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History - KMS matrices and variable coefficient OPRL

Notation

@ Fort > 0 and a doubly indexed sequence X,, y and ¢t > 0 we write

Iim X, ny=X
n/N—t ?
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History - KMS matrices and variable coefficient OPRL

Notation

@ Fort > 0 and a doubly indexed sequence X,, y and ¢t > 0 we write

lim X, ny=X
n/N—t

which means that
lim X, N, =X,
j—oo EAa

for any {n;};en C Nand {N;};en C N such that

TLj,Nj—>OO and TLj/Nj — t, asj—>oo.
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History - KMS matrices and variable coefficient OPRL

Notation

@ Fort > 0 and a doubly indexed sequence X,, y and ¢t > 0 we write

lim X, ny=X
n/N—t

which means that
lim X, N =X,
j—o0 E
forany {n;};en C Nand {N;};en C N such that
TLj,Nj—>OO and TLj/Nj — t, asj—>oo.

(The meaning of the used topology will be always clear from the context.)
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The variable coefficient OPRL

@ Kuijlaars & Van Assche, JAT99.
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The variable coefficient OPRL

@ Kuijlaars & Van Assche, JAT99.
@ Fixt > 0. Letforall N € N, sequences

{an.n}nZo C(0,00) and  {bn n}nlo CR

are given.
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History - KMS matrices and variable coefficient OPRL

The variable coefficient OPRL

@ Kuijlaars & Van Assche, JAT99.
@ Fixt > 0. Letforall N € N, sequences

{an,N}nZo C(0,00) and {b, Nn}nZlo CR

are given. Suppose further that there exist functions a, b € C((0, ¢]) such that

n/lli\fni»san’N =a(s) and n/lll\frls bn,N = b(s),

for all s € (0, t].
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The variable coefficient OPRL

@ Kuijlaars & Van Assche, JAT99.
@ Fixt > 0. Letforall N € N, sequences

{an,N}nZo C(0,00) and {b, Nn}nZlo CR

are given. Suppose further that there exist functions a, b € C((0, ¢]) such that

n/lli\fni»san’N =a(s) and n/lll\frls bn,N = b(s),

for all s € (0, t].
@ As a particular case, one can take

n+1 n—+1
an, N ::a( N t) and b, n ::b(Tt)'
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The variable coefficient OPRL

@ Kuijlaars & Van Assche, JAT99.
@ Fixt > 0. Letforall N € N, sequences

{an.n}nZo C(0,00) and  {bn n}nlo CR

are given. Suppose further that there exist functions a, b € C((0, ¢]) such that

n/lli\frlsan’N =a(s) and n/lll\frls bn,N = b(s),

for all s € (0, t].
@ As a particular case, one can take

n+1 n—+1
an, N ::a( N t) and b, n ::b(Tt)'

@ Consider a family of OPRL p,, n determined by the recurrence

Prt1,N (@) = (T = by, N) PN (2) — a2y N Pn_1,N (%)

with initial conditions p_1 n(z) = 0 and pg, N (z) = 1.
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The variable coefficient OPRL

@ Denote
1 n
VUn,N ‘= — Z(sz‘kz
=i

where zj, = xj, ,, v are roots of p, n.
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The variable coefficient OPRL

@ Denote
1 n
VUn,N ‘= — Z(sz‘kz
=i

where zj, = xj, ,, v are roots of p, n.
@ Question: What is the asymptotic distribution of roots of p,, n if n/N — ¢?
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The variable coefficient OPRL

@ Denote

where zj, = xj, ,, v are roots of p, n.
@ Question: What is the asymptotic distribution of roots of p,, n if n/N — ¢?

Theorem (Kuijlaars & Van Assche)

One has
. 1 ft
n/lll\l?;t VUn,N = ;/) w[b(s)—2a(s),b(s)+2a(s)]ds»
where 4
Wi 1
[”B](x): fora <z < g,

dx

m/(@—a)(f—z)’

and Wa,B] = b, if a = B.
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The variable coefficient OPRL

@ Denote

where zj, = xj, ,, v are roots of p, n.
@ Question: What is the asymptotic distribution of roots of p,, n if n/N — ¢?

Theorem (Kuijlaars & Van Assche)

One has
. 1 ft
n/lll\l?;t Vn,N = ;[) w[b(s)—2a(s),b(s)+2a(s)]ds»
where 4
Plov, ] (z) = ! , fora<az <8,
dz T/ (z — ) (B — )

and Wa,B] = b, if a = B.

@ Remark: The measure wy, g is the equilibrium measure of [, B] (log. pot. theory).
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History - KMS matrices and variable coefficient OPRL

Locally Toeplitz matrices

@ Equivalently, the theorem gives the asymptotic eigenvalue distribution of Jacobi matrices

asn/N —t.
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b
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an—2,N bn-_1,Nn
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History - KMS matrices and variable coefficient OPRL

Locally Toeplitz matrices

@ Equivalently, the theorem gives the asymptotic eigenvalue distribution of Jacobi matrices

bo,N ao,N
ao,N bi,n a1 N
ay, N b2 N az, N
Jn,N = ’

n_3 N bn_2N an_2nN
an—2,N bn-_1,Nn

asn/N —t.
@ The concept of locally Toeplitz matrices (Tilli):

locally Toeplitz structure  <—  a; ; = ajy1,;41 +0o(1), asn/N —t,
Toeplitz structure <+— Qi = Qjf1,541-
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History - KMS matrices and variable coefficient OPRL

Locally Toeplitz matrices

@ Equivalently, the theorem gives the asymptotic eigenvalue distribution of Jacobi matrices

bo,N ao,N
ao,N bi,n a1 N
ay, N b2 N az, N
Jn,N = )

n_3 N bn_2N an_2nN
an—2,N bn-_1,Nn

asn/N —t.
@ The concept of locally Toeplitz matrices (Tilli):

locally Toeplitz structure  <—  a; ; = ajy1,;41 +0o(1), asn/N —t,
Toeplitz structure <+— Qi = Qjf1,541-

@ Tilli deduced the asymptotic eigenvalue distribution for Hermitian locally Toeplitz matrices in
LAA98 - a generalization of the result from JAT99.
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History - KMS matrices and variable coefficient OPRL

Locally Toeplitz matrices

@ Equivalently, the theorem gives the asymptotic eigenvalue distribution of Jacobi matrices

bo,N ao,N
ao,N bi,n a1 N
ay, N b2 N az, N
Jn,N:

an—3,N

asn/N —t.
@ The concept of locally Toeplitz matrices (Tilli):

locally Toeplitz structure  <—  a;,j = ajt1,541 +o(1),
Toeplitz structure  <—  a;,j = ajy1,541.

an—2 N
bn—l,N

asn/N —t,

@ Tilli deduced the asymptotic eigenvalue distribution for Hermitian locally Toeplitz matrices in

LAA98 - a generalization of the result from JAT99.

@ Tilli’'s motivation stems from a discretization of a 1D Sturm-Liouville operator.
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History - KMS matrices and variable coefficient OPRL

Kac—Murdock—Szegd matrices

@ The topic of JAT99 and LAA98 appeared much earlier in a paper by M. Kac, W. L. Murdock,
and G. Szeg6 in 1953.
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History - KMS matrices and variable coefficient OPRL

Kac—Murdock—Szegd matrices

@ The topic of JAT99 and LAA98 appeared much earlier in a paper by M. Kac, W. L. Murdock,
and G. Szeg6 in 1953.
@ They introduced the n x n matrices with entries:

(Tn(a)); ; = aj—i (%) , (the “KMS matrix”)

where a;, € C([0,1]) are given.
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History - KMS matrices and variable coefficient OPRL

Kac—Murdock—Szegd matrices

@ The topic of JAT99 and LAA98 appeared much earlier in a paper by M. Kac, W. L. Murdock,
and G. Szeg6 in 1953.

@ They introduced the n x n matrices with entries:

(Tn(a)); ; = aj—i (%) , (the “KMS matrix”)

<Tn(a))ivﬂ' T (W) and <Tn(a))i,j T (MXT(W))

where a;, € C([0,1]) are given.
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History - KMS matrices and variable coefficient OPRL

Kac—Murdock—Szegd matrices

@ The topic of JAT99 and LAA98 appeared much earlier in a paper by M. Kac, W. L. Murdock,
and G. Szeg6 in 1953.

@ They introduced the n x n matrices with entries:

(Tn(a)); ; = aj—; (%), (the “KMS matrix”)

<Tn(a))ivﬂ' T (W) and <Tn(a))i,j T (MXT(W))

where a;, € C([0,1]) are given.
@ Under the following assumptions:

)a_p =ax i) > max{|ag(z)| | = € [0,1]} < o0,
keZ

all three matrices have the same asymptotic eigenvalue distribution.
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History - KMS matrices and variable coefficient OPRL

Kac—Murdock—Szegd matrices

@ The symbol:
a(z,t) = Z ay(z)elrt,

kEZ
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History - KMS matrices and variable coefficient OPRL

Kac—Murdock—Szegd matrices

@ The symbol:
) = Z ay(z)elrt,

kEZ

Theorem (Kac, Murdock, Szegd)
For all ¢ € C(R), one has

Jim = Z $(n(@)) / / d(a(z, t))dtdz,

where A\ (a) are eigenvalues of T}, (a) (or T1,(a) or Ty (a)).
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History - KMS matrices and variable coefficient OPRL

Kac—Murdock—Szegd matrices

@ The symbol:
) = Z ay(z)elrt,

kEZ

Theorem (Kac, Murdock, Szegd)
For all ¢ € C(R), one has

Jim -~ Z $(n(@)) / / d(a(z, t))dtdz,

where A\ (a) are eigenvalues of T}, (a) (or T1,(a) or Ty (a)).

@ The tridiagonal case corresponds to the symbol: a(z, t) = a(z)e™ + b(z) + a(xz)e't.
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History - KMS matrices and variable coefficient OPRL

Kac—Murdock—Szegd matrices

@ The symbol:
) = Z ay(z)elrt,

kEZ

Theorem (Kac, Murdock, Szegd)
For all ¢ € C(R), one has

Jim -~ Z $(n(@)) / / d(a(z, t))dtdz,

where A\ (a) are eigenvalues of T}, (a) (or T1,(a) or Ty (a)).

@ The tridiagonal case corresponds to the symbol: a(z, t) = a(z)e™ + b(z) + a(xz)e't.
@ By making use of the substitution

—b
t = arccos (57(1)) , t € 10,7,
2a(x)
in the integral on the RHS, one obtains the asymptotic zero distribution of variable OPRL.
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Contents

© (PoPuUC
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OPUC - Szegb recursion

@ Goal of the talk: Asymptotic zero distribution of OPUC with variable Verblunsky coefficients.
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OPUC - Szegb recursion

@ Goal of the talk: Asymptotic zero distribution of OPUC with variable Verblunsky coefficients.

@ Notation:
D:={2z€C||z2/<1} and T:=09D.
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OPUC - Szegb recursion

@ Goal of the talk: Asymptotic zero distribution of OPUC with variable Verblunsky coefficients.

@ Notation:
D:={2z€C||z2/<1} and T:=09D.

@ Recall that OPUC is a family of monic polynomials {®,}52, given by the Szegé recursion:
Dpt1(2) = 2Pn(2) —@n®;(2), n € Np,

and ®¢(z) = 1, where @}, (z) = 2" ®,(1/z) and {an }52y C D are the Verblunsky
coefficients.
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OPUC - Szegb recursion

@ Goal of the talk: Asymptotic zero distribution of OPUC with variable Verblunsky coefficients.

@ Notation:
D:={2z€C||z2/<1} and T:=09D.

@ Recall that OPUC is a family of monic polynomials {®,}52, given by the Szegé recursion:
Dpt1(2) = 2Pn(2) —@n®;(2), n € Np,
and ®¢(z) = 1, where @}, (z) = 2" ®,(1/z) and {an }52y C D are the Verblunsky

coefficients.

@ Thereis a1 — 1 correspondence between probability measures on T with infinite support and
the sequence {an }n2y C D°.
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(PYOPUC

OPUC - CMV matrix

@ The probability measure p associated with {a, }52 o C D™ is the spectral measure of a
unitary operator whose matrix representation on ¢2(No) is given by the CMV matrix

ag  aipo P1P0 0 0
po  —o1ap  —p1ag 0 0
C .= 0 a2p1 —apQ] asp2 p3p2
' 0 p2p1  —p2e1 —Q3az  —p3Q2 ’
0 0 0 oy p3 —o4Q3

where pp, = /1 — |an|2.
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(PYOPUC

OPUC - CMV matrix

@ The probability measure p associated with {a, }52 o C D™ is the spectral measure of a

unitary operator whose matrix representation on ¢2(No) is given by the CMV matrix

e}
PO

0
0
0

where pp, = /1 — |an|2.

@ The CMV matrix is a universal model for any unitary operator with simple spectrum.
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o1p0 P1P0 0
—arap  —p1ao 0
azp1 —Q2a asp2
p2pP1 —p201 —Oo3O2
0 0 4 p3
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(PYOPUC

OPUC - CMV matrix

@ The probability measure p associated with {a, }52 o C D™ is the spectral measure of a

unitary operator whose matrix representation on ¢2(No) is given by the CMV matrix

e}
PO

0
0
0

where pp, = /1 — |an|2.

@ The CMV matrix is a universal model for any unitary operator with simple spectrum.

@ Denote C,, € C™™ the cut-off CMV matrix, i.e., the n x n matrix obtained by truncation of C
from the upper-left corner.
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(PYOPUC

OPUC - CMV matrix

@ The probability measure p associated with {a, }52 o C D™ is the spectral measure of a

unitary operator whose matrix representation on ¢2(No) is given by the CMV matrix

e}
PO

0
0
0

where pp, = /1 — |an|2.

@ The CMV matrix is a universal model for any unitary operator with simple spectrum.

@ Denote C,, € C™™ the cut-off CMV matrix, i.e., the n x n matrix obtained by truncation of C
from the upper-left corner.

@ Note that
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OPUC - CMV matrix

@ The probability measure p associated with {a, }52 o C D™ is the spectral measure of a
unitary operator whose matrix representation on ¢2(No) is given by the CMV matrix

ag  aipo P1P0 0 0
po  —o1ap  —p1ag 0 0
C .= 0 a2p1 —apQ] asp2 p3p2
' 0 p2p1  —p2e1 —Q3az  —p3Q2 ’
0 0 0 oy p3 —oa03

where pp, = /1 — |an|2.

@ The CMV matrix is a universal model for any unitary operator with simple spectrum.

@ Denote C,, € C™™ the cut-off CMV matrix, i.e., the n x n matrix obtained by truncation of C
from the upper-left corner.

@ Note that
Cn =Cn(ao,...,an-1).
@ It holds
D, (2) = det(z — Cn).
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(PYOPUC

OPUC - CMV matrix

@ The probability measure p associated with {a, }52 o C D™ is the spectral measure of a
unitary operator whose matrix representation on ¢2(No) is given by the CMV matrix

a0
PO

0
C:=1
0

where pp, = /1 — |an|2.

o1p0
—a1ap
azp1
p2p1
0

P1PO
—p10Q
—Q20]
—p201

0

0 0
0 0
asp2 P32
—a3oy  —p302 ’
aap3 —oya3

@ The CMV matrix is a universal model for any unitary operator with simple spectrum.
@ Denote C,, € C™™ the cut-off CMV matrix, i.e., the n x n matrix obtained by truncation of C

from the upper-left corner.
@ Note that

@ It holds

Cn = Cn(ao, ..

Ly Qn—1).

D, (2) = det(z — Cn).

@ The zeros of ®,, are located in D.

Frantisek étampach (Stockholm University)

Asymptotic zero distribution of variable OPUC June 1, 2018

11/28



(PYOPUC

OPUC - CMV matrix

@ The probability measure p associated with {a, }52 o C D™ is the spectral measure of a
unitary operator whose matrix representation on ¢2(No) is given by the CMV matrix

a0
PO

0
C:=1
0

where pp, = /1 — |an|2.

o1p0
—a1ap
azp1
p2p1
0

P1PO
—p10Q
—Q20]
—p201

0

0 0
0 0
asp2 P32
—a3oy  —p302 ’
aap3 —oya3

@ The CMV matrix is a universal model for any unitary operator with simple spectrum.
@ Denote C,, € C™™ the cut-off CMV matrix, i.e., the n x n matrix obtained by truncation of C

from the upper-left corner.
@ Note that

@ It holds

Cn = Cn(ao, ..

Ly Qn—1).

D, (2) = det(z — Cn).

@ The zeros of @, are located inD. =- C,, is not unitary.
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POPUC

@ If a,—1 is replaced by a parameter 5 € T, we arrive at the so-called para-orthogonal
polynomials (=POPUC)

<I>,(1ﬂ)(z) = det (z = CSF)) )

where
C&B) =Cn(ag,...,an—2,0).
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(PYOPUC

POPUC

@ If a,—1 is replaced by a parameter 5 € T, we arrive at the so-called para-orthogonal
polynomials (=POPUC)

<I>,(1ﬂ)(z) = det (z = CSF)) )

where
C'I(’LB) = Cn(am ce. 70471727/6)-

@ Matrix Cff) is unitary.
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POPUC

@ If a,—1 is replaced by a parameter 5 € T, we arrive at the so-called para-orthogonal
polynomials (=POPUC)

<I>,(1ﬂ)(z) = det (z = CSF)) )

where
¢ =cCn(ao,. .. 0n_2,8).
@ Matrix Cff) is unitary.

@ The zeros of @%ﬁ) are located in T and are simple.
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POPUC

@ If a,—1 is replaced by a parameter 5 € T, we arrive at the so-called para-orthogonal
polynomials (=POPUC)

<I>,(1ﬂ)(z) = det (z = CSF)) ,
where
P = cu(ao,. .., an—2,8).
@ Matrix Cff) is unitary.
@ The zeros of @%ﬁ) are located in T and are simple.

Two books on OPUC by B. Simon:

» Orthogonal Polynomials
Orthogonal Polynomials on the Unit Circle
on the Unit Circle

Part 2: Spectral Theory
Part 1: Classical Theory
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POPUC with variable Verblunsky coefficients

Contents

e POPUC with variable Verblunsky coefficients
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Variable (P)YOPUC

For {a,,, v € D|n, N € No} and B € T, we introduce

D, N(2z) = det (z — Cn(ao,N,1,N,- - ’an—l,N))
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Variable (P)YOPUC

For {a,,, v € D|n, N € No} and B € T, we introduce
@, N(z) :=det (z — Cn(ao,N,1,N,- - ’an—l,N))

and

@iﬁg\,(z) :=det (2 — Cn(o,N, 1N, s 0n—2 N, 3)) -
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Variable (P)YOPUC

For {a,,, v € D|n, N € No} and B € T, we introduce
@, N(z) :=det (z — Cn(ao,N,1,N,- - ’an—l,N))

and

@iﬁg\,(z) :=det (2 — Cn(o,N, 1N, s 0n—2 N, 3)) -

Program:
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Variable (P)OPUC

For {a,,, v € D|n, N € No} and B € T, we introduce
@, N(z) :=det (z — Cn(ao,N,1,N,- - ’an—l,N))
and

@iﬁg\,(z) :=det (2 — Cn(o,N, 1N, s 0n—2 N, 3)) -

Program:

@ First we deduce the asymptotic zero distribution for d)%v, as n/N — t, (2 proofs).
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Variable (P)OPUC

For {a,,, v € D|n, N € No} and B € T, we introduce
@, N(z) :=det (z — Cn(ao,N,1,N,- -, an—l,N))
and

<I>(ﬁN(z) =det (z — Cn(ao,n,00,Ns - - - An—2 N, B)) -

Program:

@ First we deduce the asymptotic zero distribution for d)%v, as n/N — t, (2 proofs).

@ By making use of the result for <I>(’33\, we obtain the asymptotic zero distribution for ®,,
(under an additional assumption).
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POPUC with variable Verblunsky coefficients

Intermezzo: The equilibrium measure of a circular arc

@ Define the probability measure on T by

oy 1 sin(6/2) -
dva (e ) T on \/cos2(9a/2) — cos2(0/2) i U2 ba),

where 6, = 2arcsinaand 0 < a < 1.
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@ Define the probability measure on T by

oy 1 sin(6/2) -
dva (e ) T on \/cos2(9a/2) — cos2(0/2) i U2 ba),

where 6, = 2arcsinaand 0 < a < 1.
@ Fora=1,weputyv; :=4d_1.
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@ Define the probability measure on T by

oy 1 sin(6/2) -
dva (e ) T on \/cosz(Ga/2) — cos2(0/2) i U2 ba),

where 6, = 2arcsinaand 0 < a < 1.
@ Fora=1,weputyv; :=4d_1.
@ Then v, the equilibrium measure of the circular arc Ty, := {e'? | (64,27 — 64)} C T.
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POPUC with variable Verblunsky coefficients

Intermezzo: The equilibrium measure of a circular arc

@ Define the probability measure on T by

oy 1 sin(6/2) -
dva (e ) T on \/COSz(Ga/2) — cos2(0/2) i U2 ba),

where 6, = 2arcsinaand 0 < a < 1.
@ Fora=1,weputv; :=4d_;.
@ Then v, the equilibrium measure of the circular arc Ty, := {e'? | (64,27 — 64)} C T.
@ The logarithmic potential of v, is

UIJU,(Z):/ log‘z—eie

a

du, (eig) =log|Ga(2)], z€C\T,
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POPUC with variable Verblunsky coefficients

Intermezzo: The equilibrium measure of a circular arc

@ Define the probability measure on T by

oy 1 sin(6/2) -
dva (e ) T on \/COSz(Ga/2) — cos2(0/2) i U2 ba),

where 6, = 2arcsinaand 0 < a < 1.
@ Fora=1,weputv; :=4d_;.
@ Then v, the equilibrium measure of the circular arc Ty, := {e'? | (64,27 — 64)} C T.
@ The logarithmic potential of v, is

UIJU,(Z):/ log‘z—eie

a

dvg (eig) =log|Ga(z)|, z€C\T,

where, for0 < a <1,

Galz) = 5 (z+ 14/ (z - eif) (2 - e*“’a))v

and, fora =0,

1, if |2] <1,
G, =
o(2) {z if 2] > 1.
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Asymptotic zero distribution of variable POPUC

Theorem:

Lett > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C D is such
that

li = Vs € [0,1].
i o a(s), Vs€0,t]
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Asymptotic zero distribution of variable POPUC

Theorem:

Lett > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C D is such
that

li = Vs € [0,1].
i o a(s), Vs€0,t]

Then, forany g € T,

1 it
i 8 _ 7/ ds,
WIBR N = T ) Viaids

where the measure v, () is the equilibrium measure of a circular arc.
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Theorem:

Lett > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C D is such
that

li = Vs € [0,1].
i o a(s), Vs€0,t]

Then, forany g € T,

1 it
i 8 _ 7/ ds,
WIBR N = T ) Viaids

where the measure v, () is the equilibrium measure of a circular arc.

We indicate two ways of proving the theorem:
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Theorem:

Lett > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C D is such
that

n/l]ivrgsan,N =a(s), Vse€|0,t].

Then, forany g € T,

1 it
i 8 _ 7/ ds,
WIBR N = T ) Viaids

where the measure v, () is the equilibrium measure of a circular arc.

We indicate two ways of proving the theorem:

@ based on the ratio asymptotics and a potential-theoretic argument;

Frantisek Stampach (Stockholm University) Asymptotic zero distribution of variable OPUC June 1, 2018 16/28




Asymptotic zero distribution of variable POPUC

Theorem:

Lett > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C D is such
that

n/l]ivrgsan,N =a(s), Vse€|0,t].

Then, forany g € T,

t
. ) _1
o VN = ;/0 Yja(s)|d;

where the measure v, () is the equilibrium measure of a circular arc.

We indicate two ways of proving the theorem:

@ based on the ratio asymptotics and a potential-theoretic argument;
@ a simple moment based proof.
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POPUC with variable Verblunsky coefficients

Proof 1: the ratio asymptotics and a potential-theoretic argument

Proposition:
Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
n —t
(B)
P 1,n(2) _

Gla|(2),

i< Y VA
n/N—t @515’3\](2.)

uniformly in z in compact subsets of C \ T.

Computing the logarithmic potential...

Frantisek Stampach (Stockholm University) Asymptotic zero distribution of variable OPUC June 1, 2018 17/28




POPUC with variable Verblunsky coefficients

Proof 1: the ratio asymptotics and a potential-theoretic argument

Proposition:
Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
n —t
(B)
P 1,n(2) _

Gla|(2),

i< Y VA
n/N—t @515’3\](2.)

uniformly in z in compact subsets of C \ T.

Computing the logarithmic potential...

L=

Frantisek Stampach (Stockholm University) Asymptotic zero distribution of variable OPUC June 1, 2018 17/28
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Proof 1: the ratio asymptotics and a potential-theoretic argument

Proposition:
Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
n —t
(B)
P 1,n(2) _

Gla|(2),

i< Y VA
n/N—t @515’3\](2.)

uniformly in z in compact subsets of C \ T.

Computing the logarithmic potential...

1 8)
UV% (z) = —~log|®, v (2)] =
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POPUC with variable Verblunsky coefficients

Proof 1: the ratio asymptotics and a potential-theoretic argument

Proposition:
Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
n —t
(8)
[ z
Tam LN() = G|o(2),
n/N—t @(5) % (2)
uniformly in z in compact subsets of C \ T.
v
Computing the logarithmic potential...
n—1 (5)
1 pr1n(2)
Uy ()= log B (=) =~ Y to Zern ()
n,N n =0 (bk,N( )
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Proof 1: the ratio asymptotics and a potential-theoretic argument

Proposition:
Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
n —t
(8)
[ z
Tam LN() = G|o(2),
n/N—t @(5) % (2)
uniformly in z in compact subsets of C \ T.
v
Computing the logarithmic potential...
n—1 &P (8)
1 w1 v (2) 1 s +1,N(Z)
Uy () = S 1og (02 = 13 tog [N [ | TinatarE)
N n =0 (bk,N( z) 0 (b[ns] N( z)
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Proof 1: the ratio asymptotics and a potential-theoretic argument

Proposition:

Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
—t

n

(B)
(] z
I n+1, N( ) G\a|(z):
n/N—t @(5) % (2)

uniformly in z in compact subsets of C \ T.

Computing the logarithmic potential...

n—1 G FGC
1 k N(Z) 1 ns|+1, N(Z)
U<a>(Z)=*10g|‘1>f)()|_*Z° %_/lo <5]>7
Vo, N n k=0 (I)k,N( ) 0 (bns] N( )

Since [ns|/N — st, as n/N — t, one has
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Proposition:

Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
—t

n

(B)
(] z
I n+1, N( ) G\a|(z):
n/N—t @(5) % (2)

uniformly in z in compact subsets of C \ T.

Computing the logarithmic potential...

n—1 G FGC
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Proof 1: the ratio asymptotics and a potential-theoretic argument

Proposition:

Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
—t

n

(B)
(] z
I n+1, N( ) G\a|(z):
n/N—t @(5) % (2)

uniformly in z in compact subsets of C \ T.

Computing the logarithmic potential...

n—1 G FGC
1 k N(Z) 1 ns|+1, N(Z)
U<a>(Z)=*10g|‘1>f)()|_*Z° %_/lo <5]>7
Vo, N n k=0 (I)k,N( ) 0 (bns] N( )

Since [ns|/N — st, as n/N — t, one has

1
n}}vlgthlﬁ (Z):/O log |Ga sty (2)| ds =

Frantisek Stampach (Stockholm University) Asymptotic zero distribution of variable OPUC June 1, 2018 17/28




Proof 1: the ratio asymptotics and a potential-theoretic argument

Proposition:

Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
—t

n

(B)
(] z
I n+1, N( ) G\a|(z):
n/N—t @(5) % (2)

uniformly in z in compact subsets of C \ T.

Computing the logarithmic potential...

n—1 G FGC
1 k N(Z) 1 ns|+1, N(Z)
U<a>(Z)=*10g|‘1>f)()|_*Z° %_/lo <5]>7
Vo, N n k=0 (I)k,N( ) 0 (bns] N( )

Since [ns|/N — st, as n/N — t, one has

1 1 t
n}}vlgthlﬁ (Z):/O log |Ga sty (2)| ds = 2/0 10g |Gla(s)|(2)] ds =
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Proof 1: the ratio asymptotics and a potential-theoretic argument

Proposition:

Lett > 0,and {ay,N | 7, N € No} C D be such that /lzl\gn oy, N = a. Then, forany g € T,
—t

n

(B)
(] z
I n+1, N( ) G\a|(z):
n/N—t @(5) % (2)

uniformly in z in compact subsets of C \ T.

Computing the logarithmic potential...

n—1 G FGC
1 k N(Z) 1 ns|+1, N(Z)
U<a>(Z)=*10g|‘1>f)()|_*Z° %_/lo <5]>7
Vo, N n k=0 (I)k,N( ) 0 (bns] N( )

Since [ns|/N — st, as n/N — t, one has

1 1 t 1 t
n/l}VmHthf (z):/o log}G‘a(sm(z)‘ds: 2/0 10g|G‘a(s>‘(z)|ds:Z/0 Uv) sy (2)ds.
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POPUC with variable Verblunsky coefficients

Proof 1: the ratio asymptotics and a potential-theoretic argument

@ In summary, we have proved that

lim U (5 (2) =Uqs(2), Vz€C\T,

n/N—t Vo N
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POPUC with variable Verblunsky coefficients

Proof 1: the ratio asymptotics and a potential-theoretic argument

@ In summary, we have proved that

where

Frantisek Stampach (Stockholm University)

lim U ) (2) = Uo,(2),

n/N—t Vo N

1 t
ot 1= ;/0 V]a(s)|ds-

Vz € C\T,

Asymptotic zero distribution of variable OPUC June 1,2018
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POPUC with variable Verblunsky coefficients

Proof 1: the ratio asymptotics and a potential-theoretic argument

@ In summary, we have proved that

lim U (5 (2) =Uqs(2), Vz€C\T,

n/N—t Vo N

where
1 t
ot 1= E/o V]a(s)|ds-
@ Hence
; B) _
wp V= 0t

by the application of Widom’s lemma.
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POPUC with variable Verblunsky coefficients

Proof 2: a simple moment based proof

The idea is to show that

Jm 2 () = [T (29), ez
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POPUC with variable Verblunsky coefficients

Proof 2: a simple moment based proof

The idea is to show that

27

i %Tr (cff}v)k :/O oy (), VkeZ.

i (8)
Then all integer moments of v,";

theorem implies the statement.

converge to the moments of o; and the Stone—Weierstrass
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Proof 2: a simple moment based proof

The idea is to show that

27

i %Tr (cff}\,)k :/O oy (), VkeZ.

i (8)
Then all integer moments of v,";

theorem implies the statement.

converge to the moments of o; and the Stone—Weierstrass

Steps:
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Proof 2: a simple moment based proof

The idea is to show that

27

i %Tr (cff}\,)k :/O oy (), VkeZ.

Then all integer moments of uffa ])V

theorem implies the statement.

converge to the moments of o; and the Stone—Weierstrass

Steps:

@ It suffices to show the formula for k € Ng because CLBJ)\, is unitary.
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The idea is to show that

27

i %Tr (cff}\,)k :/O oy (), VkeZ.

i (8)
Then all integer moments of v,";

theorem implies the statement.

converge to the moments of o; and the Stone—Weierstrass

Steps:

@ It suffices to show the formula for k € Ng because CLBJ)\, is unitary.

2w .
lim lTr(cn(a))k = / e*dy, (') (known from OPUC theory)
0
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POPUC with variable Verblunsky coefficients

Proof 2: a simple moment based proof

The idea is to show that

27

i %Tr (cff}\,)k :/O oy (), VkeZ.

Then all integer moments of uffa ])V

theorem implies the statement.

converge to the moments of o; and the Stone—Weierstrass

Steps:
@ It suffices to show the formula for k € Ng because CSLBJ)\, is unitary.
e 1 27
lim — Tr(Cn(a))* = / e*dy, (') (known from OPUC theory)
n—oo n 0
o

1
lim 1 (Tr (Cn7N)k —/ Tr (Cn (au(st)))* ds) =0, (slightly combinatorial arguments)
0
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POPUC with variable Verblunsky coefficients

Proof 2: a simple moment based proof

The idea is to show that

i %Tr (cff}\,)k = /0277 oy (), VkeZ.

Then all integer moments of B

N converge to the moments of o+ and the Stone-Weierstrass
theorem implies the statement.

Steps:
@ It suffices to show the formula for k € Ng because CSLBJ)\, is unitary.
(2] ) .
Jim_ — Tr(Cn(a))* = /O e*dy, (') (known from OPUC theory)

Jim 711 (Tr (Con)t — /01 Tr (Cp (a(st)))* ds)

0, (slightly combinatorial arguments)

im L ) \F K _ g s I~
n/lll\fmat - (Tr <Cn,N) Tr (Cn,v) ) =0 (“perturbation” arguments)

Frantisek Stampach (Stockholm University) Asymptotic zero distribution of variable OPUC June 1, 2018 19/28



OPUC with variable Verblunsky coefficients

Contents

° OPUC with variable Verblunsky coefficients

Stampach (Stockholm University) Asymptotic zero distribution of variable OPUC June 1,2018 20/28



POPUC — OPUC

@ The previous arguments cannot be used to deduce the asymptotic zero distribution for
variable OPUC.
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POPUC — OPUC

@ The previous arguments cannot be used to deduce the asymptotic zero distribution for
variable OPUC.

@ The ratio asymptotic formula

lim M:G (2)
n/N—t &, n(2) e

is valid only for z € C\ D, in general! As a consequence, we do not know the logarithmic

potential of the limiting measure (if exists) on a sufficiently “large” set to recover the limiting
measure.
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POPUC — OPUC

@ The previous arguments cannot be used to deduce the asymptotic zero distribution for
variable OPUC.

@ The ratio asymptotic formula

lim M:G (2)
n/N—t &, n(2) e

is valid only for z € C\ D, in general! As a consequence, we do not know the logarithmic
potential of the limiting measure (if exists) on a sufficiently “large” set to recover the limiting
measure.

@ Since Cy,, v is not unitary, we know the key formula from the moment based proof:

1 k T ko i0
lim —Tr (Cn,N) :/ e"Yoy <el ),
0

n/N—t n

for positive integers & only! This is also an insufficient information for recovering the limiting
measure.
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Balayage

@ Recall that for any probability measure p with support in D, there exists a unique probability
measure P(u) supported on T such that

27 )
/7zkdu(z) :/ e*0dP(u)(ef), Vk € No.
D 0
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OPUC with variable Verblunsky coefficients

Balayage

@ Recall that for any probability measure p with support in D, there exists a unique probability
measure P(u) supported on T such that

27 )
/7zkdu(z) :/ e*0dP(u)(ef), Vk € No.
D 0

Proposition:

Lett > 0and « : [0,¢] — D be continuous. Suppose further that {a,, v | 7, N € No} C D is such

that
li =a(s), Vse[0,t.
o o, N a(s), Vse€|[0,4]

Then

. 1t
n/lll\r,f;tp(vn,w) = ;/0 Vja(s)|ds.
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OPUC with variable Verblunsky coefficients

Asymptotic eigenvalue distribution for variable OPUC

Theorem:
Let¢ > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C Dis such

that

li = t].
n/]l\frri}san’N a(s), Vs € [07 ]

If a(t) # 0, then

1 t
li =— ds.
n/Not N t/o Flas)
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OPUC with variable Verblunsky coefficients

Asymptotic eigenvalue distribution for variable OPUC

Theorem:

Let¢ > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C Dis such
that
li = t].
n/JIVHLsan’N a(s), Vsel0,t]

If a(t) # 0, then

1 t
li =— ds.
e =5 [ aiods

Proof: 2 facts about OPUC:
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Asymptotic eigenvalue distribution for variable OPUC

Theorem:

Let¢ > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C Dis such

that
n/l]ivrrisan’N =a(s), Vse|[0,t].
If a(t) # 0, then

1 t
li =— ds.
n/Not N t/o Flas)

Proof: 2 facts about OPUC:
@ Ifforany e > 0,

. 1
lim —ft{ke{l,...,n}||zkn| >1—c}=1,
n—oo n,
where 21 n,22,n, ..., Zn,n are zeros of &y,
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Asymptotic eigenvalue distribution for variable OPUC

Theorem:
Let¢ > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C Dis such
that
n/lli\frn—man’N =a(s), Vse€[0,t].
If a(t) # 0, then

1 t
li =— ds.
n/Not N t/o Flas)

Proof: 2 facts about OPUC:
@ Ifforany e > 0,

1
lim —ft{ke{l,...,n}||zkn| >1—c}=1,
n—oo n,
where 21 n,22,n, ..., 2n,n are zeros of &, then lgn (vn — P(vn)) =0.
n oo
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Asymptotic eigenvalue distribution for variable OPUC

Theorem:
Let¢ > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C Dis such
that
n/lli\frn—man’N =a(s), Vse€[0,t].
If a(t) # 0, then

1 t
li =— ds.
n/Not N t/o Flas)

Proof: 2 facts about OPUC:
@ Ifforany e > 0,

1
lim —ft{ke{l,...,n}||zkn| >1—c}=1,
n—oo n,
where 21 n,22,n, ..., 2n,n are zeros of &, then lgn (vn — P(vn)) =0.
n oo

Q@ It holds
—an—1 = ©,(0).
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Asymptotic eigenvalue distribution for variable OPUC

Theorem:
Let¢ > 0and o : [0,¢] — D be continuous. Suppose further that {a,, y | 7, N € No} C Dis such
that
n/lli\frn—man’N =a(s), Vse€[0,t].
If a(t) # 0, then

1 t
li =— ds.
n/Not N t/o Flas)

Proof: 2 facts about OPUC:
@ Ifforany e > 0,

1
lim —ft{ke{l,...,n}||zkn| >1—c}=1,
n—oo n,
where 21 n,22,n, ..., 2n,n are zeros of &, then lgn (vn — P(vn)) =0.
n oo

Q@ It holds
—an—1 = ©,(0).

@ It suffices to show that the zeros of ®,, n cluster “mostly” on T, as n/N — t.
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OPUC with variable Verblunsky coefficients

Proof cont.

@ Let {n;} and {NN,;} such that n;, N; — co and n;/N; — t, then

n

0 —1,N; = Py, N (0) = H( iy, )
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OPUC with variable Verblunsky coefficients

Proof cont.

@ Let {n;} and {N;} such that n;, N; — co and n;/N; — t, then

—n;—1,N; = PN, (0) = H( Zkymj, N, J)'

@ Then forany ¢ € (0, 1),

ﬂ{k : |Zk,n]',N]" <1 75}

g

s
1 1 <
—_ IOgIO‘nj—l,Nj‘ = — § IOglzk,nj,Nj| <log(l —¢)
Uz L
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OPUC with variable Verblunsky coefficients

Proof cont.

@ Let {n;} and {N;} such that n;, N; — oo and n;/N; — t, then

—n;—1,N; = PN, (0) = H( Zkymj, N, J)'

@ Then forany ¢ € (0, 1),

ﬂ{k ‘Zk,nj,Nj| <1 75}

nj

.
1 1 <
—loglan, —1.n;1 = — > _log|zkn, ;| < log(1 —¢)
nj N——— nj j=1
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OPUC with variable Verblunsky coefficients

Proof cont.

@ Let {n;} and {N;} such that n;, N; — oo and n;/N; — t, then

—n;—1,N; = PN, (0) = H( Zkymj, N, J)'

@ Then forany ¢ € (0, 1),

ﬁ{k ‘Zk,nj,Nj| <1 75}

nj

s

1 1 &

— log oy, —1,n;| = — log |zk,n, N, | <log(l—¢)
J J J J

nj NI nj = ~———

<0
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OPUC with variable Verblunsky coefficients

Proof cont.

@ Let {n;} and {NN,;} such that n;, N; — co and n;/N; — t, then

n

0 —1,N; = Py, N (0) = H( iy, )

@ Then forany ¢ € (0,1),

"
1 1 < HE : [2k,n; vl <1 —€}
— loglan;—1,n;| = — Zlog |2k,n;,N; | < log(1 —¢) S
nj L L ny T n;
{ {
a(t) #0 0
—_—
1
0
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OPUC with variable Verblunsky coefficients

Proof cont.

@ Let {n;} and {NN,;} such that n;, N; — co and n;/N; — t, then

n

—On;—1,N; = Pny,n; (0) = H( Pk, N J)'

@ Then forany ¢ € (0,1),

e
1 1 #{k 2 |2kn,, N, | <1 —€}
— log|an,—1.3;| = — D108 |2kn; ;| < log(1 = <) —
TLJ \ , TLJ =1 T TLJ
4 4
a(t) #0 0
~—
i
0
@ Hence
. ki zg N> 1 —€}
lim =1,

n/N—t n

and the previous theorem implies the result.

Frantisek Stampach (Stockholm University) Asymptotic zero distribution of variable OPUC June 1, 2018 24/28



OPUC with variable Verblunsky coefficients

The case a(t) =0

@ ltis not clear what can happen when «(¢t) = 0 at the moment.

Frantisek Stampach (Stockholm University) Asymptotic zero distribution of variable OPUC June 1, 2018 25/28



OPUC with variable Verblunsky coefficients

The case a(t) =0

@ ltis not clear what can happen when «(¢t) = 0 at the moment.
@ Various situations can occur. Note that, as a special case, the have (standard) OPUC with

anp,N =an — 0, asn — oo.

In particular, it is known that the limiting measure need not be supported on T (or need no
exists).
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OPUC with variable Verblunsky coefficients

The case a(t) =0

@ ltis not clear what can happen when «(¢t) = 0 at the moment.
@ Various situations can occur. Note that, as a special case, the have (standard) OPUC with

anp,N =an — 0, asn — oo.

In particular, it is known that the limiting measure need not be supported on T (or need no
exists).
@ Therefore let us consider the less general setting:

nt
Qn,N ‘=« K

where o € C([0, t]).
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OPUC with variable Verblunsky coefficients

The case a(t) =0

@ ltis not clear what can happen when «(¢t) = 0 at the moment.
@ Various situations can occur. Note that, as a special case, the have (standard) OPUC with

anp,N =an — 0, asn — oo.

In particular, it is known that the limiting measure need not be supported on T (or need no
exists).

@ Therefore let us consider the less general setting:
nt
ap N i=a| — |,
N N
where o € C([0, t]).

@ From now until the end of the talk, we investigate the asymptotic distribution of zeros of the
polynomials
PN (2) := PN N(2),

for N — oo. (The notation is a bit confusing here!)
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OPUC with variable Verblunsky coefficients

The case a(t) = 0: polynomial vs. exponential decay

@ For agiven o € C(]0,t]), we would like to understand the situation when

N —1 1/N
lim ’a( t)
N— o0 N

=Aecl01].
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OPUC with variable Verblunsky coefficients

The case a(t) = 0: polynomial vs. exponential decay

@ For agiven o € C(]0,t]), we would like to understand the situation when

N —1 1/N
lim ‘a( t)
N — o0 N

=Aecl01].

Example (Polynomial decay)

If a € C([0,t]) decays at t as
a(s)=a(s—t)" +o((s—t)™), ass—t—,

forsome m € Nand a # 0. Then A = 1.
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OPUC with variable Verblunsky coefficients

The case a(t) = 0: polynomial vs. exponential decay

@ For agiven o € C(]0,t]), we would like to understand the situation when

N —1 1/N
lim ‘a( t)
N — o0 N

=Aecl01].

Example (Polynomial decay)

If a € C([0,t]) decays at t as
a(s)=a(s—t)" +o((s—t)™), ass—t—,

forsome m € Nand a # 0. Then A = 1.

Example (Exponential decay)

If a € C([0,t]) decays at t as
a(s) = AT5 (1+0(1)), ass— i,
for some A € (0,1). Then A < 1.
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OPUC with variable Verblunsky coefficients

The polynomial decay and an open problem

Theorem:
Let @ € C([0,t]) be such that A = 1. Then

1 t
lim VN = Z/O V|o¢(s)\d5'

N — oo
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OPUC with variable Verblunsky coefficients

The polynomial decay and an open problem

Theorem:
Let @ € C([0,t]) be such that A = 1. Then

1 t
lim VN = Z/O ll‘a(s)‘ds.

N — oo

Proof: based on a modification of the previous arguments.
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OPUC with variable Verblunsky coefficients

The polynomial decay and an open problem

Theorem:
Let @ € C([0,t]) be such that A = 1. Then

. 1ot
J\JIE}looVN:Z/O V|o¢(s)\d3'

Proof: based on a modification of the previous arguments.

OPEN PROBLEM:

What happens when A < 17? J
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OPUC with variable Verblunsky coefficients

Thank you!
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