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Bounded self-adjoint Jacobi matrices
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Direct and inverse SP for self-adjoint Jacobi matrices

Bounded self-adjoint Jacobi matrices

Jacobi matrix:

bo a 0 0
ao b1 a, 0 0
J=]0 a b2 as 0 in 62 = Ez(No)

Assumptions: m J bounded:
sup (|an| + |ba]) < o0
n>0

m J self-adjoint:

an, bn eR
m J non-degenerate:
an+0
m Normalization:
an>0

(Operators J(a, b) and J(|a|, b) have the same spectral measure.)
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Direct and inverse SP for self-adjoint Jacobi matrices

Direct spectral problem: J — p

m A distinguished vector:
s0:=(1,0,0,...)".
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Direct and inverse SP for self-adjoint Jacobi matrices

Direct spectral problem: J — p

m A distinguished vector:
s0:=(1,0,0,...)".

m Spectral measure:
M(A) = <XA(J)60760>7 Ae B]R«

Theorem (Direct spectral problem, self-adjoint case)

Vector 4y is cyclic for J.
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m A distinguished vector:
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m Spectral measure:
M(A) = <XA(J)60760>7 Ae B]R«

Theorem (Direct spectral problem, self-adjoint case)

Vector 4y is cyclic for J.
Consequently, J is unitarily equivalent to the multiplication operator by x in L2(R, ).
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Direct and inverse SP for self-adjoint Jacobi matrices

Direct spectral problem: J — p

m A distinguished vector:
s0:=(1,0,0,...)".

m Spectral measure:
M(A) = <XA(J)60760>7 Ae B]R«

Theorem (Direct spectral problem, self-adjoint case)

Vector 4y is cyclic for J.
Consequently, J is unitarily equivalent to the multiplication operator by x in L2(R, ).

Remark:
OG polynomials: Define sequence of polynomials p = (po, p1, - - - )T recursively by

Jp(x) = xp(x), i.e. an-1Pn-1(X) + bnpn(X) + @npn+1(x) =0, (a-1:=0)
and po(x) =1.
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Direct and inverse SP for self-adjoint Jacobi matrices

Direct spectral problem: J — p

m A distinguished vector:
s0:=(1,0,0,...)".

m Spectral measure:
M(A) = <XA(J)60760>7 Ae B]R«

Theorem (Direct spectral problem, self-adjoint case)

Vector 4y is cyclic for J.
Consequently, J is unitarily equivalent to the multiplication operator by x in L2(R, ).

Remark:
OG polynomials: Define sequence of polynomials p = (po, p1, - - - )T recursively by

Jp(x) = xp(x), i.e. an-1Pn-1(X) + bnpn(X) + @npn+1(x) =0, (a-1:=0)

and po(x) =1. Theorem 1 a.k.a. Favard’s theorem = 1 is a measure of orthogonality:

[ Pr(x)Pm(x)dpa(x) = b
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Theorem (Inverse spectral problem, self-adjoint case)
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Inverse spectral problem: p— J

Theorem (Inverse spectral problem, self-adjoint case)

Injectivity: J is uniquely determined by u.
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Direct and inverse SP for self-adjoint Jacobi matrices

Inverse spectral problem: p— J

Theorem (Inverse spectral problem, self-adjoint case)

Injectivity: J is uniquely determined by u.

Surjectivity: If p is a probability measure on R with supp 1 compact and infinite,
then there exists J such that p is the spectral measure of J.
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Direct and inverse SP for self-adjoint Jacobi matrices

Inverse spectral problem: p— J

Theorem (Inverse spectral problem, self-adjoint case)

Injectivity: J is uniquely determined by u.

Surjectivity: If p is a probability measure on R with supp 1 compact and infinite,
then there exists J such that p is the spectral measure of J.

Remark 1: 0
. an>
@~ moments/ m-function ~ by, a % bpan
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Direct and inverse SP for self-adjoint Jacobi matrices

Inverse spectral problem: p— J

Theorem (Inverse spectral problem, self-adjoint case)

Injectivity: J is uniquely determined by u.

Surjectivity: If p is a probability measure on R with supp 1 compact and infinite,
then there exists J such that p is the spectral measure of J.

Remark 1: 0
. an>
@~ moments/ m-function ~ by, a % bpan

Remark 2:
OG polynomials: Given ., an application of the Gram—-Schmidt to 1, x, x2, ... in L%(u)
produces the sequence of monic polynomials P, satisfying

Prit(X) = (X = b)) Pa(X) = @1 Prt(x), Po(x) =1

From the recurrence we can reconstruct b, and a2.
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The one-to-one correspondence: J <— p

The mapping

] J > is a bijection!
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The one-to-one correspondence: J <— p

The mapping

] J > is a bijection!

Project goal: To establish a variant of the correspondence when J # J*.
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The one-to-one correspondence: J «— u

The mapping

] J > is a bijection!

Project goal: To establish a variant of the correspondence when J # J*.

Related questions:
m What should be the spectral data? (J # J* ~ no spectral measure)
m Can the bijectivity of the spectral mapping be preserved?
m What are the implications for orthogonal polynomials?
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Bounded non-self-adjoint Jacobi matrices

Jacobi matrix:
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a by a 0 O byeC. ay>0
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0 0 a b; a; {an}, {bn} bounded
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Bounded non-self-adjoint Jacobi matrices

Jacobi matrix:

a 0 0 O
b1 a 0 0 o bnE (C, an>0

ai b2 as 0 e,
{an}, {bn} bounded

oco®s

Notation:
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Bounded non-self-adjoint Jacobi matrices

Jacobi matrix:

bp a 0 0 O
a b aa 0 0 - byeC. a0
J=10 ai b2 an 0 ], ’
0 0 a b; a; {an}, {bn} bounded
Notation:
Essential assumptions: = Boundedness of J
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Bounded non-self-adjoint Jacobi matrices
Jacobi matrix:

ao b1 a 0 0 o bnE (C, an>0

J=10 ai b2 as 0 e,
0 0 a by a - {an}, {bn} bounded

Notation:

Essential assumptions: m Boundedness of J
mJ=J, i.e. C-symmetry of J, J* = CJC.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Bounded non-self-adjoint Jacobi matrices

Jacobi matrix:

bp aa 0 O O
ao b1 a 0 0 o bnE (C, an>0

J=|0 a b a& 0 -,
0 0 a b; a; {an}, {bn} bounded

Notation:

Essential assumptions: m Boundedness of J
mJ=J, i.e. C-symmetry of J, J* = CJC.

Inessential assumptions: m Normalization a, > 0
(can be replace by aj € C with arg a, prescribed)
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Direct and inverse SP for non-self-adjoint Jacobi matrices

The 1st component of spectral data - the spectral measure v
Spectral measure:

V(A) = <XA(|J|)50760)> AeBRa
where |J| := v/ J*J.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

The 1st component of spectral data - the spectral measure v

SpeCtral measure:
V(A) = <XA(|J|)50760)> AeBRa

where |J| := v/ J*J.

Theorem (Direct spectral problem, non-self-adjoint case)

The multiplicity of spectrum of |J| is < 2 and vector d is of maximal type for |J|, i.e

v(8) = (xa(lY))do,00) =0 = xa(lJ]) =0.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

The 1st component of spectral data - the spectral measure v

SpeCtral measure:
V(A) = <XA(|J|)50760)> AeBRa

where |J| := v/ J*J.

Theorem (Direct spectral problem, non-self-adjoint case)
The multiplicity of spectrum of |J| is < 2 and vector d is of maximal type for |J|, i.e

v(8) = (xa(lY))do,00) =0 = xa(lJ]) =0.

Remarks:
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Direct and inverse SP for non-self-adjoint Jacobi matrices

The 1st component of spectral data - the spectral measure v

SpeCtral measure:
V(A) = <XA(|J|)50760)> AeBRa

where |J| := v/ J*J.

Theorem (Direct spectral problem, non-self-adjoint case)
The multiplicity of spectrum of |J| is < 2 and vector d is of maximal type for |J|, i.e

v(8) = (xa(lY))do,00) =0 = xa(lJ]) =0.

Remarks:
m The multiplicity of |J| can be 2.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

The 1st component of spectral data - the spectral measure v

SpeCtral measure:
V(A) = <XA(|J|)50760)> AeBRa

where |J| := v/ J*J.

Theorem (Direct spectral problem, non-self-adjoint case)
The multiplicity of spectrum of |J| is < 2 and vector d is of maximal type for |J|, i.e

v(8) = (xa(lY))do,00) =0 = xa(lJ]) =0.

Remarks:
m The multiplicity of |J| can be 2.
m If |J] has simple and discrete spectrum, then Jxx = sxXx and

V=Y wds, vk i=|(00, %) >0
k
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Direct and inverse SP for non-self-adjoint Jacobi matrices

The 2nd component of spectral data - the phase function v

Recall -
(f(|J\)5o,60):f0 f(s)dv(s), VfeC(R).
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Direct and inverse SP for non-self-adjoint Jacobi matrices

The 2nd component of spectral data - the phase function v

Recall -
(f(|J\)5o,60):f0 f(s)dv(s), VfeC(R).

Theorem (Definition of )

There exists a unique phase function ¢ € L= (v) satisfying 1(0) = 1 and [¢(s)| < 1 for
v-a.e. s > 0 such that

(JF(1J)60, 60) = [Ooosf(s)w(s)du(s), Vfe C(R).

Franti$ek Stampach (CTU in Prague) Inverse spectral problem for NSA Jacobi matrices 10/14



Direct and inverse SP for non-self-adjoint Jacobi matrices

The 2nd component of spectral data - the phase function v

Recall -
(f(|J\)5o,60):f0 f(s)dv(s), VfeC(R).

Theorem (Definition of )

There exists a unique phase function ¢ € L= (v) satisfying 1(0) = 1 and [¢(s)| < 1 for
v-a.e. s > 0 such that

(JF(1J)60, 60) = [Ooosf(s)w(s)du(s), Vfe C(R).

Remarks:
m ¢(0) = 1 is a normalization; it is not needed if v({0}) = 0.

Franti$ek Stampach (CTU in Prague) Inverse spectral problem for NSA Jacobi matrices 10/14



Direct and inverse SP for non-self-adjoint Jacobi matrices

The 2nd component of spectral data - the phase function v

Recall -
(f(|J\)50,60):f0 f(s)dv(s), VfeC(R).

Theorem (Definition of )

There exists a unique phase function ¢ € L= (v) satisfying 1(0) = 1 and [¢(s)| < 1 for
v-a.e. s > 0 such that

(JF(1J)60, 60) = fowsf(s)w(s)du(s), Vfe C(R).

Remarks:
m ¢(0) = 1 is a normalization; it is not needed if v({0}) = 0.
m If |J] has simple and discrete spectrum, then Jxx = skXx and we have

50, %) \*
R R Gl ()
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Direct and inverse SP for non-self-adjoint Jacobi matrices

The 2nd component of spectral data - the phase function v

Recall -
(f(|J\)60,60):f0 f(s)dv(s), VfeC(R).

Theorem (Definition of )

There exists a unique phase function ¢ € L= (v) satisfying 1(0) = 1 and [¢(s)| < 1 for
v-a.e. s > 0 such that

(JF(1J)60, 60) = fowsf(s)w(s)du(s), Vfe C(R).

Remarks:
m ¢(0) = 1 is a normalization; it is not needed if v({0}) = 0.
m If |J] has simple and discrete spectrum, then Jxx = skXx and we have

50, %) \*
R R Gl ()

m The theorem only uses CJC = J* and Cdy = dp. It can be deduced from the refined
polar decomposition for C-symmetric operators [Garcia-Putinar, 2007].
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Main result

Theorem (Inverse spectral problem, non-self-adjoint case)
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Main result

Theorem (Inverse spectral problem, non-self-adjoint case)

Injectivity: J € J. is uniquely determined by (v, ).
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Main result

Theorem (Inverse spectral problem, non-self-adjoint case)

Injectivity: J € J. is uniquely determined by (v, ).
Surjectivity: Let v is a probability meas. on [0, oo) with supp » compact and infinite.
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Main result

Theorem (Inverse spectral problem, non-self-adjoint case)

Injectivity: J € J. is uniquely determined by (v, ).

Surjectivity: Let v is a probability meas. on [0, oo) with supp » compact and infinite.
Let ¢ € L*(v) be such that 4/(0) = 1 and | (s)| < 1 for v-a.e. s> 0.
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Main result

Theorem (Inverse spectral problem, non-self-adjoint case)

Injectivity: J € J. is uniquely determined by (v, ).

Surjectivity: Let v is a probability meas. on [0, oo) with supp » compact and infinite.
Let ¢ € L*(v) be such that 4/(0) = 1 and | (s)| < 1 for v-a.e. s> 0.
Then (v,v) is a spectral data for some J € 7.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Main result

Theorem (Inverse spectral problem, non-self-adjoint case)

Injectivity: J € J. is uniquely determined by (v, ).

Surjectivity: Let v is a probability meas. on [0, oo) with supp » compact and infinite.
Let ¢ € L*(v) be such that 4/(0) = 1 and | (s)| < 1 for v-a.e. s> 0.
Then (v,v) is a spectral data for some J € 7.

The spectral mapping

] J~ (v, %) is a bijection! \
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Special classes

Franti$ek Stampach (CTU in Prague) Inverse spectral problem for NSA Jacobi matrices 12/14



Direct and inverse SP for non-self-adjoint Jacobi matrices

Special classes

1) |J| has simple spectrum iff [¢(s)| = 1 for v-a.e. s > 0.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Special classes

1) |J| has simple spectrum iff [¢(s)| = 1 for v-a.e. s > 0.
2) J=J"iff(s) eRforv-a.e. s>0.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Special classes

1) |J| has simple spectrum iff [¢(s)| = 1 for v-a.e. s > 0.
2) J=J"iff(s) eRforv-a.e. s>0.
3) by =0 forall niff ¢(s) =0 for v-a.e. s> 0.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Special classes

) |J| has simple spectrum iff [1)(s)| = 1 for v-a.e. s> 0.
2) J=J"iff(s) eR forv-a.e. s>0.
)

)

1

3) by =0 forall niff ¢(s) =0 for v-a.e. s> 0.
4) J=J" and |J| has simple spectrum iff ¢)(s) = +1 for v-a.e. s> 0.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Special classes

1)
2) J=J"iff(s) eR forv-a.e. s>0.
3) by =0 forall niff ¢(s) =0 for v-a.e. s> 0.
)
)

|J| has simple spectrum iff [¢b(s)| = 1 for v-a.e. s > 0.

4) J=J" and |J| has simple spectrum iff ¢)(s) = +1 for v-a.e. s> 0.
5) If J°J = JJ* and |J| has simple spectrum, then J = |J¢)(|J]) [polar decomposition).
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Special classes

1)
2) J=J"iff(s) eR forv-a.e. s>0.
3) by =0 forall niff ¢(s) =0 for v-a.e. s> 0.
)
)

|J| has simple spectrum iff [¢b(s)| = 1 for v-a.e. s > 0.

4) J=J" and |J| has simple spectrum iff ¢)(s) = +1 for v-a.e. s> 0.
5) If J°J = JJ* and |J| has simple spectrum, then J = |J¢)(|J]) [polar decomposition).

When J = J*, we have J < p and J < (v,v). What is the relation < (v,9)?

Franti$ek Stampach (CTU in Prague) Inverse spectral problem for NSA Jacobi matrices 12/14



Direct and inverse SP for non-self-adjoint Jacobi matrices

Special classes

1)
2) J=J"iff(s) eR forv-a.e. s>0.
3) by =0 forall niff ¢(s) =0 for v-a.e. s> 0.
)
)

|J| has simple spectrum iff [¢b(s)| = 1 for v-a.e. s > 0.

4) J=J" and |J| has simple spectrum iff ¢)(s) = +1 for v-a.e. s> 0.
5) If J°J = JJ* and |J| has simple spectrum, then J = |J¢)(|J]) [polar decomposition).

When J = J*, we have J < p and J < (v,v). What is the relation < (v,9)?

Denote
Ti(D) = p(-A), AeBs.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Special classes

1)
2) J=J"iff(s) eR forv-a.e. s>0.
3) by =0 forall niff ¢(s) =0 for v-a.e. s> 0.
)
)

|J| has simple spectrum iff [¢b(s)| = 1 for v-a.e. s > 0.

4) J=J" and |J| has simple spectrum iff ¢)(s) = +1 for v-a.e. s> 0.
5) If J°J = JJ* and |J| has simple spectrum, then J = |J¢)(|J]) [polar decomposition).

When J = J*, we have J < p and J < (v,v). What is the relation < (v,9)?

Denote
Ti(D) = p(-A), AeBs.

dv(s), s§>0,

For J = J* we have 1+9(s
au(s) = 2

dfi(s) = Wdu(s), s> 0.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Special classes

1)
2) J=J"iff(s) eR forv-a.e. s>0.
3) by =0 forall niff ¢(s) =0 for v-a.e. s> 0.
)
)

|J| has simple spectrum iff [¢b(s)| = 1 for v-a.e. s > 0.

4) J=J" and |J| has simple spectrum iff ¢)(s) = +1 for v-a.e. s> 0.
5) If J°J = JJ* and |J| has simple spectrum, then J = |J¢)(|J]) [polar decomposition).

When J = J*, we have J < p and J < (v,v). What is the relation < (v,9)?

Denote
Ti(D) = p(-A), AeBs.

dv(s), s§>0,

For J = J* we have 1+9(s
au(s) = 2

dfi(s) = %ﬂj(s)du(s), s> 0.

In particular, if J=J* >0, then y=vand ¢ = 1.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Orthogonal polynomials for non-self-adjoint J

m Given J € J., define polynomials g = (qo, @1, . . . ) recursively by Jg(s) = sq(s),
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Orthogonal polynomials for non-self-adjoint J

m Given J € J., define polynomials g = (qo, @1, . . . ) recursively by Jg(s) = sq(s),
ie.,

(a-1:=0)

’ an-1Gn-1(S) + bnQn(S) + anqn+1(S) = 5G,,(8),

and the normalization qo(s) = 1.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Orthogonal polynomials for non-self-adjoint J

m Given J € J., define polynomials g = (qo, @1, . . . ) recursively by Jg(s) = sq(s),
ie.,

(a-1:=0)

’ an-1Gn-1(S) + bnQn(S) + anqn+1(S) = 5G,,(8),

and the normalization qo(s) = 1.

m Clearly, if J = J*, then g, = pa.
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Direct and inverse SP for non-self-adjoint Jacobi matrices

Orthogonal polynomials for non-self-adjoint J

m Given J € J., define polynomials g = (qo, @1, . . . ) recursively by Jg(s) = sq(s),
ie.,

an-1Gn-1(S) + bnqn(S) + anQn+1(S) = 5G,(8),| (a-1:=0)

and the normalization qo(s) = 1.
m Clearly, if J = J*, then g, = pn.

Theorem (Orthogonality relation)

For all m, n > 0, we have

LT TR () (§E)) o=
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Orthogonal polynomials for non-self-adjoint J

m Given J € J., define polynomials g = (qo, @1, . . . ) recursively by Jg(s) = sq(s),
ie.,

an-1Gn-1(S) + bnqn(S) + anQn+1(S) = 5G,(8),| (a-1:=0)

and the normalization qo(s) = 1.
m Clearly, if J = J*, then g, = pn.

Theorem (Orthogonality relation)

For all m, n > 0, we have
1 = [(1+RP(s)  -iT3¢(s) \ ([ gm(s) an(s) ()
2f0 <( i9y(s) 1—%w(s))(qm<—s))’(qn<—s>)>czd (8) = omn.

The integrand expanded:

(1+9R9(8))Gm(8)Gn(S) + (1~ RY(S))Gm(~5)G,(-S)
+i3%(8)[gn(8)Tn (=) = Gm(—5)T,(S) ]
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Direct and inverse SP for non-self- Jacobi matrices

Thank you!
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