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Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ao a_1 a—y ... G_pt1
al aop a—1 . aA—_nt+2
T _ . n—1
n(a) = (a] k)] b0 = az ai ag ceo a—p43 |,

Gn—1 QAan—2 Qan-—3 ag

where a,, € C.
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Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ag a_1  a—3 A—nt1
- ai ao a G_ni2

Tn(a) = (aj_ k)]k 0= az a1 ag a_nt3 |,

an—-1 Gn—-2 Gn-3 ao
where a,, € C.
@ Symbol of T'(a):
o0
a(z) = Z anz™
n=-—oo

S tampach (Stockholm University)

Toeplitz matrices with purely real spectrum

September 10-15, 2017

3/25



Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ao a_1 a2 ... G_pt1
al aop a—1 . aA—_nt+2
T _ . n—1
n(a) = (a] k)] b0 = az ai ag ceo a—p43 |,
an—-1 (Gn—-2 Gn-3 ... ao

where a,, € C.
@ Symbol of T'(a):

o0
= E anz™
n=—oo

@ Question: For what symbol a are the eigenvalues of T:, (a) “asymptotically real”, as n — co?
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Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ao a_1 a—2 ... G—_nt1
ai ag a—1 . a—n42
T _ . n—1
n(a) = (a] k)] b0 = az ai ag ceo a—p43 |,
an—-1 (Gn—-2 Gn-3 ... ao

where a,, € C.
@ Symbol of T'(a):

o0
= E anz".
n=—oo

@ Question: For what symbol a are the eigenvalues of T:, (a) “asymptotically real”, as n — co?
@ More precisely, let

A(a) :={X e C| lilrgioréf dist (X, spec(Tn(a))) = 0}

i.e., A € A(a) ifand only if Ing, 7 oo I, € spec(Th,, (a)) St A — A.
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Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ao a_1 a2 ... G_pt1
al aop a—1 . aA—_nt+2
T _ . n—1
n(a) = (a] k)] b0 = az ai ag ceo a—p43 |,
an—-1 (Gn—-2 Gn-3 ... ao

where a,, € C.
@ Symbol of T'(a):

o0
= E anz™.
n=—oo

@ Question: For what symbol a are the eigenvalues of T:, (a) “asymptotically real”, as n — co?

@ More precisely, let

A(a) :={X e C| lilrgioréf dist (X, spec(Tn(a))) = 0}

i.e., A € A(a) ifand only if Ing, 7 oo I, € spec(Th,, (a)) St A — A.

@ The question asks for a determination of the class of symbols a for which A(a) C R.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
°

Tn(a)=Ty(a), 'n €N <= a(T) CR.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
°
Tn(a)=Ty(a), 'n €N <= a(T) CR.

@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.
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@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
o
Tn(a)=Ty(a), 'n €N <= a(T) CR.
@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.
@ And this is the clue ...
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
o
Tn(a)=Ty(a), 'n €N <= a(T) CR.
@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.
@ And this is the clue ...

Theorem:
@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in

n

anannulusr < |z| < R, r,R > 0.
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@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
o
Tn(a)=Ty(a), 'n €N <= a(T) CR.
@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.
@ And this is the clue ...

Theorem:

@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in
n

anannulusr < |z| < R, r,R > 0.
@ Let the above annulus contain (an image of) a Jordan curve v such that a o - is real-valued.
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@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
o
Tn(a)=Ty(a), 'n €N <= a(T) CR.
@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.
@ And this is the clue ...

Theorem:

@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in
n

anannulusr < |z| < R, r,R > 0.
@ Let the above annulus contain (an image of) a Jordan curve v such that a o - is real-valued.

Then A(a) C R.
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@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
o
Tn(a)=Ty(a), 'n €N <= a(T) CR.
@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.
@ And this is the clue ...

Theorem:

@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in
n

anannulusr < |z| < R, r,R > 0.
@ Let the above annulus contain (an image of) a Jordan curve v such that a o - is real-valued.

Then A(a) C R. In fact, one has much more:

spec(Tn(a)) CR, Vn e€N.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
°
Tn(a) =Ty(a), Vn €N <<= a(T) CR.

@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.

@ And this is the clue ...

Theorem:

@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in
n

anannulusr < |z| < R, r,R > 0.
@ Let the above annulus contain (an image of) a Jordan curve v such that a o - is real-valued.

Then A(a) C R. In fact, one has much more:

spec(Tn(a)) CR, Vn e€N.

Remark:

If a is analytic in C \ {0} (especially, if a is a Laurent polynomial), then the assumption @ can be
omitted.
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?
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The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:

Q@ A(D) CR;
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:

Q A CR;

@ The set b~ 1(R) contains a Jordan curve (with 0 in its interior).
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:

Q A CR;

@ The set b~ 1(R) contains a Jordan curve (with 0 in its interior).

© Foralln € N, spec(T (b)) C R.
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:

Q A CR;

@ The set b~ 1(R) contains a Jordan curve (with 0 in its interior).

© Foralln € N, spec(T (b)) C R.

Remark:

It is a very surprising feature of banded Toeplitz matrices that the asymptotic reality of the eigen-
values (claim 1) forces all eigenvalues of all 7>, (b) to be real (claim 3). Hence, if, for instance, the
2 x 2 matrix T>(b) has a non-real eigenvalue, there is no chance for the limiting set A(b) to be real!
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Toeplitz matrices with real spectrum

Examples

@ Tridiagonal Toeplitz matrix:

b(z) =271 + az, (a € C\{0}).
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Toeplitz matrices with real spectrum

Examples

@ Tridiagonal Toeplitz matrix:

b(z) =271 + az, (a € C\{0}).
°
0 1
a 0 1
0 1
T®) = ‘ a O 1
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Examples

@ Tridiagonal Toeplitz matrix:

b(z) =271 + az, (a € C\{0}).
°
0 1
a 0 1
T(b) = ¢ a [1) 1
(]
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Toeplitz matrices with real spectrum

Examples

@ Four-diagonal Toeplitz matrix:

b(z) = 271 4 az + b22, (a € C,beC\{0}).
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Toeplitz matrices with real spectrum

Examples

@ Four-diagonal Toeplitz matrix:

b(z) = 271 4 az + b22, (a € C,beC\{0}).
°
0 1
a 0 1
b a 0 1
T(®b) = b a 0 1
b a 0 1
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Examples

@ Four-diagonal Toeplitz matrix:

b(z) = 271 4 az + b22, (a € C,beC\{0}).
°

0 1

a 0 1

b a 0 1

T(®b) = b a 0 1
b a 0 1

°

A(D) CR = a®>27% >0.
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Toeplitz matrices with real spectrum

Examples

@ A banded Toeplitz matrix:

b(z) = 27" (1 +az)" 1%, (r,s €N, a>0).
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Toeplitz matrices with real spectrum

Examples

@ A banded Toeplitz matrix:
b(z) =2"" (1 +az)"t*, (r,s €N, a>0).

@ Define

where w :=r/(r + s).
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Toeplitz matrices with real spectrum

Examples

@ A banded Toeplitz matrix:
b(z) =277 (1+az)""*, (r,s €N, a>0).

@ Define )

sin wt it

V() =

— e, te(—mm,
asin(l — w)t ( ]

15
05
05 / 05 o 15 o
08
15
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Toeplitz matrices with real spectrum

Examples

@ A banded Toeplitz matrix:
b(z) =2"" (1 +az)"t*, (r,s €N, a>0).

@ Define ot
Y(t) =~ et e (],

asin(l — w)t
where w :=r/(r + s).

@ One has
a” sin"ts ¢

b('Y(t)) = sinT(LUt) sins((l — W)t) ’

t € (—m,ml,
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Toeplitz matrices with real spectrum

Examples

@ A banded Toeplitz matrix:
b(z) =2"" (1 +az)"t*,

@ Define ot
Y(t) =~ et e (],

asin(l — w)t
where w :=r/(r + s).

@ One has
a” sin"ts ¢

sin” (wt) sin® ((1 — w)t)’

b(v(1)) =

@ Hence
spec(Tn(b)) CR Vn eN.
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Toeplitz matrices with real spectrum

Numerical examples

~J

0

o
NG

Frantisel Star11pach (Stockholm University)

b(z) = 23— 22 7l 419y — 222 1228 — Bt

Toeplitz matrices with purely real spectrum

-4

September 10-15, 2017

9/25



Toeplitz matrices with real spectrum

Numerical examples

b(z) =273 — 272 47271 492 — 222 4 22% — 24

!
=

g b(z) =273 — 272 47271 4924222 4223 — 24
B i

—4b
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The asymptotic eigenvalue distribution

Contents

e The asymptotic eigenvalue distribution
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A little bit from the history of the topic

@ We consider banded Toeplitz matrices only — the classical topic;

S
b(z) = Z apz®, where a_,as #0 and r,s € N.
k=—r
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A little bit from the history of the topic

@ We consider banded Toeplitz matrices only — the classical topic;
S
b(z) = Z arz®, where a_ras #0 and r,s € N.
k=—r

@ The set A(b) can be described in terms of zeros of the polynomial z — 2" (b(z) — \) arranged
such that
0 <|zi(N)] < 22V < -+ < zrps (V)]
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A little bit from the history of the topic

@ We consider banded Toeplitz matrices only — the classical topic;
S
b(z) = Z arz®, where a_ras #0 and r,s € N.
k=—r

@ The set A(b) can be described in terms of zeros of the polynomial z — 2" (b(z) — \) arranged
such that
0 <|zi(N)] < 22V < -+ < zrps (V)]

@ Then [Schmidt and Spitzer, 1960]

A®) ={A e Cllzr(N)] = lzr1 (N[}
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A little bit from the history of the topic

@ We consider banded Toeplitz matrices only — the classical topic;
S
b(z) = Z apz®, where a_,as #0 and r,s € N.
k=—r
@ The set A(b) can be described in terms of zeros of the polynomial z — 2" (b(z) — \) arranged

such that
0 <|z1(N)] < |z2(W)] < -+ < zpgs (V)]

@ Then [Schmidt and Spitzer, 1960]
A®) ={r € C||zr(N)] = lzr+1(M)[}

@ The weak limit of the eigenvalue-counting measures of T, (b):
1 n
== S (n
Hn n kz::l )‘Ec)

exists, as n — oo, and is absolutely continuous measure p supported on A(b).
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A little bit from the history of the topic

We consider banded Toeplitz matrices only — the classical topic;

S
b(z) = Z apz®, where a_,as #0 and r,s € N.

k=—r

The set A(b) can be described in terms of zeros of the polynomial z — 2" (b(z) — \) arranged
such that
0 <|zi(N)] < 22V < -+ < zrps (V)]

Then [Schmidt and Spitzer, 1960]

A®) ={A e Cllzr(N)] = lzr1 (N[}

@ The weak limit of the eigenvalue-counting measures of T, (b):
1 n
== S (n
Hn n kz::l )\Ec )
exists, as n — oo, and is absolutely continuous measure p supported on A(b).

The density of the limiting measure can be also expressed in terms of the zeros z1 (X), z2(}\),
... Zr4s(N), [Hirschman Jr., 1967].
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve without critical points

@ Let T, (b) be a banded Toeplitz matrix with real elements:

b(z) = Z ay zk, where a_ras #0 and r,s € N.

k==r cr

(Then both A(b) and b~ (R) are symmetric w.r.t. R.)
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve without critical points

@ Let T, (b) be a banded Toeplitz matrix with real elements:

b(z) = Z ay zk, where a_ras #0 and r,s € N.

k=-r cr

(Then both A(b) and b~ (R) are symmetric w.r.t. R.)

@ Suppose the Jordan curve ~ is present in b~ (R) and assume, additionally, that v admits
a polar parametrization: )
’Y(t) = p(t)eltv te [_7T7 ﬂ—]'

Franti$ek Stampach (Stockholm University) Toeplitz matrices with purely real spectrum September 10-15, 2017

12/25



The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve without critical points

@ Let T, (b) be a banded Toeplitz matrix with real elements:

S
b(z) = Z ay zk, where a_ras #0 and r,s € N.

(Then both A(b) and b= (R) are symmetric w.r.t. R.)

@ Suppose the Jordan curve ~ is present in b~ (R) and assume, additionally, that v admits
a polar parametrization: )
’Y(t) = p(t)eltv te [_7'(7 ﬂ—]'

Theorem:

Let b’ (y(t)) # 0 for all t € (0, 7). Then b o ~ restricted to (0, 7) is either strictly increasing or
decreasing; the limiting measure . is supported on the interval [a, 8] := b(~([0, 7)) and its
density satisfies
dp 1d 1
—(z) =£——(b ,
(@) =£-—(b07)7'(@)
for x € (a, 8), where the + sign is used when b o v increases on (0, 7), and the — sign is used
otherwise.
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

/\
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

/\

Frantisek Stampach (Stockholm University) Toeplitz matrices with purely real spectrum September 10-15, 2017 13/25




The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

~_/

du = -1t (bey) " dx

0
0

.
] Q 1
Re
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

dy
dx

22 0 15
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

dy
dx

22 0 15
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of p is slightly more
complicated.
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of p is slightly more
complicated.

Theorem:
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of p is slightly more
complicated.

Theorem:
Suppose that b and ~ are as before and let
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of p is slightly more
complicated.

Theorem:

Suppose that b and ~ are as before and let ¢ € Ny be the number of critical points of b in v((0, 7))
and 0 =: ¢ < ¢1 < -+ < Py < pp1 := 7 are such that b’ (y(¢;)) =0forall0 < j < £+ 1.
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of y is slightly more
complicated.

Theorem:

Suppose that b and ~ are as before and let ¢ € Ny be the number of critical points of b in v((0, 7))
and 0 =: ¢ < ¢1 < -+ < Py < pp1 := 7 are such that b’ (y(¢;)) =0forall0 < j < £+ 1.
Then b o ~ restricted to (¢;—1, ¢;) is strictly monotone for all 1 < < ¢ + 1, and the limiting
measure p = p1 + p2 + - - - + pey1, Where p; is an absolutely continuous measure supported on
[ovi, Bi] := b(v([pi—1, ¢:])) whose density is given by

Wi @) =42 < (bor) (@)

forallz € (e, B;) and all i € {1,2,...,¢+ 1}. The + sign is used when b o v increases on
(ai, Bi), and the — sign is used otherwise.
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423

Frantisek Stampach (Stockholm University) Toeplitz matrices with purely real spectrum September 10-15, 2017 15/25



The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z)=23422 42" 42422428

15F T T T T T

Imb
3
5

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.
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Reb
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z)=23422 42" 42422428
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z)=23422 42" 42422428
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z)=23422 42" 42422428
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1
wn
1
=1
|
=}
n
=)
=}
=
n
=
n

Frantisek Stampach (Stockholm University) Toeplitz matrices with purely real spectrum September 10-15, 2017 15/25



The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423

o
dx
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423
|

an
dx

duz
dx
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

z)—z_3+z_2+z_1+z+z + 23

dn
dx

dup
dx

dug
dx
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423
U H=H1+H2+H3

263 -2 011 6
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423

\ H=H1+Hz2+H3

-263 -2 011 6
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The asymptotic eigenvalue distribution

Explicit example - the limiting set

@ Consider one more time the symbol:

b(z) = 27" (1 +az)" 1%, (r,s €N, a>0).
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The asymptotic eigenvalue distribution

Explicit example - the limiting set

@ Consider one more time the symbol:
b(z) =2"" (1 +az)"t*, (r,s €N, a>0).
@ We already know that

a”sin" o ¢
sin” (wt) sin®((1 — w)t)’

sinwt it

v(t) = and  b(y(t)) =

asin(l —w)t

where w :=r/(r + s).
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The asymptotic eigenvalue distribution

Explicit example - the limiting set

@ Consider one more time the symbol:
b(z) =2"" (1 +az)"t*, (r,s €N, a>0).
@ We already know that

a”sin" o ¢
sin” (wt) sin®((1 — w)t)’

sinwt it

v(t) = and  b(y(t)) =

asin(l —w)t
where w :=r/(r + s).

@ One also easily verifies that b’ (y(t)) # 0 for all t € (0, 7) and

a”(r+s)rts

b(v(0)) = ——— and  b(v(r)) = 0.
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The asymptotic eigenvalue distribution

Explicit example - the limiting set

@ Consider one more time the symbol:
b(z) =2"" (1 +az)"t*, (r,s €N, a>0).
@ We already know that

a”sin" o ¢
sin” (wt) sin®((1 — w)t)’

sinwt it

v(t) = and  b(y(t)) =

asin(l —w)t

where w :=r/(r + s).
@ One also easily verifies that b’ (y(t)) # 0 for all t € (0, 7) and

a”(r+s)rts

b(v(0)) = ——— and  b(v(r)) = 0.

@ Hence
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The asymptotic eigenvalue distribution

Explicit example - the limiting set

@ Consider one more time the symbol:
b(z) =2"" (1 +az)"t*, (r,s €N, a>0).
@ We already know that

a”sin" o ¢
sin” (wt) sin®((1 — w)t)’

sinwt it

v(t) = and  b(y(t)) =

asin(l —w)t
where w :=r/(r + s).

@ One also easily verifies that b’ (y(t)) # 0 for all t € (0, 7) and

a”(r+s)rts

b(v(0)) = ——— and  b(v(r)) = 0.

@ Hence
a”(r + s)r+5:|

rrgs

A(b) = supp p = {0,

Franti$ek Stampach (Stockholm University) Toeplitz matrices with purely real spectrum September 10-15, 2017 16/25



The asymptotic eigenvalue distribution

Explicit example - the limiting set

@ Consider one more time the symbol:
b(z) =2"" (1 +az)"t*, (r,s €N, a>0).
@ We already know that

a”sin" o ¢
sin” (wt) sin®((1 — w)t)’

sinwt it

v(t) = and  b(y(t)) =

asin(l —w)t
where w :=r/(r + s).
@ One also easily verifies that b’ (y(t)) # 0 for all t € (0, 7) and

a”(r+s)rts

b(v(0)) = ——— and  b(v(r)) = 0.

@ Hence
a”(r+s)rts

A(b) =supppu = {0, } D specTn(b), Vn €N,
TTSS
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure

@ According to the Theorem, the limiting measure p. can be determined by the inverse of

a” sin"ts ¢

sin” (¢) sin® (751)

b(v(t)) = t e (0,m).
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure

@ According to the Theorem, the limiting measure p. can be determined by the inverse of
a” sin"ts ¢
sin” (¢) sin® (751)

@ [t seems that b o v is not explicitly invertible in general.

b(v(t)) = t e (0,m).
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure

@ According to the Theorem, the limiting measure p. can be determined by the inverse of
a”sin"ts ¢

sin (t) sin® (55t)

@ [t seems that b o v is not explicitly invertible in general.

@ From the Theorem, one can deduce that the distribution function F, := 1. ([0, -)), one has

b(v(t)) = t e (0,m).

Fu (b(v(1))) = 1 — % for ¢ € [0, 7).
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure

@ According to the Theorem, the limiting measure p. can be determined by the inverse of
a”sin"ts ¢

sin (t) sin® (55t)

@ [t seems that b o v is not explicitly invertible in general.

@ From the Theorem, one can deduce that the distribution function F, := 1. ([0, -)), one has

b(v(t)) = t e (0,m).

Fu (b(v(1))) = 1 — % for ¢ € [0, 7).

@ Fully explicit expressions for the limiting measures are available for

(r,s) € {(1,1),(1,2),(2,2)}-
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure; case r = s =1

e lfr=s=1anda=1/4,ie,
1 z\2
b(z):;(l-',-Z) ,
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure; case r = s =1

e lfr=s=1anda=1/4,ie,

then

dp 1
— =—— =z€(0,1
dz ) m/z(l—x) ©.1)
15
10
0.5

0z 04 06 08 1.0
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure; case r =1, s = 2

o lfr=1,s=2anda=4/27,ie.,
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure; case r =1, s = 2
o lfr=1,s=2anda=4/27,ie.,
1 42\ 3

A V3A+VI—a) e -vi—a)'?
E(x)fﬂ x2/3 /1 -z ’

25,

then

z € (0,1).

0z 04 06 08 10
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure; case r = s = 2

o lfr=s=2anda=1/16,i.e.,
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The asymptotic eigenvalue distribution

Explicit example - the limiting measure; case r = s = 2

o lfr=s=2anda=1/16,i.e.,

then

02 04 06 08 10
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On a connection to the Hamburger Moment Problem
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e On a connection to the Hamburger Moment Problem
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On a connection to the Hamburger Moment Problem

Looking for a condition in terms of the matrix entries

@ We consider real Laurent polynomial symbols:

S
b(z) = Z ap z*, where a_ras #0 and r,s € N.
e

€R
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On a connection to the Hamburger Moment Problem

Looking for a condition in terms of the matrix entries

@ We consider real Laurent polynomial symbols:

S
b(z) = Z ap z*, where a_ras #0 and r,s € N.
e

€R

We already know that the following claims are equivalent:
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On a connection to the Hamburger Moment Problem

Looking for a condition in terms of the matrix entries

@ We consider real Laurent polynomial symbols:

b(z) = Z ap z*, where a_ras #0 and r,s € N.

We already know that the following claims are equivalent:
@ A(b) CR.
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On a connection to the Hamburger Moment Problem

Looking for a condition in terms of the matrix entries

@ We consider real Laurent polynomial symbols:

b(z) = Z ap z*, where a_ras #0 and r,s € N.

We already know that the following claims are equivalent:
@ A(b) CR.
@ Foralln € N, spec(Ty (b)) CR.
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On a connection to the Hamburger Moment Problem

Looking for a condition in terms of the matrix entries

@ We consider real Laurent polynomial symbols:

b(z) = Z ar 2", where a_,as #0 and r,s € N.

We already know that the following claims are equivalent:
@ A(b) CR.
@ Foralln € N, spec(Ty (b)) CR.
© The set b~ 1(R) contains a Jordan curve.
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On a connection to the Hamburger Moment Problem

Looking for a condition in terms of the matrix entries

@ We consider real Laurent polynomial symbols:

b(z) = Z ap z*, where a_ras #0 and r,s € N.

We already know that the following claims are equivalent:
@ A(b) CR.
@ Foralln € N, spec(Ty (b)) CR.
© The set b~ 1(R) contains a Jordan curve.
@ “A condition in terms of the coefficients a_.,...,as?”
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On a connection to the Hamburger Moment Problem

Looking for a condition in terms of the matrix entries

@ We consider real Laurent polynomial symbols:

b(z) = Z ar 2", where a_,as #0 and r,s € N.

We already know that the following claims are equivalent:
@ A(b) CR.
@ Foralln € N, spec(Ty (b)) CR.
© The set b~ 1(R) contains a Jordan curve.
@ “A condition in terms of the coefficients a_.,...,as?”

Remarks:
@ It does not seem that there is a simple condition in terms of a_,, ..., as.
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On a connection to the Hamburger Moment Problem

Looking for a condition in terms of the matrix entries

@ We consider real Laurent polynomial symbols:

b(z) = Z ar 2", where a_,as #0 and r,s € N.

We already know that the following claims are equivalent:
@ A(b) CR.
@ Foralln € N, spec(Ty (b)) CR.
© The set b~ 1(R) contains a Jordan curve.
@ “A condition in terms of the coefficients a_.,...,as?”

Remarks:
@ It does not seem that there is a simple condition in terms of a_,, ..., as.
@ But one possible condition might follow from the connection to HMP.
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On a connection to the Hamburger Moment Problem

Limiting measure as a solution to the HMP

@ Recall that the HMP asks for the determination of a real supported measure p such that
/ zMdu(z) = hm, Vm € Np,
R

where {hm}men, is a given real sequence.
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On a connection to the Hamburger Moment Problem

Limiting measure as a solution to the HMP

@ Recall that the HMP asks for the determination of a real supported measure p such that
/ 2" dp(z) = hm, Vm € No,
R
where {hm}men, is a given real sequence.

Proposition:

Let b=1(R) contains a Jordan curve. Then the limiting measure 1 coincides with the unique
solution of the determinate HMP with moments

Fon - i/w bm(eit)dt, m € No.

:27r —
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On a connection to the Hamburger Moment Problem

Limiting measure as a solution to the HMP

@ Recall that the HMP asks for the determination of a real supported measure p such that
/ 2" dp(z) = hm, Vm € No,
R

where {hm}men, is a given real sequence.

Proposition:

Let b=1(R) contains a Jordan curve. Then the limiting measure 1 coincides with the unique
solution of the determinate HMP with moments

Fon - i/w b’H(eit)dt, m € No.

:27r —

Corollary:

If 5= (R) contains a Jordan curve, then the moment Hankel matrix

=1
Hy = (hiJrj)?,j:o

is positive-definite for all n € Np.

v
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On a connection to the Hamburger Moment Problem

An open problem

@ The Hankel matrices H,, are positive-definite iff det H,, > 0 for all n € Np.
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On a connection to the Hamburger Moment Problem

An open problem

@ The Hankel matrices H,, are positive-definite iff det H,, > 0 for all n € Np.
@ In principle, the inequality det H,, > 0 can be expressed ainterms of a_, ..., as.
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On a connection to the Hamburger Moment Problem

An open problem

@ The Hankel matrices H,, are positive-definite iff det H,, > 0 for all n € Np.
@ In principle, the inequality det H,, > 0 can be expressed ainterms of a_, ..., as.
@ Namely, if

pr(a—r,...,as) = theconstanttermof [ (b(z) —b(2:))*,
1<i<j<n

the condition reads
pn(a—r,...,as) >0, VnéeN.
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On a connection to the Hamburger Moment Problem

An open problem

@ The Hankel matrices H,, are positive-definite iff det H,, > 0 for all n € Np.
@ In principle, the inequality det H,, > 0 can be expressed ainterms of a_, ..., as.
@ Namely, if

pr(a—r,...,as) = theconstanttermof [ (b(z) —b(2:))*,
1<i<j<n

the condition reads
pn(a—r,...,as) >0, VnéeN.

@ We have that the condition is necessary:

AB)CR = ppla—r,...,as) >0, VYneN.
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On a connection to the Hamburger Moment Problem

An open problem

The Hankel matrices H,, are positive-definite iff det H,, > 0 for all n € Np.
In principle, the inequality det H,, > 0 can be expressed ainterms ofa_,, ..., as.
Namely, if

pr(a—r,...,as) = theconstanttermof [ (b(z) —b(2:))*,
1<i<j<n

the condition reads
pn(a—r,...,as) >0, VnéeN.

We have that the condition is necessary:

AB)CR = ppla—r,...,as) >0, VYneN.

But the opposite implication remains an open problem!
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On a connection to the Hamburger Moment Problem

An open problem

The Hankel matrices H,, are positive-definite iff det H,, > 0 for all n € Np.
In principle, the inequality det H,, > 0 can be expressed ainterms ofa_,, ..., as.
Namely, if

pr(a—r,...,as) = theconstanttermof [ (b(z) —b(2:))*,
1<i<j<n

the condition reads
pn(a—r,...,as) >0, VnéeN.

We have that the condition is necessary:

AB)CR = ppla—r,...,as) >0, VYneN.

But the opposite implication remains an open problem!
@ It has been proved only with an additional condition:
pn(a—r,...,as) >0, VneN,

= A() CR
and C \ A(b) is connected
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a connection to the Hamburger Moment Problem

Thank you!
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