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History:
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@ In 1915, when trying to find a simple proof of the Hilbert theorem G. Hardy proved
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@ In a 1919 letter, M. Riezs sent to G. Hardy a proof of the inequality
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The classical discrete Hardy inequality

The classical ¢2-Hardy inequality: For all real a € #3(N), one has
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History:

@ In 1915, when trying to find a simple proof of the Hilbert theorem G. Hardy proved

Zan<oo — Z(aH_ +a") < 00

@ In a 1919 letter, M. Riezs sent to G. Hardy a proof of the inequality

i(W)pS(ppj1>pniaﬁv (p>1).

n=1

© Ina 1921 letter, E. Landau sent to G. Hardy a proof of the inequality

N qait ot an\P P\ o

§ = = < | = §

n:1( n ) _(p—1) n:1aﬁ7 (b=

where the constant is the best possible.
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The discrete Hardy inequality

@ An equivalent formulation of the discrete Hardy inequality

i‘a1+-r-1-+an 2§4§:\an|2
n=1

n=1
is obtained by setting u, := a + - - - + a, and reads

e} 1 [e's} u 2
Z|l-jl7_un—1|2 Z ZZ |I';12| ) (Uo = O)
n=1 n=1
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@ An equivalent formulation of the discrete Hardy inequality
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is obtained by setting u, := a + - - - + a, and reads
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@ While the constant 1/4 cannot be improved, the whole weight 1/(4n?) can be!
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@ An equivalent formulation of the discrete Hardy inequality
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is obtained by setting u, := a + - - - + a, and reads

e} 1 [e's} u 2
Zlun_un—1|2 Z ZZ |I';12| ) (Uo = O)
n=1 n=1

@ While the constant 1/4 cannot be improved, the whole weight 1/(4n?) can be!

Remark: The weight 1/(4x?) in the continuous Hardy inequality

%) %) 2
/ /() dx > 1/ W4y, we H'(0,00), u(0) =0,
0 4 Jo X

cannot be further improved, i.e., for any Hardy weight p, it holds

1 1
p(X)zﬁ ae. x>0 = p(x):ﬁ ae. x>0.
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The discrete Hardy inequality

The improved discrete Hardy inequality

@ The classical discrete Hardy inequality:

oo oo
PSS o
n=1 n=1

I72 s (Uo = 0).

Franti$ek Stampach (CTU in Prague) Improved discrete Rellich inequality 5/17



The discrete Hardy inequality

The improved discrete Hardy inequality

@ The classical discrete Hardy inequality:

oo oo
Z|Un—un71|2 zz n2 s (U() = 0)
n=1 n=1

@ The improved discrete Hardy inequality [Keller-Pinchover-Pogorzelski, 2018]:

Z|Un*Un71‘2 Zng)‘unF, (UO = 0)7
n=1 n=1

_ n—1_ n+1
V" n n

where

Franti$ek Stampach (CTU in Prague) Improved discrete Rellich inequality 5/17



The discrete Hardy inequality

The improved discrete Hardy inequality

@ The classical discrete Hardy inequality:

oo

Z|un—u,,,1|zzz n2 , (U := 0).

n=1

@ The improved discrete Hardy inequality [Keller-Pinchover-Pogorzelski, 2018]:

Z |Un — Un—1 ‘2 > Zpg)‘u”|27 (UO = 0)7

n=1 n=1

_ fn—1 _/n+1
n n
Remark: Alternatively, the inequality can be written as | —A > p!) |in the sense of

quadratic forms on the space Hg(No) := {u € £3(No) | uo = 0}, where

where

(—Au)o :=2uy — s, (—AU)n := —Up—1+2Up — Ups1, (f N>1,

is the discrete (Dirichlet) Laplacian on £2(Np).
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The discrete Hardy inequality

A proof of the improved discrete Hardy inequality

@ We indicate a method of proving —A > p(" on H{(Ny) based on a factorization.
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The discrete Hardy inequality

A proof of the improved discrete Hardy inequality

@ We indicate a method of proving —A > p") on H}(No) based on a factorization.
@ The crucial idea is the ansatz:

Z |Un—1 — Un|* = 2/0571)|Un|2 + Z (Rru)al?,
n=1 n=1 n=1

where ’
(H1 U)n = anln — ;Un+1, ne N,
n

and {a,} C R\ {0} is an unknown sequence we seek.
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The discrete Hardy inequality

The remainder term in the improved discrete Hardy inequality

Theorem [Krejéitik-S., 2022]

For all u € H}(Np), we have the identity

oo oo oo 2
M., 2 sfn+1 J n

> uno1 = unl? = oy |unl? + > |1 Un — Uns1

n=1 n=1 n=1 n n+1
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The discrete Hardy inequality

The remainder term in the improved discrete Hardy inequality

Theorem [Krejéitik-S., 2022]

For all u € H}(Np), we have the identity

2
> > | 4/n+1 [n
Z'Un—1 _Un|2:Zp$11)|Un|2+Z ¥ Up— ¢ Un+1
n=1 n=1 n=1 n n+ 1
Two important observations:
° (1)
n—1 n+1 —A
P =2_/ —y/ 1 (1g),, . where g\ = v/n.
n n an
o

H1g(1) =0.
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The discrete Hardy inequality

The improved discrete Hardy inequality cannot be further improved

@ The explicit form of Ry and the fact Rig") = 0 yields a simple proof of

the criticality of p( : If p is a Hardy weight and p > p") — p = p{".
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The discrete Hardy inequality

The improved discrete Hardy inequality cannot be further improved

@ The explicit form of Ry and the fact Rig") = 0 yields a simple proof of

the criticality of p(”

@ Suppose

and subtract

Franti$ek Stampach (CTU in Prague)

’ If p is a Hardy weight and p > p") — p = p{".

Sl — oo >2pn|un|

n=1

(e o) (o)
D g — unf? Zp(‘>|un|2+2m1un|2.
n=1 n=1
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The discrete Hardy inequality

The improved discrete Hardy inequality cannot be further improved

@ The explicit form of Ry and the fact Rig") = 0 yields a simple proof of

the criticality of p(” If p is a Hardy weight and p > p") — p = p{".
y P

@ Suppose oo oo
> ltn = tn12 = palunf?
n=1 n=1

and subtract

(e o) (o)
> lnet = tnf? Zp“)wnf + >R
n=1 n=1

@ It yields the inequality

Z Y un)? —Z|F?1un|2.

n=1
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The discrete Hardy inequality

The improved discrete Hardy inequality cannot be further improved

@ The explicit form of Ry and the fact Rig") = 0 yields a simple proof of

the criticality of p( : ] If p is a Hardy weight and p > p") — p = p{".

@ Suppose

oo oo
Z |Un - Un—1|2 > Z:,On|un|2
n=1 n=1

and subtract

o0 oo oo
Z |Un—1 - Un|2 = Zpg)|Un|2 + Z ‘R1 Un|2 .
n n=1 n=1

=1
@ It yields the inequality

o

>3 (on— o)l = 3 Rrunf.

n=1 n=1

@ By setting u, := g\" = v/n, we get
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@ By setting u, := g\" = v/n, we get

@ If moreover p > p(, it follows p = p(1).
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The improved discrete Hardy inequality cannot be further improved

@ The explicit form of Ry and the fact Rig") = 0 yields a simple proof of

the criticality of p( : If p is a Hardy weight and p > p") — p = p{".
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@ Suppose

oo oo
Z |Un - Un—1|2 > Z:,On|un|2
n=1 n=1

and subtract
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@ It yields the inequality
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@ By setting u, := g\" = v/n, we get

@ If moreover p > p(, it follows p = p(1).
o But gV ¢ H}(No)!
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The discrete Hardy inequality

The improved discrete Hardy inequality cannot be further improved

@ The explicit form of Ry and the fact Rig") = 0 yields a simple proof of

the criticality of p( : ] If p is a Hardy weight and p > p") — p = p{".

@ Suppose

oo oo
Z |Un - Un—1|2 > Z:,On|un|2
n=1 n=1

and subtract

Z|Un 1_Un| —Zp |Un| +Z‘R1Un|

@ It yields the inequality

o

L

>

(pn = P ) Unl® = > |Ryun?.

n=1

3>
iy

@ By setting u, := g\" = v/n, we get
(pn— pi ).

o
A\
NgE

n=1

@ If moreover p > p(, it follows p = p(1).
@ But g!") ¢ HJ(No)! A suitable regularization of g/ ~ a rigorous proof.
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The improved Hardy weight p(!) is optimal

Actually, p{") is optimal:
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The improved Hardy weight p(!) is optimal

Actually, ) is optimal:
@ o is critical: If p is a Hardy weight and p > p"), then p = p".
Q oV is non-attainable: if

Z\un 1 = nf® Zp“>|un|2 < oo,

for a sequence u, then u = 0.
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The improved Hardy weight p(!) is optimal

Actually, ) is optimal:

@ o is critical: If p is a Hardy weight and p > p"), then p = p".

Q oV is non-attainable: if

Z\un 1 = nf® Zp“>|un|2 < oo,

for a sequence u, then u = 0.
@ " is optimal by infinity: For all M € N, one has

nf | nt 1=t
UEH(’)M(N())\{O} Zzi1 p571)‘u’7|2

where HY'(No) := {u € A(No) | Up = - -- = um_1 = 0}.
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The improved Hardy weight p(!) is optimal

Actually, p{") is optimal:
@ o is critical: If p is a Hardy weight and p > p"), then p = p".
Q oV is non-attainable: if

(oo} e o]
> lunt = nf* = 37 ol < oo,
n=1 n=1

for a sequence u, then u = 0.
@ " is optimal by infinity: For all M € N, one has

nf o[t =
UEHS”(N())\{O} Zzi1 p571)‘u’7|2

I’

where H(I)V’(No) = {U S ez(No) | U =---=Uy-1 = 0}

@ The optimality of p{') was first proven by [Keller-Pinchover-Pogorzelski, 2018]; an
elementary proof also exists [Gerhat-KrejCifik-S., prep. 2022].
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The Rellich inequality

@ The continuous Rellich inequality [Rellich, 1954-56]:

<, 2 9 |U(X)|2
u > —
A | (X)| dx > 16 A Iz dx,

for u € H*(0, 00), u(0) = u'(0) = 0.
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The discrete Rellich inequality

The Rellich inequality

@ The continuous Rellich inequality [Rellich, 1954-56]:

> 1 2 9 o0
/0 lu” (x)] dxzﬁ/o

u(x)?

I

for u € H*(0, 00), u(0) = u'(0) = 0.

@ An up-to-date known discrete Rellich inequality [Gupta, prep. 2021]

oo 800

D (=Awaf > =

n=1 n=.

for u € H¥(No) = {u € (No) | Up = uy = 0}.

Franti$ek Stampach (CTU in Prague)

Improved discrete Rellich inequality

1/17



The Rellich inequality

@ The continuous Rellich inequality [Rellich, 1954-56]:

<, 2 9 |U(X)|2
u > —
A | (X)| dx > 1 A Iz dx,

for u € H*(0, 00), u(0) = u'(0) = 0.
@ An up-to-date known discrete Rellich inequality [Gupta, prep. 2021]

SOl > 2
n=1 n=2

for u € H¥(No) = {u € (No) | Up = uy = 0}.

The goal: To adapt the method which works in the Hardy case to deduce an improved
discrete Rellich inequality.
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The discrete Rellich inequality

An improved discrete Rellich weight

Theorem [Gerhat-Krejéifik-S. prep. 2022]

For all u € H2(Np), the discrete Rellich inequality

SI=awf =Y o |unf
n=1 n=2
holds with 2 @)
-A
p® = (=8rg” . where g =n®2
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The discrete Rellich inequality

An improved discrete Rellich weight

Theorem [Gerhat-Krejéifik-S. prep. 2022]

For all u € H2(Np), the discrete Rellich inequality

Do l=aua? =D ol unf?
n=1 n=2
holds with 2 2
—A
p® = g()z)g ., where g =n*2.
o Explicitly:

3>

3/2 4\ 3/2 3/2
pgz):674(n$1> 74(n 1) +<an;2) +(
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The discrete Rellich inequality

An improved discrete Rellich weight

Theorem [Gerhat-Krejéifik-S. prep. 2022]

For all u € H2(Np), the discrete Rellich inequality
STI=au)af =Y o unf?
n=1 n=2
holds with .
@ _ (=4)97 @ _ 32
p = @ where g’ = n”/*.
o Explicitly:
3/2 3/2 3/2 3/2
pf,z):674(n+1> 74(n 1) +<n+2) +(n 2)
n n n n
@ One has
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The discrete Rellich inequality

Comments on the proof

@ Actually, we prove the identity

Dol =37 Rl + D (Reu)al’, | € HE(No),
n=1 n=2 n=1

where the remainder has the form
1
(R2U)n ‘= Cnlp — bnlni1 + ?Un+2
n

depending on two unknown sequences {b,} C R and {c,} C R\ {0}.
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@ Actually, we prove the identity

Dol =37 Rl + D (Reu)al’, | € HE(No),
n=1 n=2 n=1

where the remainder has the form

1
(R2U)n ‘= Cnlp — bnlni1 + ?Un+2
n

depending on two unknown sequences {b,} C R and {c,} C R\ {0}.
@ The identity yields the following constrains:

]
PP b2 +—— =6 n>3,

Cn—1
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Comments on the proof

@ Actually, we prove the identity

Dol =37 Rl + D (Reu)al’, | € HE(No),
n=1 n=2 n=1

where the remainder has the form
1
(R2U)n ‘= Cnlp — bnlni1 + ?Un+2
n

depending on two unknown sequences {b,} C R and {c,} C R\ {0}.
@ The identity yields the following constrains:

ps) + 6+ bl =6,

1
J Sy 2 =6 n>3,
n—2
Cnbn + bn-1 =4 n>2.
Cn—1

@ Unlike the Hardy case, the remainder R: is not found explicitly. But the existence
of positive solutions {b,} and {c,} has been proven.
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On the optimality of p(2)

@ The criticality of p® has not been established:

If pis a Rellich weight such that p > p@ 25 p = p®.
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@ On the other hand, the non-attainability and optimality near infinity hold for p(®.
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On the optimality of p(2)

@ The criticality of p® has not been established:

If pis a Rellich weight such that p > p@ 25 p = p®.

@ On the other hand, the non-attainability and optimality near infinity hold for p(®.

Proposition

If p is a Rellich weight such that p > p®, then

i n (pn - pﬂz)) < 8V2-3V3.

n=2
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Higher order discrete Hardy-like inequalities
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Higher order discrete Hardy-like inequalities

Higher order Hardy-like inequalities

@ The inequality [Birman 1961, Glazman 1965, Owen 1999, Gesztesy-etal. 2018]

oo 2 oo 2
[ 0 [

holds for u € H*(0, o0) with u(0) = - -- = u*="(0) = 0.
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Higher order discrete Hardy-like inequalities

Higher order Hardy-like inequalities

@ The inequality [Birman 1961, Glazman 1965, Owen 1999, Gesztesy-etal. 2018]

oo 2 oo 2
[ 0 [

holds for u € H*(0, o0) with u(0) = - -- = u*="(0) = 0.

Conjecture

Forall k € Nand u € H5(Ny), the inequality [ o s
> (—2) w)ntn > pr,")|un|2

n=k n=k

holds with
* _ (_A)kg(k)

P g®

., where g{ =nf""2
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Higher order discrete Hardy-like inequalities

Higher order Hardy-like inequalities

@ The inequality [Birman 1961, Glazman 1965, Owen 1999, Gesztesy-etal. 2018]

oo 2 oo 2
[ 0 [

holds for u € H*(0, o0) with u(0) = - -- = u*="(0) = 0.

Conjecture

Forall k € Nand u € H5(Ny), the inequality [ o s
> (—2) w)ntn > pr,")|u,,|2

n=k n=k

holds with
* _ (_A)kg(k)

P g®

., where g{ =nf""2

@ One has

wo (@O 1w (@K T (). nom

"7 16k (k1)? " 16k (k1)Z P nekiz

16k (k1)2 nPk
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Higher order discrete Har ke inequalities

Obrigado!
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