a, # an;1, Vn € No.
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L-matrices and L-operators

Definition of the L-operator

@ Let £ be an L-matrix with the parameter sequence such that a, # an;1, Vn € No.

@ Define
bo —bo
—bo  bo + b — by
by e _ —by  bi+b  —b

i U by bat+bs —bs
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L-matrices and L-operators

Definition of the L-operator

@ Let £ be an L-matrix with the parameter sequence such that a, # an;1, Vn € No.

@ Define
bo —bo
—by by + by —by
by e _ —by  bi+b  —b

i U by bat+bs —bs

Proposition
Q@ £ -J=J- L =1 where T is the identity matrix.
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by e _ —by  bi+b  —b

i U by bat+bs —bs

Proposition

Q@ £ -J=J- L =1 where T is the identity matrix.
@ J is proper; hence determines the unique Jacobi operator J.
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L-matrices and L-operators

Definition of the L-operator

@ Let £ be an L-matrix with the parameter sequence such that a, # an;1, Vn € No.

@ Define
bo —bo
—bo  bo + b — by
by e _ —by  bi+b  —b

i U by bat+bs —bs

Proposition

Q@ £ -J=J- L =1 where T is the identity matrix.
@ J is proper; hence determines the unique Jacobi operator J.
© Jis invertible.

Definition (L-operator)

To the L-matrix £, s.t. a, # an.1, ¥n € Ny, we associate the L-operator L := J .
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L-matrices and L-operators

Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
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Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
© The L-operator is positive semi-definite iff a, > a,.1, ¥n € No.
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L-matrices and L-operators

Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
© The L-operator is positive semi-definite iff a, > a,.1, ¥n € No.

Example:

@ Consider the L-matrix

H1 H2 H3
H H» Hs ... 1 1
L=1Hy Hy Hs ...[|5 Hn—1+§+ .JrE.
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Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
© The L-operator is positive semi-definite iff a, > a,.1, ¥n € No.

Example:
@ Consider the L-matrix

H1 H2 H3
H H» Hs ... 1 1
L=1H; Hy Hs ...[ Hn:1+§+ .JrE.

@ Then b, = —(n+ 1) and the Jacobi operator J corresponds to the Laguerre
polynomials (up to a sign).

Franti$ek Stampach (CTU in Prague) The Hilbert L-matrix 6/29



L-matrices and L-operators

Definition of the L-operator (cont.)

Proposition

@ The L-operator is densely defined and closed.
© The L-operator is positive semi-definite iff a, > a,.1, ¥n € No.

Example:
@ Consider the L-matrix

H1 H2 H3
H H» Hs ... 1 1
L=1H; Hy Hs ...[ Hn:1+§+ .JrE.

@ Then b, = —(n+ 1) and the Jacobi operator J corresponds to the Laguerre
polynomials (up to a sign).

@ One can use well-known properties of the Laguerre polynomials to show that the
spectrum of the L-operator L = J~" is simple and o(L) = oac(L) = (—o0, 0].
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The Hilbert L-operator

The generalized Hilbert matrix

The Hankel matrix H(v) with

an = ap(v) =

n+v’

is called the generalized Hilbert matrix.

v E R\ (—No)7

Franti$ek Stampach (CTU in Prague) The Hilbert L-matrix

o |

8/29



The Hilbert L-operator

The generalized Hilbert matrix

The Hankel matrix H(v) with

an = ap(v) =

1

R _
n+ P vE \ ( N0)7
is called the generalized Hilbert matrix.

Theorem [M. Rosenblum, 1958]

Forv € R\ (—Ny), one has o(H(v)) = oac(H(v)) U oq(H(v)), where

0, 2 <,
gac(H(w)) = [0,7] and og(H(v)) = {z=}, T<v<id,
{isinﬂﬂu}’ V<_%'

o |
1
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The Hilbert L-operator

The generalized Hilbert L-matrix
The L-operator L(v) with

an(v) = v e R\ (—Nop).

n+v’
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The Hilbert L-operator

The generalized Hilbert L-matrix

The L-operator L(v) with

an(v) = v e R\ (—Nop).

n+v’

It appears in:

@ [H. S. Wilf, 1970] for v = 1 in connection to the Hardy inequalities.
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The generalized Hilbert L-matrix

The L-operator L(v) with

an(v) = v e R\ (—Nop).

n+v’
It appears in:

@ [H. S. Wilf, 1970] for v = 1 in connection to the Hardy inequalities.

@ [M. D. Choi, 1983] for » = 1 as "the loyal companion of the Hilbert matrix".

@ [O. F. Brevig, K.-M. Perfekt, A. Pushnitski (preprint)] for v = 1 as a particular
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The Hilbert L-operator

The generalized Hilbert L-matrix

The L-operator L(v) with

an(v) = v e R\ (—Nop).

n+v’
It appears in:

@ [H. S. Wilf, 1970] for v = 1 in connection to the Hardy inequalities.

@ [M. D. Choi, 1983] for » = 1 as "the loyal companion of the Hilbert matrix".

@ [O. F. Brevig, K.-M. Perfekt, A. Pushnitski (preprint)] for v = 1 as a particular
Hardy kernel matrix (o = 1).

@ [L. Bouthat, J. Mashreghi, 2021, 22] For v > 0, they proved
IL(v)|| =4, fv>1/2, and ||L(v)|| >4, fO<v<1/4.
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The Hilbert L-operator

The generalized Hilbert L-matrix

The L-operator L(v) with

an(v) = v e R\ (—Nop).

n+v’

It appears in:
@ [H. S. Wilf, 1970] for v = 1 in connection to the Hardy inequalities.
@ [M. D. Choi, 1983] for » = 1 as "the loyal companion of the Hilbert matrix".

@ [O. F. Brevig, K.-M. Perfekt, A. Pushnitski (preprint)] for v = 1 as a particular
Hardy kernel matrix (o = 1).

@ [L. Bouthat, J. Mashreghi, 2021, 22] For v > 0, they proved
IL)|| =4, ifv>1/2, and |L(v)|| >4, if0<v<1/4
Open problems: Determine the numbers

v =inf{v > 0| |[L(v)| =4} and |L(v)|, forv <1/2.
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The Hilbert L-operator

Spectral analysis of L(v) via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:
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The Hilbert L-operator

Spectral analysis of L(v) via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:

° a(v) ai(v) a(v)
31(V) 31(V) aZ(V)
Lw)=|a(v) a(v) a) ...|» a)= nl "

forv € R\ (—Np).
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The Hilbert L-operator

Spectral analysis of L(v) via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:

° ao(l/) a1(l/) ag(I/)
aj (V) a (V) ag(l/) N
Lw)=|a() a() a) ...|> a)= ﬁ’
forv € R\ (—Np).
"]
bo(v) —bo(v)
» —bo(v) bo(v) + b1 (v) —bi(v)
Lv)" =d, = —bi(v) bi(v) + b2(v) —bo(v) )
where

bn(v) = (n+v)(n+v+1).
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The Hilbert L-operator

Spectral analysis of L(v) via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:

° ao(l/) a1(l/) ag(I/)
aj (V) a (V) ag(l/) N
Lw)=|a(v) a(v) a) ...|» a)= nl "
forv € R\ (—Np).
"]
bo(v) —bo(v)
» —bo(v)  bo(v) + b1(v) —b1(v)
Lv)" =d, = —bi(v) bi(v) + b2(v) —bo(v) )
where

bn(v) = (n+v)(n+v+1).
@ For v =1, J; corresponds to a subfamily of the Continuous dual Hahn OGPs.
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The Hilbert L-operator

Spectral analysis of L(v) via the inverse

Main goal: Spectral analysis of the Hilbert L-operator:

° ao(l/) a1(l/) ag(I/)
aj (V) a (V) ag(l/) N
Lw)=|a(v) a(v) a) ...|» a)= nl "
forv € R\ (—Np).
"]
bo(v) —bo(v)
» —bo(v)  bo(v) + b1(v) —b1(v)
Lv)" =d, = —bi(v) bi(v) + b2(v) —bo(v) )
where

bn(v) = (n+v)(n+v+1).
@ For v =1, J; corresponds to a subfamily of the Continuous dual Hahn OGPs.

@ For general v, OGPs unknown but a closely related study has been done by
[Ismail, Letessier, Valent, 1989]
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The Hilbert L-operator

Spectral analysis of J,

@ Spectral analysis of J, is possible in terms of the regularized hypergeometric
functions with unit argument:

- ai, a, as
3F2
( b1, b2

where (a), = a(a+ 1) ...(a+ n—1). The function is analytic in
%(b1 + b — a4 —32—33)>0.

1> — i (a1)n(@2)n(a@s)n

£= niT(by + Nl (bz + n)’
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The Hilbert L-operator

Spectral analysis of J,

@ Spectral analysis of J, is possible in terms of the regularized hypergeometric
functions with unit argument:

oo

_ (@1)n(@2)n(as)n
1> o ; n (b +mr(b:+n)’

= ai, az, as
3F2
( by, ba

where (a), = a(a+ 1) ...(a+ n—1). The function is analytic in
%(b1 + b — a4 —32—33)>0.

@ One has
sotzi) = (3 - 2) oz + x(z e

where

) rn+v)f(n+v+1) = z—1/2,n+v,n+v

On(Ziv) i= r(z+3/2) 2<n+1/+z+1/2,n+u+z+1/2 >
and
N (z+1/2)r()F(v +1) & v—1lv+1,z4+1/2
x(zv) = M(z+1/2) F2<z+u+1/2,z+v+1/2’1>'
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The Hilbert L-operator

Spectrum of J, for general v
@ Asymptotic analysis of the involved functions, etc. (many details omitted), yields
the spectrum of J, for general v.

"Beautiful properties of the unit argument 3 F>-function saved the day!"
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The Hilbert L-operator

Spectrum of J, for general v
@ Asymptotic analysis of the involved functions, etc. (many details omitted), yields
the spectrum of J, for general v.

"Beautiful properties of the unit argument 3 F>-function saved the day!"

Theorem (Spectrum of J,, for general v)

For any v € R\ (—Np), the spectrum of J, is simple and decomposes as

o(J) = op(Jd) Uoac(Jd),
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Spectrum of J, for general v

@ Asymptotic analysis of the involved functions, etc. (many details omitted), yields
the spectrum of J, for general v.

"Beautiful properties of the unit argument 3 F>-function saved the day!"

Theorem (Spectrum of J,, for general v)

For any v € R\ (—Np), the spectrum of J, is simple and decomposes as

o(J) = op(Jd) Uoac(Jd),

where

oao(dy) = [%,oo) and  op(dy) = {% — X

Moreover, o,(J, ) is finite (possibly empty).
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Spectrum of J, for general v

@ Asymptotic analysis of the involved functions, etc. (many details omitted), yields
the spectrum of J, for general v.

"Beautiful properties of the unit argument 3 F>-function saved the day!"

Theorem (Spectrum of J,, for general v)

For any v € R\ (—Np), the spectrum of J, is simple and decomposes as

o(J) = op(Jd) Uoac(Jd),

where

oao(dy) = [%,oo) and  op(dy) = {% — X

Moreover, o,(J, ) is finite (possibly empty).

@ Since L(v) = J; ! the result readily translates to L(v)...
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The Hilbert L-operator

Spectrum of L(v) for general v

Theorem (Spectrum of L(v) for general v)
For all v € R\ (—Np), the spectrum of L(v) is simple and

o(L(v)) = gac(L(v)) U ap(L(v)),

where
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The Hilbert L-operator

Spectrum of L(v) for general v

Theorem (Spectrum of L(v) for general v)

For all v € R\ (—Np), the spectrum of L(v) is simple and

o(L(v)) = gac(L(v)) U ap(L(v)),

where
oac(L(v)) = [0,4]
and

op(L(v)) = {ﬁ (xGv) =0, x> o} .
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The Hilbert L-operator

A closer look at op(J,) for v > 0
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The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function
-1/2,1/2,3/2 — a0
N ) (= ¢ x(0:1)

has a unique positive zero vy located in (0, 1/2); numerically | vg ~ 0.3491.
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The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function

—-1/2,1/2,3/2 _ :
N ) (= ¢ x(0:1)
has a unique positive zero vy located in (0, 1/2); numerically | vg ~ 0.3491.
@ We have
] if vy <w
JI_, — ? ) —_ )
oe(h) {1/4 - x¢(v), if 0<v<u,
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The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function

N ) (= ¢ x(0:1)
has a unique positive zero vy located in (0, 1/2); numerically | vg ~ 0.3491.
@ We have
] if vy <w
JV — ? ) —_ )
oe(h) {1/4 - x¢(v), if 0<v<u,

where xp(v) is the unique zero of the function

x—1/2,x+1/2,x+3/2‘1>

2x+1,x+v+1/2 (=c-x(xiv))

X'—>3F2<

located in (0,1/2).
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The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function

S Gyl (=cx(0))
has a unique positive zero vy located in (0, 1/2); numerically | vg ~ 0.3491.
@ We have
] if vy <w
JV — b ) — b
oe(h) {1/4—X§(1/)7 if 0<v<uw,

where xp(v) is the unique zero of the function

x—1/2,x+1/2,x+3/2‘1>

2x+1,x+v+1/2 (=c-x(xiv))

X'—>3F2<

located in (0,1/2).
© Function xo : (0,v0) — (0,1/2) : v — xo(v) is real analytic and strictly decreasing.
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The Hilbert L-operator

A closer look at op(J,) for v > 0

@ The function

S Gyl (=cx(0))
has a unique positive zero vy located in (0, 1/2); numerically | vg ~ 0.3491.
@ We have
] if vy <w
JV — b ) — b
oe(h) {1/4—X§(1/)7 if 0<v<uw,

where xp(v) is the unique zero of the function

x—1/2,x+1/2,x+3/2‘1>

2x+1,x+v+1/2 (=c-x(xiv))

X'—>3F2<

located in (0,1/2).
© Function xo : (0,v0) — (0,1/2) : v — xo(v) is real analytic and strictly decreasing.

o

Xo(l/):%—y—llz—(2—%2>1/3—(5—%2—((3))1/4—1—0@5), v—0+.
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The Hilbert L-operator

The point spectrum of L(v) forv > 0

Theorem (op(L(v)) for v > 0)
Let v > 0 and vy, Xo(v) the roots defined by the previous theorem.
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Let v > 0 and vy, Xo(v) the roots defined by the previous theorem.
Q Ifv > vy, op(L(v)) = 0, while if v < vy, ap(L(v)) is the one-point set containing

1L = T4y
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The Hilbert L-operator

The point spectrum of L(v) forv > 0

Theorem (op(L(v)) for v > 0)

Let v > 0 and vy, Xo(v) the roots defined by the previous theorem.
Q Ifv > vy, op(L(v)) = 0, while if v < vy, ap(L(v)) is the one-point set containing

1L = T4y

@ Function ||L(v)]| : (0,v0) — (4, 00) is real analytic and strictly decreasing.
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The Hilbert L-operator

The point spectrum of L(v) forv > 0

Theorem (op(L(v)) for v > 0)
Let v > 0 and vy, Xo(v) the roots defined by the previous theorem.
Q Ifv > vy, op(L(v)) = 0, while if v < vy, ap(L(v)) is the one-point set containing

4
1—4x2(v)

LI =
@ Function ||L(v)]| : (0,v0) — (4, 00) is real analytic and strictly decreasing.
© We have the lower bound
[IL(v)]| > max (4, 1/1//(1/)) ,

where ¢ = I'" /T is the Digamma function.
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The Hilbert L-operator

The point spectrum of L(v) forv > 0

Theorem (op(L(v)) for v > 0)
Let v > 0 and vy, Xo(v) the roots defined by the previous theorem.
Q Ifv > vy, op(L(v)) = 0, while if v < vy, ap(L(v)) is the one-point set containing

4
1—4x2(v)

LI =

@ Function ||L(v)]| : (0,v0) — (4, 00) is real analytic and strictly decreasing.
© We have the lower bound

ILW)Il > max (4, v’ (v)) ,

where ¢ = I'" /T is the Digamma function.

1o 2 3
1L = + v+ <@)v +0(v°), as w0+
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The Hilbert L-operator

v=1
0 2 04 06 5 o
Yo
1
X(Xxv)
¢ 02 05 75 1
o(Ly)
]
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The Hilbert L-operator

The point spectrum of L(v) forv < 0
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The point spectrum of L(v) forv < 0

Suppose v < 0 and —v ¢ N. Then o(L(v)) consists of exactly one negative eigenvalue
and none or exactly one eigenvalue of L(v) greater than 4.
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The Hilbert L-operator

The point spectrum of L(v) forv < 0

Suppose v < 0 and —v ¢ N. Then o(L(v)) consists of exactly one negative eigenvalue
and none or exactly one eigenvalue of L(v) greater than 4.
More precisely, there are numbers —2 < v3 < v» < —1 < 14 < 0 such that

{A=(v)}, for v € (vs,12) U (14,0),

op(L(v)) = {{)\_(1/), A ()} otherwise,

where A_(v) < 0and A, (v) > 4.
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The Hilbert L-operator

v=1
vy
-3 -2 -1 0 1
V3 V2 Vi Yo

1

X(xv)
o 02 05 75 1
a(L,)

0 4
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Finite Hilbert L-matrix

Contents

@ Finite Hilbert L-matrix
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Finite Hilbert L-matrix

Truncations of the Hilbert matrix and the L-matrix

@ We denote by Ly(v) and Hs(v) the n x n sections of L(v) and H(v), i.e.,

1 1
(Ln(v));; = max(i,)) + v and  (Hx(v)),;; = ity

fori,j=0,1,...,n—1.
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Finite Hilbert L-matrix

Truncations of the Hilbert matrix and the L-matrix

@ We denote by Ly(v) and Hs(v) the n x n sections of L(v) and H(v), i.e.,
1 1
(Ln(v));; = max(i,)) + v and  (Hx(v)),;; = ity
fori,j=0,1,...,n—1.
@ We denote

eigenvalues of Hy(v) : AMa(v) < Xon(v) < - < Apn(v),

eigenvalues of Ly(v) : win(v) < pon(v) < - < pnyn(v).

Franti$ek Stampach (CTU in Prague) The Hilbert L-matrix 20/29



Finite Hilbert L-matrix

Truncations of the Hilbert matrix and the L-matrix

@ We denote by Ly(v) and Hs(v) the n x n sections of L(v) and H(v), i.e.,
1 1
(Ln(v));; = max(i,)) + v and  (Hx(v)),;; = ity
fori,j=0,1,...,n—1.
@ We denote
)\1,n(V) < >\2,n(V) <--- < )\n,n(l/),

eigenvalues of Hy(v) :
p,n(v) < pen(v) < - < pnn(v).

eigenvalues of L,(v) :

@ Goal: Asymptotic spectral analysis of L,(v) for n — occ.
Namely:
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@ We denote by Ly(v) and Hs(v) the n x n sections of L(v) and H(v), i.e.,
1 1
(Ln(v));; = max(i,)) + v and  (Hx(v)),;; = ity
fori,j=0,1,...,n—1.
@ We denote
)\1,n(V) < >\2,n(V) <--- < )\n,n(l/),

eigenvalues of Hy(v) :
p,n(v) < pen(v) < - < pnn(v).

eigenvalues of L,(v) :
@ Goal: Asymptotic spectral analysis of L,(v) for n — occ.
Namely:
1) Asymptotic distribution of eigenvalues (for general v).
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Finite Hilbert L-matrix

Truncations of the Hilbert matrix and the L-matrix

@ We denote by Ly(v) and Hs(v) the n x n sections of L(v) and H(v), i.e.,
1 1
(Ln(v));; = max(i,)) + v and  (Hx(v)),;; = ity
fori,j=0,1,...,n—1.
@ We denote
)\1,n(V) < >\2,n(V) <-.- < )\n,n(V),

eigenvalues of Hy(v) :
p,n(v) < pen(v) < - < pnn(v).

eigenvalues of L,(v) :
@ Goal: Asymptotic spectral analysis of L,(v) for n — occ.
Namely:
1) Asymptotic distribution of eigenvalues (for general v).
2) Asymptotic behavior of small eigenvalues (for v > 0).
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Finite Hilbert L-matrix

Truncations of the Hilbert matrix and the L-matrix

@ We denote by Ly(v) and Hs(v) the n x n sections of L(v) and H(v), i.e.,
1 1
(Ln(v));; = max(i,)) + v and  (Hx(v)),;; = ity
fori,j=0,1,...,n—1.
@ We denote
)\1,n(V) < )\2,n(V) <-.- < )\n,n(V),

eigenvalues of Hy(v) :
p,n(v) < pen(v) < - < pnn(v).

eigenvalues of L,(v) :
@ Goal: Asymptotic spectral analysis of L,(v) for n — occ.
Namely:
1) Asymptotic distribution of eigenvalues (for general v).
2) Asymptotic behavior of small eigenvalues (for v > 0).
3) Asymptotic behavior of large eigenvalues (for v = 1).
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Finite Hilbert L-matrix

Asymptotic distribution of eigenvalues of H,(») and L,(v) for n — oo

Forv e R\ (—Np) and x € (0, 1), one has [H. Widom, 1966]

i A E o(Ha() [7x <A <7} _ 2 log (@)

n— oo logn m
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Finite Hilbert L-matrix

Asymptotic distribution of eigenvalues of H,(») and L,(v) for n — oo

Forv e R\ (—Np) and x € (0, 1), one has [H. Widom, 1966]

i A E o(Ha() [7x <A <7} _ 2 log (@)

n— oo logn m

and [F. S., 2022]

lim #{Aeo(la(v)) [4x <A <4} 1 J1-x
n— oo log n T on x
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Finite Hilbert L-matrix

Asymptotic distribution of eigenvalues of H,(») and L,(v) for n — oo

Forv e R\ (—Np) and x € (0, 1), one has [H. Widom, 1966]

i A E o(Ha() [7x <A <7} _ 2 log (@)

n— oo logn m

and [F. S., 2022]

lim #{Aeo(la(v)) [4x <A <4} 1 J1-x
n— oo log n T on x

—— Hilbert matrix
Hilbert L-matrix

L= S = B T %)

[ =TT B =1

L L L
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A sketch of the proof

@ A complicated but useful for the asymptotic analysis formula for det(1 — £L,(v))
yields

det(1 — Ln(v)) ~ (z + %) r(2z)x(z;v) " "2, n— o,

where z = —i,/¢ — 1/4, locally uniformly in the half-plane S¢ > 0.
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A sketch of the proof

@ A complicated but useful for the asymptotic analysis formula for det(1 — £L,(v))
yields

det(1 — Ln(v)) ~ (z + %) r(2z)x(z;v) " "2, n— o,

where z = —i,/¢ — 1/4, locally uniformly in the half-plane S¢ > 0.
@ For ¢ € C\ R, it follows the ratio asymptotics

1 Ocdet(1 —E&Ly(v))  sign(S€)

lim =

noologn det(1 —EL,(v))  2i\/E—1/4
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A sketch of the proof

@ A complicated but useful for the asymptotic analysis formula for det(1 — £L,(v))
yields

det(1 — Ln(v)) ~ (z + %) r(2z)x(z;v) " "2, n— o,

where z = —i,/& — 1/4, locally uniformly in the half-plane ¢ > 0.
@ For ¢ € C\ R, it follows the ratio asymptotics

i 1 edet(l —ELy(v)) __sign(S¢)
noologn det(1 —EL,(v))  2i\/E—1/4

@ By the Argument Principle, we have

#{peo(la(v)) | x <p<4d}= 2i7r1 afj:te(z“—;ffg’f)y))) @

where vy is a simple closed counter-clockwise oriented curve crossing the real line
at the points 1/4 and 1/x.
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A sketch of the proof

@ A complicated but useful for the asymptotic analysis formula for det(1 — £L,(v))
yields

det(1 — Ln(v)) ~ (z + %) r(2z)x(z;v) " "2, n— o,

where z = —i,/& — 1/4, locally uniformly in the half-plane ¢ > 0.
@ For ¢ € C\ R, it follows the ratio asymptotics

i 1 edet(l —ELy(v)) __sign(S¢)
noologn det(1 —EL,(v))  2i\/E—1/4

@ By the Argument Principle, we have

#{ueo(la(v)) [ X <p<4}= 2i7r1 62::(2(1—;5:{’5)”))) @

where vy is a simple closed counter-clockwise oriented curve crossing the real line
at the points 1/4 and 1/x.

@ Squeezing the integration curve towards the real line and computing the resulting
integral yields the result.
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Finite Hilbert L-matrix

Small eigenvalues

Theorem [H. Widom, H. S. Wilf, 1966, for v = 1; Kalyabin, 2001, for v > 0]

For v > 0, we have

015/4.3/2 vn

An(v) = (+ \/5)21,72 1+ \@)4

~(1+0(1)), n— oo,
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Finite Hilbert L-matrix

Small eigenvalues

Theorem [H. Widom, H. S. Wilf, 1966, for v = 1; Kalyabin, 2001, for v > 0]

For v > 0, we have

015/4.3/2 vn

An(v) = (+ \/5)21,72 1+ \@)4

~(1+0(1)), n— oo,

Theorem [F. 8., 2022]
Forv > 0 andj € N fixed, we have

1 i _
#in(v) = g5 1+% 2/34—o(n 2/3)}, n— oo,

where iy < b < ... are positive zeros of the Airy function.
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Sketch of the proof
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Sketch of the proof

Theorem [A. Maté, P. Nevai, V. Totik, 1986]

Let {yn}724 be a positive sequence such that
yn = c2n?? (1 +o0 (nfz/a)), n — oo,
where ¢,d > 0. Then zeros Xy, < Xo,n < -+ < Xp,n Of polynomial Q, defined by
Qu(x) =0, Qi(x)=x, and Qnu1(X)=XxQn(x) —Qn-1(Xx), neEN,

fulfill Xo_js1n = ocn’ [1 _ 6—1/352/3/',- n23 4o (n—2/3)} , Nn— oo,

for j € N fixed, where i1 < i < ... are positive zeros of the Airy function.
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Sketch of the proof

Theorem [A. Maté, P. Nevai, V. Totik, 1986]

Let {yn}724 be a positive sequence such that
yn = c2n?? (1 +o0 (nfz/a)), n— oo,
where ¢,d > 0. Then zeros Xy, < Xo,n < -+ < Xp,n Of polynomial Q, defined by
Qu(x) =0, Qi(x)=x, and Qnu1(X)=XxQn(x) —Qn-1(Xx), neEN,

fulfill Xo_js1n = ocn’ [1 _ 6—1/352/3/',- n23 4o (n—2/3)} , Nn— oo,

for j € N fixed, where i1 < i < ... are positive zeros of the Airy function.

@ The M. N. T. Theorem is not applicable readily. One needs to consider
Bn(v) ==L, (v) + (n+ v — 1)%ene).
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Sketch of the proof

Theorem [A. Maté, P. Nevai, V. Totik, 1986]

Let {yn}724 be a positive sequence such that
yn = c2n?? (1 +o0 (n*2/3)), n — oo,
where ¢,d > 0. Then zeros Xy, < Xo,n < -+ < Xp,n Of polynomial Q, defined by
Qu(x) =0, Qi(x)=x, and Qnu1(X)=XxQn(x) —Qn-1(Xx), neEN,

fulfill Xo_js1n = ocn’ [1 _ 6—1/352/3/',- n23 4o (n—2/3)} , Nn— oo,

for j € N fixed, where i1 < i < ... are positive zeros of the Airy function.

@ The M. N. T. Theorem is not applicable readily. One needs to consider
Bn(v) ==L, (v) + (n+ v — 1)%ene).

@ Perturbation arguments = the first two terms in the asymptotic expansions of
large eigenvalues of L, '(v) determined by those of B,(») and B,_1(v).
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Sketch of the proof

Theorem [A. Maté, P. Nevai, V. Totik, 1986]

Let {yn}724 be a positive sequence such that
yn = c2n?? (1 +o0 (n*m)), n — oo,
where ¢,d > 0. Then zeros Xy, < Xo,n < -+ < Xp,n Of polynomial Q, defined by
Qu(x) =0, Qi(x)=x, and Qnu1(X)=XxQn(x) —Qn-1(Xx), neEN,

fulfill Xo_js1n = ocn’ [1 _ 6—1/352/3/',- n23 4o (n—2/3)} , Nn— oo,

for j € N fixed, where i1 < i < ... are positive zeros of the Airy function.

@ The M. N. T. Theorem is not applicable readily. One needs to consider
Bn(v) ==L, (v) + (n+ v — 1)%ene).

@ Perturbation arguments = the first two terms in the asymptotic expansions of
large eigenvalues of L, '(v) determined by those of Ba(v) and B,_1(v).
@ Polynomials Qun(x) := det(x® — By(v)) satisfy the M. N. T. recursion with

= (L(n=1)/2] +v)(l(n+1)/2] +v).
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Finite Hilbert L-matrix

Large eigenvalues

Theorem [N. G. de Bruijn, H. S. Wilf, 1962]

One has

T Ioglogn)
Ann(2) = [[Ha(2)] = 7 — ro(oelen) o, .
0l2) = (@) = = 5+ O BEE S
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Large eigenvalues

Theorem [N. G. de Bruijn, H. S. Wilf, 1962]

One has

T Ioglogn)
Ann(2) = [[Ha(2)] = 7 — ro(oelen) o, .
0l2) = (@) = = 5+ O BEE S

@ Truncated Hilbert’s inequality:

n n
X Xj 2
/< ;.
2 i+j~ A"’n(z),;x'

=
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Finite Hilbert L-matrix

Large eigenvalues

Theorem [N. G. de Bruijn, H. S. Wilf, 1962]

One has

T Ioglogn)
Ann(2) = [[Ha(2)] = 7 — ro(oelen) o, .
0l2) = (@) = = 5+ O BEE S

@ Truncated Hilbert’s inequality:

n n
X Xj 2
/< ;.
2 i+j~ A"’n(z),;x'

=

@ The method of their proof admits a generalization...
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Finite Hilbert L-matrix

ekl
Theorem [H. S. Wilf, 1970]

Let £ : (0,00) x (0,00) — R be symmetric, homogeneous of degree —1, and

decreasing kernel such that

K(x,1)=0 (x*”“) ,

for some § > 0. Then the norm of matrix K, := (IC(i,j))ﬂj:1 satisfies

X — 00,

Br? log |
HKHH:Afl’Zr +o(°g§g”), n— oo,
og n log® n
where oo 00 12
A:/ K(X’de and B:/ log XIC(X,1)dx.
0 VX 1 VX
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Theorem [H. S. Wilf, 1970]

Let £ : (0,00) x (0,00) — R be symmetric, homogeneous of degree —1, and
decreasing kernel such that

K(x,1) =0 (X’”Z"S) , X — 00,

for some § > 0. Then the norm of matrix K, := (IC(i,j))ﬂj:1 satisfies

2
Kol = A— BT +o('°g'°g”), N - oo,

log? n log® n
where oo 00 12
K(x,1) / log” x
A:/ *~dx and B= K(x,1)dx.
o VX IRZEN )
@ Wilf’s theorem is applicable to L, = Ly(1):
2
Lo =4 — 167 +o<'°g"3’g”> o oo
log“ n log® n
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Finite Hilbert L-matrix

Theorem [H. S. Wilf, 1970]

Let £ : (0,00) x (0,00) — R be symmetric, homogeneous of degree —1, and

decreasing kernel such that

K(x,1) =0 (X’”Z"S) , X — 00,

for some § > 0. Then the norm of matrix K, := (IC(i,j))ﬂj:1 satisfies

2

IKoll = A— BTzr O(Ioglc;gn)’ N oo,

log® n log® n
where
/ K(X1 dx and B= / K(x,1)dx.
@ Wilf’s theorem is applicable to L, = Ly(1):
2
ILoj =4 — 1OT o('°g'§g”>, = oo,

log“ n log® n

@ Truncated Hardy’s inequality:

k=1
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Finite Hilbert L-matrix

Large eigenvalues cont.

Theorem [F. S., 2022]

For j € N fixed, we have

22 22
o srn =4 167 +327rj(’y+6|og2)+o< 1 ) oo

log? n log® n log* n

where ~ is the Euler—-Mascheroni constant.

Franti$ek Stampach (CTU in Prague) The Hilbert L-matrix 27/29



Finite Hilbert L-matrix

Large eigenvalues cont.

Theorem [F. S., 2022]

For j € N fixed, we have

22 22
1672 +327rj(’y+6|og2)+o< 1 ) oo

Hn—j+1,n = 4 —
/ log? n log® n log* n

where ~ is the Euler—Mascheroni constant. In particular, it holds

1672 3272 6log?2 1
o) =4 — 2or 32 0t °g)+o( i ) 1 - 0.
log“n log® n log™ n
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Finite Hilbert L-matrix

Large eigenvalues cont.

Theorem [F. S., 2022]

For j € N fixed, we have

22 22
1672 +327rj(’y+6|og2)+o< 1 ) oo

Hn—j+1,n = 4 —
log? n log® n log* n

where ~ is the Euler—Mascheroni constant. In particular, it holds

1672 3272 6log?2 1
o) =4 — 2or 32 0t °g)+o( i ) 1 - 0.
log“n log® n log™ n

@ The method gives expansions to arbitrary order: ILa|| — 4 =

1672 3272k 1672(3k2 — 47?)  327° [Br(K® — 4n2) — 1372((3)]
=——+ T — 7 + 5 + ..
log=n log”n log™ n 3log’n

where k := v+ 6log 2.
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Sketch of the proof

@ We need to analyze an asymptotic behavior of det(z — L), as n — oo, in the
oscillatory region [0, 4] with a quantitative control of the remainder term.
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Sketch of the proof

@ We need to analyze an asymptotic behavior of det(z — L), as n — oo, in the
oscillatory region [0, 4] with a quantitative control of the remainder term.

@ Generating function for polynomial g,(€) := det(1 — (€2 — 1/4)L,) reads

)

i%(&)t” =(1- t)—1/2+i§ 2F (1/2 +i€,1/2 + i€

n=0 1
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Sketch of the proof

@ We need to analyze an asymptotic behavior of det(z — L), as n — oo, in the
oscillatory region [0, 4] with a quantitative control of the remainder term.

@ Generating function for polynomial g,(€) := det(1 — (€2 — 1/4)L,) reads

t).
@ Following steps of the Darboux method with some special care of the remainder
term yields: (VK > 0)(3Ck > 0)(v¢ € (0, K])(Vn € N)

+ R"(g)a

;%(5)1‘" — (1 — 1)"/2¢ ,F, (1/2 +if%1/2—|—i§

where

Ck
LAGIE=
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Sketch of the proof

@ We need to analyze an asymptotic behavior of det(z — L), as n — oo, in the
oscillatory region [0, 4] with a quantitative control of the remainder term.

@ Generating function for polynomial g,(€) := det(1 — (€2 — 1/4)L,) reads

t).
@ Following steps of the Darboux method with some special care of the remainder
term yields: (VK > 0)(3Ck > 0)(v¢ € (0, K])(Vn € N)

+ R"(g)a

;%(5)1‘" — (1 — 1)"/2¢ ,F, (1/2 +i§711/2—|—i§

where

Ck
LAGIE=

@ The desired asymptotic expansion of the large eigenvalues of L, can be computed
from the expression in [...].
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te Hilbert L-matrix

Thank you!
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