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Function §

Let me define § : D — C by relation

oo [e'e] oo

Fx)=1+ Z(—”m Z Z Z Xy Xy +1 Xhp X1 - + + X X1
m=1

ki=1 ko=K1+2  km=kKm_1+2
where
o0
D= {{xk};';1 CC ) Xexe| < oo} .
k=1

For a finite number of complex variables let me identify §(x1, Xz, . . . , Xn) with F(x)
where x = (x1, X2, ..., Xn,0,0,0,...).
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oo

Fx)=1+ Z(—”m Z Z Z Xy Xy +1 Xhp X1 - + + X X1
m=1

k=1 ko=ki+2  Km=kpy_1+2

where
b= {{Xk};?‘i1 CC Y x| < oo}.
k=1
For a finite number of complex variables let me identify §(x1, Xz, . . . , Xn) with F(x)
where x = (x1, X2, ..., Xn,0,0,0,...).

@ Note the function § is indeed well defined on the domain D since one has the

estimate
[F(x)| < exp (Z | Xk X1 >

k=1
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Function §

Let me define § : D — C by relation

oo

Fx)=1+ Z(—”m Z Z Z Xy Xy +1 Xhp X1 - + + X X1
m=1

k=1 ko=ki+2  Km=kpy_1+2

where
b= {{Xk};?‘i1 CC Y x| < oo}.
k=1
For a finite number of complex variables let me identify §(x1, Xz, . . . , Xn) with F(x)
where x = (x1, X2, ..., Xn,0,0,0,...).

@ Note the function § is indeed well defined on the domain D since one has the

estimate
[F(x)| < exp (Z | Xk X1 >

k=1

@ Note D is not a linear space. One has, however, (*(N) C D.
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Fundamental properties of §

@ For all x € D, one has

F(x) = §(Tx) — xixe §(T°x) ]
where T is the shift operator acting on the space of complex sequences as

(T™X)n = Xnp1, NEN.
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Fundamental properties of §

@ For all x € D, one has

F(x) = §(Tx) — xixe §(T°x) ]
where T is the shift operator acting on the space of complex sequences as

(TX)n = Xnp1, NEN
@ This is a particular case of the more general formula:
FO) =30, x) F(TX) = (s - Xk ) XXk 1 S(TH %)
holding true for any k € N.
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Fundamental properties of §

@ For all x € D, one has

F(x) = §(Tx) — xixe §(T°x) ]
where T is the shift operator acting on the space of complex sequences as

(TX)n = Xnp1, NEN
@ This is a particular case of the more general formula:
FO) =T, %) F(TX) = F (Xt s Xk—1)Xa Xk 1 ST x)

holding true for any k € N.
@ Equivalent definition for F(x1, X2, . .., Xn) is:

F(x1, X2, ..., Xn) = det X, = det

For x € D, we have §(x) = limy_ det X,.
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9 Application in the spectral analysis of Jacobi operators
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Characteristic function of Jacobi matrix

@ Let us denote

M Wi
Wy /\2 Wo
J= Wo A3 Ws

where A\, € Rand w, € R\ {0}.
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Characteristic function of Jacobi matrix

@ Let us denote

M Wi
Wy /\2 Wo
J= Wo A3 Ws

where A\, € Rand w, € R\ {0}.
@ Let Jy denotes the N x N principal submatrix of J.
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Characteristic function of Jacobi matrix

@ Let us denote

M Wi
Wy /\2 Wo
J= Wo A3 Ws

where A\, € Rand w, € R\ {0}.
@ Let Jy denotes the N x N principal submatrix of J.
@ The characteristic function of Jy can be written in the following form

N 2 2 2
satn=2) = (ITov-2) o525 7 78),

k=1

where {x}¥_, is any sequence satisfying the recurrence vkyx.1 = Wk, for k > 1.
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Characteristic function of Jacobi matrix

@ Let us denote

M Wi
Wy /\2 Wo
J= Wo A3 Ws

where A\, € Rand w, € R\ {0}.
@ Let Jy denotes the N x N principal submatrix of J.
@ The characteristic function of Jy can be written in the following form

N 2 2 2
satn=2) = (ITov-2) o525 7 78),

k=1

where {x}¥_, is any sequence satisfying the recurrence vkyx.1 = Wk, for k > 1.
@ By extracting the term with § and sending N — oo one arrives at the function

Fy(2) ::5<{ )jﬁz}::) J
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Characteristic function - cont.

@ The function

Fu(2) 523({ A:EZ}:.:) J

is well defined if there exists at least one z, € C \ Ran A such that

o0
g W" < 0
[(An — 20)(Ant1 — 20))|

n=1
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Characteristic function - cont.

@ The function

Fu(2) 523({ A:EZ}:.:) J

is well defined if there exists at least one z, € C \ Ran A such that

oo 2
Z o < 0.
— [(An = 20)(Ant1 — 20)]

@ Function F, is analytic on C \ Ran A and we call it the characteristic function of the
Jacobi matrix J.
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Spectrum of Jacobi operator via characteristic function

Let the condition on A\, and w, mentioned before be fulfilled.
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Spectrum of Jacobi operator via characteristic function

Let the condition on X\, and w, mentioned before be fulfilled. Then matrix J determines
uniquely a self-adjoint Jacobi operator J on £2(N)

Frantisek Stampach (CTU)

Function § and its applications November 16, 2014 8/17



Spectrum of Jacobi operator via characteristic function

Theorem

Let the condition on A\, and w, mentioned before be fulfilled. Then matrix J determines
uniquely a self-adjoint Jacobi operator J on £2(N) and the set of zeros of F; in C \ Ran X
coincides with the set of eigenvalues of J in C \ Ran A (all are simple).
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Spectrum of Jacobi operator via characteristic function

Theorem

Let the condition on A\, and w, mentioned before be fulfilled. Then matrix J determines
uniquely a self-adjoint Jacobi operator J on £2(N) and the set of zeros of F; in C \ Ran X
coincides with the set of eigenvalues of J in C \ Ran A (all are simple).

Moreover, if z € C \ Ran )\ is an eigenvalue of J then the vector
£(2) = (€1(2), &2(2), ... ) where

= (115 a({55) ) owem

is the corresponding eigenvector.
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Spectrum of Jacobi operator via characteristic function

Theorem

Let the condition on A\, and w, mentioned before be fulfilled. Then matrix J determines
uniquely a self-adjoint Jacobi operator J on £2(N) and the set of zeros of F; in C \ Ran X
coincides with the set of eigenvalues of J in C \ Ran A (all are simple).

Moreover, if z € C \ Ran )\ is an eigenvalue of J then the vector

£(2) = (&1(2),&(2), .. .) where

= (115 a({55) ) owem

is the corresponding eigenvector.

Furthermore, for the Green function G;(z) = (e;, (J — z)~'ej) we have

e = TT(52) 5 ({5 i({ (}{) 37

I=m
where z ¢ spec(J), m := min(/, ), and M := max(/, j).
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@ Set A\p =nand w, = w € R\ {0}, for n € N. Thus, in this case,

1 w
w 2 w
J= w 3 w
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@ Set A\p =nand w, = w € R\ {0}, for n € N. Thus, in this case,

1 w
w 2 w
J= w 3 w
@ One has
2 o [eS]
Yk w zZ—r
o))l ) oem
k-z k=r+1 k-z k=r+1
forr € Z,.
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@ Set A\p =nand w, = w € R\ {0}, for n € N. Thus, in this case,

1 w
w 2 w
J= w 3 w
@ One has
2 o [e )
Yk w z—r
3({ } ):S({ } ): w T +r—2)d—z(2w)
k-z k=r+1 k-z k=r+1
forr € Z,.

@ The general theorem tells us
spec(J) = {ze R | J_,(2w) = 0}
and components of corresponding eigenvectors v(z) can be chosen as

i(2) = (=) dk—z(2w), k € N.
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a Application in the theory of orthogonal polynomial
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Function § and Orthogonal Polynomials

@ For A\, € R and w, > 0, consider the symmetric second order difference equations

Wn_1Yn—1(X) + An¥n(X) + Wayni1 (X) = xya(x), n=1,2,... (wo:=—1). J

OPs of the first kind P,(x) are the solution satisfying initial conditions Py(x) = 0,
Pi(x) = 1, while OPs of the second kind Q;(x) satisfy the same recurrence
starting with the initial conditions Qu(x) = 1, Qi(x) = 0.
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Function § and Orthogonal Polynomials

@ For A\, € R and w, > 0, consider the symmetric second order difference equations

Wn_1Yn—1(X) + An¥n(X) + Wayni1 (X) = xya(x), n=1,2,... (wo:=—1). J

OPs of the first kind P,(x) are the solution satisfying initial conditions Py(x) = 0,
Pi(x) = 1, while OPs of the second kind Q;(x) satisfy the same recurrence
starting with the initial conditions Qu(x) = 1, Qi(x) = 0.

@ OPs are related to § through identities

n _)\ 2 n
Pn+1(z):g(zwkk>g<{)\,7iz},=1)7 n=0,1...,
1y (z—X 2 " B
C?n+1(z)—w1kH_2( 7 >3<{)\/_z}/=2>7 n=0,1...

where {v,} can be defined recursively by vkyk41 = Wk.
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Limit formula for OPs

Proposition
2
f > s0 | gtz | < o0, for some z € C, then for all z € C \ R we have
M2 Ve — ({221
ot 2 Ak ’ n=ro0 Me—2Zfy)
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Limit formula for OPs

Proposition

2
f > s0 | gtz | < o0, for some z € C, then for all z € C \ R we have

(;iizil/k)\k> P = 5({ Afz}:).

Typical example: By setting A\p = 0and w, = [4(n+v —1)(n+v)]

Pri1(x) = (2X)"\/Er(g(j)y) § ({ 2x(v +1 k—1) }::1>

are related to Lommel polynomials Rp, . (x):

/2 polynomials
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Limit formula for OPs

Proposition
2
f > s0 | gtz | < o0, for some z € C, then for all z € C \ R we have
ﬁWk P — s({ 21
ot £ M ’ n=eo M=zf)

Typical example: By setting A, = 0 and w, = [4(n + v — 1)(n+ v)] /2, polynomials

Pri1(x) = (2X)"\/Er(g(j)y) § ({ 2x(v +1 k—1) }::1>

are related to Lommel polynomials Rp, . (x):

n _
Rou(X) = —:VP,,+1(X n.

The above limit relation yields the Hurwitz’s asymptotic formula for Lommel polynomials

n

. X X\ —v+1
I i P = (5)  dea0,
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Constructing measure of orthogonality

Theorem (essentially due to Markov)

Let the Hmp corresponding to P, be determinate. Then

||m On(Z) _ d“‘(X)

A B T e z—x ze C\R,

where p is the measure of orthogonality for Pp.
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Constructing measure of orthogonality

Theorem (essentially due to Markov)

Let the Hmp corresponding to P, be determinate. Then

||m On(Z) _ d“‘(X)

AN B L zox ze C\R,

where p is the measure of orthogonality for Pp.

@ Under certain assumption on A, and w;,, we can apply the limit formula for P,(x)
(and similar formula for Q,(x)):

/du(X): S({*;/Ez}zoz)w 7
SE s ({)

for z ¢ supp p.
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Constructing measure of orthogonality

Theorem (essentially due to Markov)

Let the Hmp corresponding to P, be determinate. Then

||m On(Z) _ dp,(X)

AN B L zox ze C\R,

where p is the measure of orthogonality for Pp.

@ Under certain assumption on A, and w;,, we can apply the limit formula for P,(x)
(and similar formula for Q,(x)):

[ s({x5), )
RZ-X

25 ({55),)
for z ¢ supp p.

@ Having the Stieltjes transform of 1 we can, in principle, determine the measure of
orthogonality i by using the Stieltjes-Perron inversion formula.
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Measure of orthogonality - special case

@ Assume )\, = 0 and {w;,} € £2 then the supp 1. is a denumerable set of points with
0 the only accumulation point and we have

du(x) ({27,
z-x T zE (R, CE
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Measure of orthogonality - special case

@ Assume )\, = 0 and {w;,} € £2 then the supp 1. is a denumerable set of points with
0 the only accumulation point and we have

du(x) ({27,
z-x T zE (R, CE

@ If we denote supp(p) \ {0} = {p1, pe, . .. } then the last equality can be rewritten as
the Mittag-Leffler expansion:

oo

Ao+z Ak 5"({2717/%}:12)

z =z 23z

z
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Measure of orthogonality - special case

@ Assume )\, = 0 and {w;,} € £2 then the supp 1. is a denumerable set of points with
0 the only accumulation point and we have

du() _ 8 ({2 "k},)
o Tz S

@ If we denote supp(p) \ {0} = {p1, pe, . .. } then the last equality can be rewritten as
the Mittag-Leffler expansion:

Mo 5o M BUZC,)

z prie - ZS({Z 17}%}/(:1).

z

@ From this expression, one extracts information about ux and Ax. Namely, we have

supp()\ (0} = e} = { €%+ 5 (ot} ) =0}

and

(1))
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@ Letusset A\, =0and w, =1//(v + n)(v+n—+1) then

S({Z’Wf}:;) - g({ﬁ}m ) =T +1)2d(2/2)

k=1
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@ Letusset A\, =0and w, =1//(v + n)(v+n—+1) then

S({Z’Wf}:;) - g({ﬁ}m ) =T +1)2d(2/2)

k=1

@ Hence, by the general result, the measure of orthogonality for P, is supported by
the set

{ 2 } zeros of the function z — z"J,(2/2).
kv ) ket
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@ Letusset A\, =0and w, =1//(v + n)(v+n—+1) then

s({z 8 :3({ﬁ};) T+ 1)2"0,(2/2)

@ Hence, by the general result, the measure of orthogonality for P, is supported by
the set

{:I:j? } zeros of the function z — z"J,(2/2).
k,v

@ The orthogonality relation takes the form

:l:_/k v 2 2
Ny el p (B e (B ) s,
l/ + ) Z _/kzl, J/ (j:_/k v :l:]k v :l:]k,u
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@ Letusset A\, =0and w, =1//(v + n)(v+n—+1) then

s({z 8 :3({ﬁ};) T+ 1)2"0,(2/2)

@ Hence, by the general result, the measure of orthogonality for P, is supported by
the set

{ :I:j? } zeros of the function z — z"J,(2/2).
k,v

@ The orthogonality relation takes the form

:l:_/k v 2 2
l/ + ) Z _/kzl, J/ (j:_/k v :l:]k v :l:]k,u

which can be further simplified to the well known relation

— . . . 1
;]k,yz R v (Ejk,w ) Bt (L) = m Omn J

where R, , stands for the Lommel polynomial (the standard notation).
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@ The function § is an interesting mathematical object which has nice algebraic
and combinatorial properties.
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@ The function § is an interesting mathematical object which has nice algebraic
and combinatorial properties.

@ With the aid of § we can define the characteristic function of Jacobi matrix
(from certain class) and describe spectral properties of corresponding Jacobi
operator.
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@ The function § is an interesting mathematical object which has nice algebraic
and combinatorial properties.

@ With the aid of § we can define the characteristic function of Jacobi matrix
(from certain class) and describe spectral properties of corresponding Jacobi
operator.

@ One can use § to determine the measure of orthogonality for a family of
orthogonal polynomials generated by a three term recurrence.
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(from certain class) and describe spectral properties of corresponding Jacobi
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@ One can use § to determine the measure of orthogonality for a family of
orthogonal polynomials generated by a three term recurrence.
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@ The function § is an interesting mathematical object which has nice algebraic
and combinatorial properties.

@ With the aid of § we can define the characteristic function of Jacobi matrix
(from certain class) and describe spectral properties of corresponding Jacobi
operator.

@ One can use § to determine the measure of orthogonality for a family of
orthogonal polynomials generated by a three term recurrence.

It remains unmentioned:

@ There are several identities for § which yield various formulas for orthogonal
polynomials and special functions.
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@ The function § is an interesting mathematical object which has nice algebraic
and combinatorial properties.

@ With the aid of § we can define the characteristic function of Jacobi matrix
(from certain class) and describe spectral properties of corresponding Jacobi
operator.

@ One can use § to determine the measure of orthogonality for a family of
orthogonal polynomials generated by a three term recurrence.

It remains unmentioned:
@ There are several identities for § which yield various formulas for orthogonal
polynomials and special functions.

@ The function § has further applications in the theory of second order difference
equations.
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@ The function § is an interesting mathematical object which has nice algebraic
and combinatorial properties.

@ With the aid of § we can define the characteristic function of Jacobi matrix
(from certain class) and describe spectral properties of corresponding Jacobi
operator.

@ One can use § to determine the measure of orthogonality for a family of
orthogonal polynomials generated by a three term recurrence.

It remains unmentioned:

@ There are several identities for § which yield various formulas for orthogonal
polynomials and special functions.

@ The function § has further applications in the theory of second order difference
equations.

@ There is a close relation between § and continued fractions.
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Thank you!
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