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The discrete Hardy inequality

Classical and improved Hardy inequalities

The classical Hardy inequality on L2(0,∞):∫ ∞
0

∣∣u′(x)
∣∣2 dx ≥ 1

4

∫ ∞
0

|u(x)|2

x2 dx , u ∈ H1(0,∞), u(0) = 0.

The classical Hardy inequality on `2(N0):

∞∑
n=1

|un − un−1|2 ≥
1
4

∞∑
n=1

|un|2

n2 , u ∈ `2(N0), u0 = 0.

The improved Hardy inequality on `2(N0) [Keller-Pinchover-Pogorzelski, 2018]:

∞∑
n=1

|un − un−1|2 ≥
∞∑

n=1

ρn|un|2, u ∈ `2(N0), u0 = 0.

where

ρn = 2−
√

n − 1
n
−
√

n + 1
n

>
1

4n2 , ∀n ∈ N.
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The discrete Hardy inequality

An equivalent formulation of the discrete Hardy inequalities

The subspace of sequences from `2(N0) with u0 = 0 can be identified with `2(N).

Difference operators on `2(N):

(Du)n :=

{
un−1−un, n > 1,

−u1, n = 1,
(D∗u)n = un+1 − un, n ∈ N.

The discrete Laplacian on `2(N):

−∆ := D∗D =


2 −1
−1 2 −1

−1 2 −1
. . .

. . .
. . .

 .

The discrete Hardy inequality on `2(N):

−∆ ≥ ρ.
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The discrete Hardy inequality

An application: Spectral stability of the discrete Schrödiner operators

Theorem [Krejčiřík-Laptev-Š.,2022]

If the complex potential V = diag(v1, v2, . . . ) satisfies the abstract Hardy inequality

−∆ ≥ |V |,

then

σd (−∆ + V ) = ∅, which means σ(−∆ + V ) = σ(−∆) = [−2, 2].

( In fact, one has σc(−∆ + V ) ⊂ [−2, 2], σp(−∆ + V ) ⊂ {±2}, and σr (−∆ + V ) = ∅. )

Corollary (Concrete criteria)

If the complex potential V = diag(v1, v2, . . . ) satisfies

|vn| ≤ 2−
√

n − 1
n
−
√

n + 1
n

,

then
σd (−∆ + V ) = ∅.
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The discrete Rellich inequality

Classical and improved Rellich inequalities

The classical Rellich inequality on L2(0,∞):∫ ∞
0

∣∣u′′(x)
∣∣2 dx ≥ 9

16

∫ ∞
0

|u(x)|2

x4 dx , u ∈ H2(0,∞), u(0) = u′(0) = 0.

The improved Rellich inequality on `2(N0) [Gerhat-Krejčiřík-Š., 2022]:

∞∑
n=1

|(−∆u)n|2 ≥
∞∑

n=1

ρn|un|2, u ∈ `2(N0), u0 = u1 = 0,

where

ρn = 6− 4
(

n + 1
n

)3/2

− 4
(

n − 1
n

)3/2

+

(
n + 2

n

)3/2

+

(
n − 2

n

)3/2

>
9

16n4 .

Remark: While the requirement u0 = 0 is reasonable for the singularity of the Rellich
weight at n = 0, the condition u1 = 0 seems reasonable when compared to the conti-
nuous setting. On the other hand, Rellich inequalities for the discrete bi-Laplacian ∆2

on `2(N) is of great interest, too!
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∞∑
n=1

|(−∆u)n|2 ≥
∞∑

n=1

ρn|un|2, u ∈ `2(N0), u0 = u1 = 0,

where

ρn = 6− 4
(

n + 1
n

)3/2

− 4
(

n − 1
n

)3/2

+

(
n + 2

n

)3/2

+

(
n − 2

n

)3/2

>
9

16n4 .

Remark: While the requirement u0 = 0 is reasonable for the singularity of the Rellich
weight at n = 0, the condition u1 = 0 seems reasonable when compared to the conti-
nuous setting. On the other hand, Rellich inequalities for the discrete bi-Laplacian ∆2

on `2(N) is of great interest, too!

František Štampach (CTU in Prague) An open problem on the discrete Rellich inequality 7 / 9



The discrete Rellich inequality

Classical and improved Rellich inequalities

The classical Rellich inequality on L2(0,∞):∫ ∞
0

∣∣u′′(x)
∣∣2 dx ≥ 9

16

∫ ∞
0

|u(x)|2

x4 dx , u ∈ H2(0,∞), u(0) = u′(0) = 0.

The improved Rellich inequality on `2(N0) [Gerhat-Krejčiřík-Š., 2022]:
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The discrete Rellich inequality

The open problem: A discrete Rellich inequality on `2(N)

Consider the discrete bi-Laplacian on `2(N):

∆2 =


5 −4 1
−4 6 −4 1
1 −4 6 −4 1

1 −4 6 −4 1
. . .

. . .
. . .

. . .
. . .

 .

Open problem:

1 Is there c > 0 such that the inequality

∆2 ≥ ρ(c) on `2(N), where ρn(c) :=
c
n4 ?

2 What is the best constant c, i.e.

sup
{

c > 0 | ∆2 ≥ ρ(c)
}

= ?

3 Is there an improved or even critical weight ρ such that ∆2 ≥ ρ on `2(N)?
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The discrete Rellich inequality

Thank you!
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