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Definition of & and F and their properties

Functions ¢, §

itio
Define¢: D - C,§: D — C
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m= ki=1 ko=k1+2  Kkm=Kpm_1+2

D= {{Xk};i1 cG; Z |Xka+1| < OO} .

k=1

- Xl Xkm+1

Xk Xk +-1

For a finite number of complex variables we identify F(x1, Xz, . ..

where x = (X1, X2,...,X1,0,0,0,...) and similarly for €.

I

Xn) with F(x)
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Definition of & and F and their properties

Properties of the functions ¢ and §

@ The domain D is not a linear space. One has, however,
2(N) c D.

@ ¢ and § are continuous functionals on ¢2(N).
@ Forallxe Dand k =1,2,... reccurence relations

Reccurence relations

F0) =345 x0) FTEX) = F(Xa, - Xkt )X Xa 1 (THH1x),

E(X) = E(xX1, ..., Xk) E(TKX) + E(X1, . .., Xk—1) Xk Xkt €(TH1X)

hold. T is the shift operator, i.e. TH{x,}32; = {Xn} s 1-
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Examples

Examples - geometric sequence

Lett,w € C, |t| < 1 then it holds

tm(2m— 1) w2m

F({rwhe,) =1+ 21(_1)m(1 B ). (1-em)

tm(2m ) wam

¢ <{tk_1 W}IC:;) Z t4) (1 _ t2m)'

@ The series on the RHS can be identify with a basic
hypergeometric series.
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Examples

Examples - Bessel functions

Let w e C and v ¢ —N then it holds

Jy(2w) = r(VW—: 1)5 ({ v -MF/k}:o—1> ’

l,(2w) = r(yw_: 1)6 <{V—v:k}::) .

The reccursive relation for § and ¢ transforms to the well known
identities

o wd,_1(2w) —vd,(2w) + wd,41(2w) = 0,

o wlh,_1(2w) — vl,(2w) — wl,1(2w) = 0.
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Jacobi matrices of a special type

@ Let {w,}°, is positive and bouded sequence.
@ Let {\,}52, is real strictly increasing sequence satisfying the

condition
1
Z — < o0.
2
n=1 A
@ Denote
A1 Wy
;\V: K\V; o Wy o W
J = w2 A3 w3 5 Jn =

Wn_2 Ap—1 Wp_1
Wn_1 An
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General results

General results

Proposition

J regarded as an operator in ¢(2(N) is self-adjoint. Any eigenvalue of J
is simple. The spectrum of J is discrete.

Application of F to a finite complex sequence can be unambiguously
defined with the aid of a determinant of a Jacobi matrix:

For d € Nand {x}¢, C C, one has

1 X
Xo 1 Xo

S'(X17X23"'7Xd):

Xd—1 1 Xdg—1
Xd 1
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General results

Decomposition

The Jacobi matrix J, can be decomposed into the product
Jn - annGn

where G, = diag(v1,72,...,7n) and

A1
1 X 1
Jn —
1 Xt 1
1 Xn
One can put A, = \x/72 and
k=1 =1,
o) 2j+1
vek—1 =] s vek =wy [ ] s k=1,23,....
j=1 Waj-1 j=1 Waj

Alternatively, v = 1, yk11 = Wk/7k-
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Characteristic function

Characteristic function

The characteristic function of finite symmetric Jacobi matrix J, can be
expressed with the aid of §:

Let n € N and z € C then it holds

n 72 ,72 72
det(Jn*ZIn): (H(Anz)>8<)\1 1—Z’)\ziz’“.’)\niz> i

k=1

@ What one can say about function 3({”—5}:;)’?

Ak—2

@ Is this function related to the spectrum of J in some way?
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Preliminaries

Lemma

It holds
5 ({ A:ﬁ};) Jrieg: ({ AKZZ}H) locally in zC \ { i},

5 <{Aiz}:_1) = 5 ({Ak z}k ) locally in ze C \ {\}.

Properties of § ({ py Z}:;):

@ The function is holomorphic on C\ {A«}.
@ The function has poles in points z € {\} of order 1.
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Preliminaries

Limit points.

@ By E. K. Ifantis, C. G. Kokologiannaki, E. Petropoulou:
Limit points of eigenvalues of truncated unbounded tridiagonal
operators, Centr. Europ. J. Math. (2007) 335-344. the equality

spec(J) = A(J)

holds. A(J) is the set of all points which are limit points of
eigenvalues of J, when n — oc.

@ In other words one has the equivalence A € spec(J) if and only if

(El{kn} C N, kn < kn+1)(£|{):n} C R, Xn € SpeC(Jkn))(nli_[T;o Xn = )\).
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Main results

First implication

The last equivalence together with the statement refer to local
uniform convergent is fundamental to prove the following proposition:

Proposition
The implication

2 (oo}
(Aespec(J)ANE{\}) = T ({)\:i )\}k1> =0

holds.
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Main results

Christoffel-Darboux-like identity

Since identity

EBGE) (R - (GEL(REL)
(iR (55 < (F5)L) # (55)L)

holds one can prove the following statement.

Proposition

2

Zeros of the function § ({ Tk }:;) are simple.

Ak—2Z
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Second implication

Let zp € C\ {\«} such that

then zy € spec(J).

@ We have shown the equality

2 o0
spec() \ {\e} = {z cC 3 ({A:fz}“) _ o}

@ What about the points z € {\(}?
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Main results

A similar relation for the points { A}, was found:

Proposition

Let s € N then X € spec(J) if and only if

, % "
z||—>n>1\5(>\s B Z)S ({ Ak — 2Z }k—1> -

To derive this result it is necessary:
@ Prove the statement concerning the local uniform convergence.

@ Find an analogy of Christoffel-Darboux identity for the function
under investigation.

@ Prove if \g is a zero of the function then it is simple.
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Summary

Summary

Let {\,}72 be real and strictly increasing seq. satisfying

>

and {w,}> , be bounded and positive seq. then it holds

:m‘

o
2 oo
zespec(J)\{\n}2y = § ({ )\:5 z}k1> =0,
o .
As € spec(J) <~ Iinl (\s — 2)F ({ = Tk z} ) =0.
Z=As k= < ) k=1
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Example

@ Let \,=nand w,=w > 0forall ne N. Then

@ With this choice it holds

~ )1, ifnis odd
™= Yw, ifniseven

@ The "characteristic" function can be expressed as

Summary and example
[ 1]

3({ kﬁY_EZ}:i) :8({kv—vz}:o1> = wT(1-2)J_z(2w).
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Example

Example

Since term w?T' (1 — z) does not effect the zeros of function
3({,(—”[2}1(71) and moreover the term I'(1 — z) makes the

singularities in z = 1,2, ... of the function 3({,(—@2}:0 1) one arrives
at the statement -

z € spec(J) <= J_,(2w) =0, J

or equivalently

spec(J) = {z € C; J_,(2w) = 0}. J
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