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The discrete Schrodinger operator on Z

Motivation: the (continuous) Schrdédinger operator on the line

Theorem (Abramov, Aslanyan, Davies [JPA, 2001])

For a complex valued V e L'(R) N L3(R), one has

d2
0 (~ gz + V) \0.50) € {A € €[4 < Vi }-

Moreover, the bound is sharp.
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The discrete Schrodinger operator on Z

The discrete Schrédinger operator on Z

@ Difference operators on (?(Z):

(D)n == tn—1 — ¥n, (D*p)n = Yny1 — Un, nez.
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The discrete Schrodinger operator on Z

The discrete Schrédinger operator on Z

@ Difference operators on (?(Z):
(D)n := tpn—1 — tn, (D*Y)n = Yny1 — tn, nez.
@ The discrete Laplacian on Z:
(D"Dyp)n = —thn—1 + 2¢n — Y41, nez.

We denote
Hy:=2—-D"D.
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The discrete Schrodinger operator on Z

The discrete Schrédinger operator on Z

@ Difference operators on (?(Z):
(D)n := tpn—1 — tn, (D*Y)n = Yny1 — tn, nez.
@ The discrete Laplacian on Z:
(D"Dyp)n = —thn—1 + 2¢n — Y41, nez.

We denote
Hy:=2—-D"D.

@ To a given bounded complex sequence v = {Vvs}ncz, We define the potential:
(Vd))n = Vn'l/]n, ne Z

@ The discrete Schrédinger operator on Z:

1 41

Franti$ek Stampach (FJFI CTU in Prague) 1D discrete Schrédinger operators 4/31



The discrete Schrodinger operator on Z

Basic facts

@ One has
o(Ho) = cgess(Ho) = [—2,2].
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@ If v, » 0,as n — +oo, then V is compact and

oess(Ho + V) =[-2,2].
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The discrete Schrodinger operator on Z

Basic facts
@ One has
o(Ho) = cgess(Ho) = [—2,2].
@ If v, » 0,as n — +oo, then V is compact and
oess(Ho + V) =[-2,2].

@ The resolvent of Hy:

[m—n|
(Ho — A\ k m,neZ,

= kT

where A = k=" + k.
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The discrete Schrodinger operator on Z

Basic facts
@ One has
o(Ho) = cgess(Ho) = [—2,2].
@ If v, » 0,as n — +oo, then V is compact and
oess(Ho + V) =[-2,2].

@ The resolvent of Hy:

(Ho /\)71 Klm=nl

mynzm m,nEZ,

where A = k=" + k.

@ The Joukowski map:
MK)=k " +k

is 1-1 mapping of the punctured unit disk 0 < |k| < 1 onto C\ [-2,2].
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The discrete Schrodinger operator on Z

The spectral enclosure for ¢'-potentials

Theorem (lbrogimov, F. S. [IEQT, 2019])
Let v € ¢'(Z). Then

op(Ho + V) C {/\ €C\(-2,2) | A2 —4|< ||v\|§1(Z)}.
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The discrete Schrodinger operator on Z

The spectral enclosure for ¢'-potentials

Theorem (lbrogimov, F. S. [IEQT, 2019])
Let v € ¢'(Z). Then

op(Ho + V) C {/\ €C\(-2,2) | A2 —4|< ||v\|§1(Z)}.

In addition, the estimate is optimal in the following sense:

To any boundary point of the spectral enclosure which does not belong to (-2, 2),
there exists an ' —potential V so that this boundary point is an eigenvalue of the
corresponding discrete Schrédinger operator Hy + V.
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The discrete Schrodinger operator on Z

Geometry of the spectral enclosure

The boundary curve for Q := ||v|[,1(z:

N -4 = Q%

...it is the Cassini oval with two foci at 4-2.

Q=1

2
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The discrete Schrodinger operator on Z

Proof

@ The goal is to prove:

oo+ V) {xeC\(-2.2) | =4 < VI )
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The discrete Schrodinger operator on Z

Proof

@ The goal is to prove:

oo+ V) {xeC\(-2.2) | =4 < VI )

@ Onehasve (' (Z) = (-2,2)Nop(Ho+ V)=10 (Jostsolutions).
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@ The goal is to prove:

oo+ V) {xeC\(-2.2) | =4 < VI )

@ Onehasve (' (Z) = (-2,2)Nop(Ho+ V)=10 (Jostsolutions).
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The discrete Schrodinger operator on Z

Proof

@ The goal is to prove:

oo+ V) {xeC\(-2.2) | =4 < VI )

@ Onehasve (' (Z) = (-2,2)Nop(Ho+ V)=10 (Jostsolutions).
@ The points £2 are always included in the spectral enclosure.

@ For A\ ¢ [-2,2] = o(Hy), the proof relies on the Birman—Schwinger principle (one

implication):
A€op(Ho+ V) = —1¢€ap(K(N)),
for
K() = |V['2 (Ho = A)™" Vaje,
and

IV|"%en = \/|Valen and Vi/26n = sgn(Va)+/|Va|€n
with the complex signum function sgnz = z/|z|, if z # 0, and sgn 0 = 0.
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The discrete Schrodinger operator on Z

Proof

@ The goal is to prove:

oo+ V) {xeC\(-2.2) | =4 < VI )

@ Onehasve (' (Z) = (-2,2)Nop(Ho+ V)=10 (Jostsolutions).
@ The points £2 are always included in the spectral enclosure.

@ For A\ ¢ [-2,2] = o(Hy), the proof relies on the Birman—Schwinger principle (one

implication):
A€op(Ho+ V) = —1¢€ap(K(N)),
for
K() = |V['2 (Ho = A)™" Vaje,
and

IV|"%en = \/|Valen and Vi/26n = sgn(Va)+/|Va|€n
with the complex signum function sgnz = z/|z|, if z # 0, and sgn 0 = 0.
@ In particular,

’/\ cop(Ho+V) = [KO)| > 1. \
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The discrete Schrodinger operator on Z

Proof - the part based on the Birman—Schwinger principle

o Let \ ¢ [-2,2] = o(Ho).
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The discrete Schrodinger operator on Z

Proof - the part based on the Birman—Schwinger principle

o Let A ¢ [-2,2] = o(Ho).
@ Then A = k=" + k with |k| < 1 and one has

L P IR
K=k = Tk—k1] /-4

‘(HO — N , ¥Ym,neZ.
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The discrete Schrodinger operator on Z

Proof - the part based on the Birman—Schwinger principle

o Let A ¢ [-2,2] = o(Ho).
@ Then A = k=" + k with |k| < 1 and one has

km 1
K=k = k=K1~ /e —a

‘(fb - )mu , Vm,neZ.

@ Forany ¢ € (?(Z), we estimate

IKOx ¢||22(Z<Z<ZM|H0— o

meZ \ncZ

len)

Ve VI3
|‘A2”£ T (Z Vvl |wn) perild e

mezZ
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K=k = k=K1~ /e —a

‘(fb - )mu , Vm,neZ.

@ Forany ¢ € (?(Z), we estimate

IKOx ¢||22(Z<Z<ZM|H0— o

meZ \ncZ

len)

Ve VI3
|‘A2”£ T (Z Vvl |wn) perild e

mezZ

@ In other words,

||‘uwa
K(\
IKOIF < (7=
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The discrete Schrodinger operator on Z

Proof - the part based on the Birman—Schwinger principle

o Let A ¢ [-2,2] = o(Ho).
@ Then A = k=" + k with |k| < 1 and one has

km 1
K=k = k=K1~ /e —a

‘(fb - )mu , Vm,neZ.

@ Forany ¢ € (?(Z), we estimate

IKOx ¢||22(Z<Z<ZM|H0— o

meZ \ncZ

len)

Ve VI3
|‘A2”‘ T (Z Vvl |wn) perild e

mezZ

@ In other words,

||‘uwa
K(\
IKOIF < (7=

o Thus, if A € op(Ho + V), then

>~
n

2
=4[ <[Vl
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The optimality

@ Delta potential:

Vo= wdpno, VNEZ,

where w € C is a coupling constant.
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The optimality

@ Delta potential:
Vo= wdpno, VNEZ,

where w € C is a coupling constant.
@ The operator Hy + V demonstrates the optimality!

@ Forw e C\ [-2i,2i],
Ao = Vw2 +4 € op(Ho+ V).
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The optimality

@ Delta potential:
Vo= wdpno, VNEZ,

where w € C is a coupling constant.
@ The operator Hy + V demonstrates the optimality!
@ Forw e C\ [-2i,2i],
Ao = Vw2 +4 € op(Ho+ V).

@ The eigenvalue )\, lies on the boundary curve of the spectral enclosure because

2 2 _ 002
Ao = 4] = |w" = [IVIlo )
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The optimality

@ Delta potential:
Vo= wdpno, VNEZ,

where w € C is a coupling constant.
@ The operator Hy + V demonstrates the optimality!
@ Forw e C\ [-2i,2i],
Ao = Vw2 +4 € op(Ho+ V).
@ The eigenvalue )\, lies on the boundary curve of the spectral enclosure because
NS — 4] = |wl? = [IVIE -
@ Moreover, for any Q > 0, one has

Ao lw=Qe’, —r <0<} ={AeC||\ 4= ).
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The discrete Schrodinger operator on Z

Numerical illustration: the delta potential demonstrates optimality

lwl=2, Arg w = -3.14159

2

Franti$ek Stampach (FJFI CTU in Prague) 1D discrete Schrédinger operators 11/31



The discrete Schrodinger operator on Z

The spectral enclosure the best possible

One has

U o(H+V)=[-221u{xeC| |\ -4 <@}

<Q

IVl 1y <
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The discrete Schrodinger operator on Z

The spectral enclosure the best possible

One has

U o(H+V)=[-221u{xeC| |\ -4 <@}

<Q

IVl 1y <

On the other hand, we do not know whether

U o+ V)Z[-221U{reC[[N\ -4 <.
Hvllﬂ(z):Q
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The discrete Schrodinger operators on N

Motivation: the (continuous) Schrédinger operator on the half-line
Theorem (Frank, Laptev, Seiringer [OTAA, 2011])

Let V € L'(Ry) N L3(R,) be complex valued and —dd% + V be the Schrédinger
operator acting on L?(R,.) with Dirichlet boundary condition at 0. Then

@2 arg A
ad( d2+v) {Ae@’4|>\|§h<c H )‘|VHL‘(R+}

h(a
y=0

Moreover, the bound is sharp. (The cases of Neumann and Robin b.c. also therein.)

where 5
ay _ efy’
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The discrete Schrodinger operators on N

Discrete Schrédinger operators on N

@ Difference operators on ¢2(N):

Yn—t1—%Yn, n>1,

—y n=1 (D*w)n:d)n-ﬂ — Yn, neN.

(D¢)n = {
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The discrete Schrodinger operators on N

Discrete Schrédinger operators on N

@ Difference operators on ¢2(N):

-1 bl n> 17 *
(O0)= {w” o (D*%)n = Yny1 —n,  NEN.
_wh n= 17
@ The discrete Dirichlet and Neumann Laplacians on N:
2 -1 1
-1 2 -1 . -1 2 -1
D*D= -1 2 -1 ,  DD"= -1 2 -1
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Discrete Schrédinger operators on N

@ Difference operators on ¢2(N):

a1 —tn, n>1, o B
(Dw)n-—{ o =y, PDOn=tni—¢n  neN.

@ The discrete Dirichlet and Neumann Laplacians on N:

2 -1 1
) -1 2 -1 N
D'D= -1 2 -1 ; DD" = -1 2 -1

@ We denote Jy :=2 - D*D and J; :=2 — DD*. Then

0 1 1
1 0 1 0o 1
Jo = 1 1 ;o di= 1.0 1 ;
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The discrete Schrodinger operators on N

Discrete Schrédinger operators on N

@ For a € C, we put

= 0

Ja =

and refer to J; as the discrete Robin Laplacian (with some abuse of the
terminology).
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Discrete Schrédinger operators on N

@ For a € C, we put

= 0

Ja =

and refer to J; as the discrete Robin Laplacian (with some abuse of the
terminology).

@ To a given bounded complex sequence v = {Vi}nen, we define the potential:

(VY)n := Vb, neN.
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The discrete Schrodinger operators on N

Discrete Schrédinger operators on N

@ For a € C, we put

= 0

Ja =

and refer to J; as the discrete Robin Laplacian (with some abuse of the
terminology).

@ To a given bounded complex sequence v = {Vi}nen, we define the potential:
(VY)n := Vb, neN.
@ The discrete Robin Schrédinger operator on N:

a—+ vy 1

]
[t V]~ v
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The discrete Schrodinger operators on N

Spectral properties of J;

@ Spectrum of J; and its parts:

®> f S 17
UC(Ja) = [_272]7 Uf(Ja) = 07 and UP(Ja) = {{a+ a71} :f :Z: > 1.
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The discrete Schrodinger operators on N

Spectral properties of J;

@ Spectrum of J; and its parts:

L B o, if |a] <1,
oe(da) = [-2,2), ou(da) =0, and op(Ja) = {{a+a1}, 1ol > 1
or

0, if |a <1,
o) = [-2,2]  and Ud(Ja)_{{a+a1} >
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The discrete Schrodinger operators on N

Spectral properties of J;

@ Spectrum of J; and its parts:

0, if |a] <1,

ou(s) =[-2,2], oi(Ja) =0, and UP(J"")_{{a+a1}, it laf > 1.

or
0, if lal <1,

ess(Ja2) = [—2,2] and Ja) = .
oes(Ja) =1 ] ou(Ja) {{a+a‘}, if la| > 1.

@ If v, — 0, as n — oo, then V is compact and

cess(da+ V) =1[-2,2].
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The discrete Schrodinger operators on N

Spectral properties of J;

@ Spectrum of J; and its parts:

0, if la] <1,
Cfc(Ja) = [—2,2], Ur(Ja) = 07 and (Ja) - {{a+ a 1} :f :Z: ; 1.

or
0, if |a] < 1,

oen(tk) = [-2,2]  and Ud(Ja){{a+a1}, i al > 1.

@ If v, — 0, as n — oo, then V is compact and
cess(da+ V) =1[-2,2].

@ The resolvent of Jz:

(k _ a)km+n—1 _ (k—1 _ a)k|n—m\+1

(Ja = N = (1 —ak)(k ' —k)

m,n €N,

where A\ = k™' + k ¢ o(Ja) for 0 < |k| < 1.
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The discrete Schrodinger operators on N

The spectral enclosure for ¢'-potentials

Theorem
Letac Cand v € ¢'(N). Then

oo(da+ V) © {AEC\ (=2,2) | I = 4] < gaW) VI ),

where
k—a

T 1-ak

ga(k—l—kq) :=sup |1 K21

neN
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The spectral enclosure for ¢'-potentials

Theorem
Letac Cand v € ¢'(N). Then

oo(da+ V) © {AEC\ (=2,2) | I = 4] < gaW) VI ),

where
k—a

2n—1
1—ak K

1

ga(k + kq) ‘= sup

neN

In addition, the estimate is optimal in the following sense:
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The discrete Schrodinger operators on N

The spectral enclosure for ¢'-potentials

Theorem
Letac Cand v € ¢'(N). Then

oo(da+ V) © {AEC\ (=2,2) | I = 4] < gaW) VI ),

where
B k—a
1-—ak

ga(k—l—kq) :=sup |1 K21

neN

In addition, the estimate is optimal in the following sense:

To any non-real boundary point of the spectral enclosure, there exists an ¢' —potential V
so that this boundary point is an eigenvalue of the corresponding discrete Schrédinger
operator J; + V.
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The discrete Schrodinger operators on N

The spectral enclosure for ¢'-potentials

Theorem
Letac Cand v € ¢'(N). Then

oo(da+ V) © {AEC\ (=2,2) | I = 4] < gaW) VI ),

where
k—a

T 1-ak

ga(k—l—kq) :=sup |1 K21

neN

In addition, the estimate is optimal in the following sense:

To any non-real boundary point of the spectral enclosure, there exists an ¢' —potential V
so that this boundary point is an eigenvalue of the corresponding discrete Schrédinger
operator J; + V.

Remark:

Dirichlet: go(A) = sup [1 — k"
neN

Neumann: gy(\) = sup ‘1 + k2”4‘
neN
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The discrete Schrodinger operators on N

Geometry of the optimal spectral enclosures

The boundary curve for @ := [[V][1 X 4] = ga() Q2.
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The discrete Schrodinger operators on N

Geometry of the optimal spectral enclosures

The boundary curve for Q := [|V||y1: ’ N — 4 =g()) Q% Dirichlet

— Q=07 Q=09 Q=105 — Q=12 — Q=14 — Q=18
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The discrete Schrodinger operators on N

Geometry of the optimal spectral enclosures

The boundary curve for Q := [|V||y1: ’ 1N —4]=gi()) Q% Neumann

— Q=09 Q=105 — Q=12 — Q=14 — Q=16 — Q=2
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The discrete Schrodinger operators on N

Geometry of the optimal spectral enclosures

The boundary curve for Q := [|v||y1 )

X — 4 = g 2(1) Q°.

Robin

— Q=08 Q=1 — Q=105 — Q=12 — Q=14 — Q=18
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The discrete Schrodinger operators on N

Geometry of the optimal spectral enclosures

The boundary curve for Q := [|V||y1 () ] N — 4 =g()) Q% Robin

3

— Q=06 Q=08 Q=1 — Q=12 — Q=14 — Q=15
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Spectral stability for Jo perturbed by a small complex potential
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e Spectral stability for Jy perturbed by a small complex potential
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Spectral stability for Jo perturbed by a small complex potential

Spectral stability: perturbations not producing eigenvalues

@ Only the Dirichlet case is considered.
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Spectral stability for Jo perturbed by a small complex potential

Spectral stability: perturbations not producing eigenvalues

@ Only the Dirichlet case is considered.

@ Recall that
{Vn}ro;1 cC and V:diag(v1,V2,...).
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Spectral stability: perturbations not producing eigenvalues

@ Only the Dirichlet case is considered.
@ Recall that
{Vn}ro;1 cC and V:diag(v1,V2,...).

Theorem
If the matrix K with elements

Kn,n = /|Va| min(m, n)\/|Vm|, m,n €N,

satisfies ||K|| < 1, then ’ o(do+ V) =o0c(do + V) =0a(h) =[-2,2]. ‘

Equivalently, if there exists ¢ < 1 such that for all ¢ € £2(N) it holds

ST allwal? < €3 tbn — o1l (Hardy)
n=1 n=1

where v := 0, then ] o(do+ V) = oc(do + V) = o) = [-2,2]. \
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Spectral stability for Jo perturbed by a small complex potential

Spectral stability: perturbations not producing discrete eigenvalues

If the matrix K with elements

Kma”: \Y% |Vn|min(m7n)\/ |V"7|7 m7n€N7
satisfies ||K|| < 1,then|oq4(do + V) = 0.
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Spectral stability: perturbations not producing discrete eigenvalues

Theorem

If the matrix K with elements
Kin,n = A/ |Va| min(m, n)\/|Vm|, m,n €N,
satisfies ||K|| < 1,then|oq4(do + V) = 0.

Equivalently, if for all ¢» € £3(N) it holds

Z |Val[9hn]? < Z |thn — Yn_1[? (Hardy)
n=1 n=1

where vy := 0, then | oq(Jdo + V) = 0.
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Spectral stability for Jo perturbed by a small complex potential

Spectral stability: perturbations not producing discrete eigenvalues

Theorem

If the matrix K with elements

Kin,n = A/ |Va| min(m, n)\/|Vm|, m,n €N,
satisfies ||K|| < 1,then|oq4(do + V) = 0.

Equivalently, if for all ¢» € £3(N) it holds

Z |Val[9hn]? < Z |thn — Yn_1[? (Hardy)
n=1 n=1

where vy := 0, then | oq(Jdo + V) = 0.

Proofs is based on the B.—S. principle and ideas from [Hansmann, Krej¢ifik, JAM2021].

v
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Spectral stability for Jo perturbed by a small complex potential

Spectral stability: perturbations not producing discrete eigenvalues

Theorem

If the matrix K with elements

Kin,n = A/ |Va| min(m, n)\/|Vm|, m,n €N,
satisfies ||K|| < 1,then|oq4(do + V) = 0.

Equivalently, if for all ¢» € £3(N) it holds

Z |Val[9hn]? < Z |thn — Yn_1[? (Hardy)
n=1 n=1

where vy := 0, then | oq(Jdo + V) = 0.

Proofs is based on the B.—S. principle and ideas from [Hansmann, Krej¢ifik, JAM2021].

v

Remark: No similar stability for Hy or J; (Ho, Js are critical).
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Spectral stability for Jo perturbed by a small complex potential

Discrete Hardy inequalities
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Spectral stability for Jo perturbed by a small complex potential

Discrete Hardy inequalities

The classical discrete Hardy inequality [Hardy, Landau, 1921]

For all ¢ € ¢?(N), one has

oo

> I — vna?

n=1

= 1
> Z WWMF-
n=1
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Spectral stability for Jo perturbed by a small complex potential

Discrete Hardy inequalities

The classical discrete Hardy inequality [Hardy, Landau, 1921]

For all ¢ € ¢?(N), one has o

S b — oo 1P 2 3 ool
n=1

n=1

The improved discrete Hardy inequality [Keller, Pinchover, Pogorzelski, CMP2018]

For all ¢» € £3(N), one has

oo oo
Z |0 — n1|? > Z Wol¢bn|?,
n=1 n=1

Wh=2-— - = +7+ 21 —i—-->L
n= V \/ o 4n2 64n* ' 512 42’

where
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Spectral stability for Jo perturbed by a small complex potential

Discrete Hardy inequalities

The classical discrete Hardy inequality [Hardy, Landau, 1921]

For all ¢ € ¢?(N), one has o

S b — oo 1P 2 3 ool
n=1

n=1

The improved discrete Hardy inequality [Keller, Pinchover, Pogorzelski, CMP2018]

For all ¢» € £3(N), one has

oo oo
Z |0 — n1|? > Z Wol¢bn|?,
n=1 n=1

Wh=2-— - = +7+ 21 —i—-->L
n= V \/ o 4n2 64n* ' 512 42’

Moreover, the improved weight is optimal ... [next slide].

where
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Spectral stability for Jo perturbed by a small complex potential

Discrete Hardy inequalities

Wn:2—\/1—1—\/1+1
n n

is optimal in the following sense:

The improved weight
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Spectral stability for Jo perturbed by a small complex potential

Discrete Hardy inequalities

Wn:2—\/1—1—\/1+1
n n

is optimal in the following sense:
Opt1) If wis a Hardy weight and w > w, then w = w. (criticality)

The improved weight
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Spectral stability for Jo perturbed by a small complex potential

Discrete Hardy inequalities

Wn:2—\/1—1—\/1+1
n n

is optimal in the following sense:
Opt1) If wis a Hardy weight and w > w, then w = w. (criticality)
Opt2) 0 is not an eigenvalue of D*D — W. (null-criticality)

The improved weight
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Spectral stability for Jo perturbed by a small complex potential

Discrete Hardy inequalities

Wn:2—\/1—1—\/1+1
n n

is optimal in the following sense:

Opt1) If wis a Hardy weight and w > w, then w = w. (criticality)
Opt2) 0 is not an eigenvalue of D*D — W. (null-criticality)
Opt3) (Ve > 0)(Ym € N)(3¢ supported on N>, )( Z [thn — n_1|? <(1+ € Z W |1n|?).

(optimality near infinity)

The improved weight
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Spectral stability for Jo perturbed by a small complex potential

Discrete Hardy inequalities

Wn:2—\/1—1—\/1+1
n n

is optimal in the following sense:

Opt1) If wis a Hardy weight and w > w, then w = w. (criticality)

Opt2) 0 is not an eigenvalue of D*D — W. (null-criticality)

Opt3) (Ve > 0)(Ym € N)(3¢ supported on N>, )( Z [thn — n_1|? <(1+ € Z W |1n|?).
(optimality near infinity)

Even more explicit Hardy weights:

For all ¢y € ¢3(N) and g € (0, 1/2], one has

ZW" el >Z[2—( —f)q—<1+%)q]|¢n|2.

For g € (0,1/2), (Opt1) holds.

The improved weight
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Spectral stability from Hardy weights

If the complex potential V = diag(vi, vz, ...) satisfies:
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Spectral stability from Hardy weights

Theorem
If the complex potential V = diag(vi, vz, ...) satisfies:

” weele- (-2 (-]

foralln € Nand some ¢ < 1and g € (0,1/2], then

[0(do+ V) = oe(o + V) = [-2,2]. |
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Spectral stability from Hardy weights

If the complex potential V = diag(vi, vz, ...) satisfies:

” weele- (-2 (-]

foralln € Nand some ¢ < 1and g € (0,1/2], then

[0(do+ V) = oe(o + V) = [-2,2]. |

q q
\vn|g2f(171> 7(”1) :
n n

for all n € N and some g € (0,1/2], then
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Spectral stability for Jo perturbed by a small complex potential
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ectral stability for Jy perturbed by a small complex potential

Thank you!
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