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@ Preliminaries - Special functions
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Basic hypergeometric function

@ Let0 < g< 1, r,s € Z,. Recall the basic hypergeometric function
a, ap, ce. ar .
l’¢S |:b1 ) b27 ce bS a4 Z:|

is defined by the power series

i (21; @)n(a2; Q)n - - - (&r; @)n (1)~ rFngls—riTin(n—1)/2 o J

=5 (b1:Q)n(b2; q)n - .. (bs; Q)n (g:)n

where z,ay,ap,...,ar €C, by,bp,...,bs € C\ g%~ and
(@qo=1, (@@Pn=01-a)(1-aq)...(1—aqg"")

is the g-Pochhammer symbol.
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g-exponential functions

@ Two commonly known g-analogues to exponential function are due to Jackson:
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g-exponential functions

@ Two commonly known g-analogues to exponential function are due to Jackson:

©  4n(n—1)/

q n 5 7
Eq(z) = g @D z" and eq(z)fg(q;q)n.
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g-exponential functions

@ Two commonly known g-analogues to exponential function are due to Jackson:

©  4n(n—1)/

q n 5 7
Eq(z) = g @D z" and eq(z)fg(q;q)n.

@ Jackson’s g-exponential functions are particular cases correspondingto « =0and a = 1,

E‘gO)(z):eq(z) and E (z) = Eq(q'/22).

Franti$ek Stampach (CTU in Prague) N-extremal measures, g-Fibonacci polynomials August 3, 2015 4/21



g-exponential functions

@ Two commonly known g-analogues to exponential function are due to Jackson:

o qn(n 1)/ N sl Zn
Eq(z) = z" and e4(2) =
g (4 @n a2) go (@ Dn’

@ For a > 0, Atakishiyev (1996) studied the one-parameter generalization
s an /2

= (a; q)n

@ Jackson’s g-exponential functions are particular cases correspondingto « =0and a = 1,
0
EQ(z) = eq(z) and E{"(z) = Eq(q'/%2).

@ Yet another particular case yields a very interesting function, this time oo = 1/2,

£al) = BP0y = 32 T }

— (@ Q)n
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g-exponential functions

@ Two commonly known g-analogues to exponential function are due to Jackson:

) iqn(n 1)/ N ’ ( ) i Zn
Z z an eqlz) =
“~ (q:n R A CT

@ For a > 0, Atakishiyev (1996) studied the one-parameter generalization
s an /2

= (a; q)n

@ Jackson’s g-exponential functions are particular cases correspondingto « =0and a = 1,
E(2) = eq(2) and E{(2) = Eq(q'/%2).

@ Yet another particular case yields a very interesting function, this time oo = 1/2,

£a(2) = E0D () = 50 }

— (@ Q)n

@ One easily verifies that
lim &Eq((1 — q)z) = exp(2).
q—1—
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g-trigonometric functions

@ Let us introduce the couple of g-sine and g-cosine such that the g-version of Euler’s identity
&q(i2) = Cq(2) + iq'/*Sq(2)
holds.
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g-trigonometric functions

@ Let us introduce the couple of g-sine and g-cosine such that the g-version of Euler’s identity
Eq(iz) = Cq(2) + iq'/4S(2)

holds.
@ The power series expansions for these functions then read

(=1)"g"(+" 2n+1 = (—1)'757"2 2n
Sq(z -— 7 and Cq(2) = - z°"
4E)= ,,z(:) (q Qans & ,,2:(:) (@ 920 }
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g-trigonometric functions

@ Let us introduce the couple of g-sine and g-cosine such that the g-version of Euler’s identity
Eq(iz) = Cq(2) + iq'/4S(2)

holds.
@ The power series expansions for these functions then read

(=1)"g"(+" 2n-+1 = (—1)"67"2 2n
Sq(z -— 7 and Cq(2) = - z°"
4= ,,z(:) (q Qans & ,,2:(:) (@ 920 J

@ Alternatively, functions Sq and Cq can be written as the 1¢4 function with the base 2,

Sq(2) =

V4
17q1<z>1(0;c73:q2,q222) and Cq(2) = 141(0: 4 ¢, 92°).
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g-trigonometric functions

@ Let us introduce the couple of g-sine and g-cosine such that the g-version of Euler’s identity
Eq(iz) = Cq(2) + iq'/4S(2)

holds.
@ The power series expansions for these functions then read

(=1)"g"(+" 2n+1 = (—1)'757"2 2n
Sq(z -— 7 and Cq(2) = - z°"
4E)= ,,z;) (q Qans & ,,2:(:) (@ 920 J

@ Alternatively, functions Sq and Cq can be written as the 1¢4 function with the base 2,

Sq(2) =

z

g Q% ¢?.q°2%) and Cq(2) = 1¢1(0; G; 9%, 92%).

@ Functions Sq and Cq possess many nice properties. Let us only mention that they can be
expressed with the aid of the third Jackson (or Hahn-Exton) g-Bessel function. In addition,
they form a couple of linearly independent solution to a second-order g-difference equation.
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g-trigonometric functions

@ Let us introduce the couple of g-sine and g-cosine such that the g-version of Euler’s identity
Eq(iz) = Cq(2) + iq'/4S(2)

holds.
@ The power series expansions for these functions then read

(=1)"g"(+" 2n+1 = (—1)'757"2 2n
Sq(z -— 7 and Cq(2) = - z°"
4E)= ,,Z;) (q Qans & ,,2:(:) (@ 920 J

@ Alternatively, functions Sq and Cq can be written as the 1¢4 function with the base 2,

Sq(2) =

z
17q1¢>1(0;q3:q27q222) and Cq(2) = 161(0;q; 0%, 2).

@ Functions Sq and Cq possess many nice properties. Let us only mention that they can be
expressed with the aid of the third Jackson (or Hahn-Exton) g-Bessel function. In addition,
they form a couple of linearly independent solution to a second-order g-difference equation.

@ At last, let us define the corresponding g-analogue to the hyperbolic sine and cosine:

Shq(z) = —iSq(iz) and Chq(z) = Cq(iz).
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A product formula

Proposition

For u, v € C, it holds

u=lvgl/2, uy—1q1/2
Eq(U)Eg(=V) = 3¢3 [ 1/2 _qﬂg _g . q, uvq‘/z]
0, u'vg w!

‘71/4 34’3 3/2 _qa/(27 _qq :q, UVQ} -
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A product formula

Proposition

For u, v € C, it holds

Eq(u)Eq(—V) = 33 [ 1/2 u__l;/ﬂ;/?z’ UV__131/2 .q, uvq1/2]
q1/4 34)3 { 3(,)/2 Li;s‘/’?: uv_—c;q;q’ uvq]
Corollaries:
(1]
Cq(u)Cq(v) + q1/25q(u)$q(v) =3¢3 {q?/’z’ uj;fiz/’z’ uv‘_‘g‘/z HeR —uvq1/2],
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A product formula

Proposition

For u, v € C, it holds

u-Tvg'/2, w—1q'/2
Eq(U)Eg(=V) = 3¢3 [ 1/2 _q1q/2 _g . q, uvq‘/z]
0, u'vg w!
q1/4 34)3 { 3/2 _qs/g _qq;q, uvq]
Corollaries:
Q
0, ~Tyq1/2, —141/2
Cq(U)Cq(v) + q'/28q(u)Sq(v) = 363 {qu u_c;/ﬂz a _g i d, —uvq‘/2],
° -V u~'vg, uw g
Sq(u)Cq(v) — Cq(u)Sq(v) = q3¢3 [ 3/2 —q3/27 —q ;q,fuvq].
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A product formula

Proposition

For u, v € C, it holds

u-Tvg'/2, w—1q'/2
Eq(U)Eg(=V) = 3¢3 [ 1/2 _q1q/2 _g . q, uvq‘/z]
0, u'vg w!
q1/4 34)3 { 3/2 _qs/g _qq;q, uvq]
Corollaries:
Q
0, ~Tyq1/2, —141/2
Cq(U)Cq(v) + q'/28q(u)Sq(v) = 363 {qu u_c;/ﬂz a _g i d, —uvq‘/2],
° -V u~'vg, uw g
Sq(u)Cq(v) — Cq(u)Sq(v) = q3¢3 [ 3/2 —q3/27 —q ;q,fuvq].

By setting u = q'/2vin 1. one gets

Cq(q'/2v)Cq(v) + q'/284(q"/?v)Sq(v) = 1.
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g-Fibonacci polynomials

@ Carlitz (1975) introduced g-Fibonacci polynomials ¢n(X; q) by

=X [} e

2k<n q

where n € Z4 and

[ﬂ] __ (@9gn

klq (9 q)k(q: @)n—k
is the g-binomial coefficient.
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g-Fibonacci polynomials

@ Carlitz (1975) introduced g-Fibonacci polynomials ¢n(X; q) by

=X [} e

2k<n q

where n € Z4 and

[ﬂ] __ (@9gn

ki (q: 9)k(q @)n—k
is the g-binomial coefficient.

@ Polynomials ¢n(x; q) satisfy the second-order recurrence

Pni1(X: Q) = Xen(X;: @) + 9" 'pn_1(x:q), NEN, J

with the initial conditions pg(x; @) = 0 and ¢1(x;q) = 1.
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g-Fibonacci polynomials

@ Carlitz (1975) introduced g-Fibonacci polynomials ¢n(X; q) by

=X [} e

2k<n q

where n € Z4 and
[ﬂ] __ (@9gn
ki (q: 9)k(q @)n—k
is the g-binomial coefficient.
@ Polynomials ¢n(x; q) satisfy the second-order recurrence

Pni1(X: Q) = Xen(X;: @) + 9" 'pn_1(x:q), NEN, J

with the initial conditions pg(x; @) = 0 and ¢1(x;q) = 1.

@ Let us mention that ¢n(1; g) are polynomials in g first considered by I. Schur (1917) in
conjunction with his proof of Rogers-Ramanujan identities. They are referred as g-Fibonacci
numbers Fj since clearly ¢n(1;1) = Fn.
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Relation between £, and g-Fibonacci polynomials

@ For convenience, we replace g with g~ from now.
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Relation between £, and g-Fibonacci polynomials

@ For convenience, we replace g with g~ from now.

Proposition

For all n € Z4, one has

pnlx:g™1) = 2 a1 [Eg(0)Eq(~q"/2x) — (~1)Eo(—xX)Eq(a"?1)].
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Relation between £, and g-Fibonacci polynomials

@ For convenience, we replace g with g~ from now.

Proposition

For all n € Z4, one has

pnlx:g™1) = 2 a1 [Eg(0)Eq(~q"/2x) — (~1)Eo(—xX)Eq(a"?1)].

Corollary:
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Relation between £, and g-Fibonacci polynomials

@ For convenience, we replace g with g~ from now.

Proposition

For all n € Z4, one has

pnlx:g™1) = 2 a1 [Eg(0)Eq(~q"/2x) — (~1)Eo(—xX)Eq(a"?1)].

Corollary:

(1]
wons1(x:q71) = a7 [Cha(X)Cha(q™"/2x) — q'/2Shg(x)Sha(q"1/2x)),
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Relation between £, and g-Fibonacci polynomials

@ For convenience, we replace g with g~ from now.

Proposition

For all n € Z4, one has

pnlx:g™1) = 2 a1 [Eg(0)Eq(~q"/2x) — (~1)Eo(—xX)Eq(a"?1)].

Corollary:

(1]
wons1(x:q71) = a7 [Cha(X)Cha(q™"/2x) — q'/2Shg(x)Sha(q"1/2x)),

(2]
fen(x: ") = gV [Shy(x)Chy(q"x) — Cha(x)Shq(q"x)]
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Relation between £, and g-Fibonacci polynomials

@ For convenience, we replace g with g~ from now.

Proposition

For all n € Z4, one has

pnlx:g™1) = 2 a1 [Eg(0)Eq(~q"/2x) — (~1)Eo(—xX)Eq(a"?1)].

Corollary:

(1]
wons1(x:q71) = a7 [Cha(X)Cha(q™"/2x) — q'/2Shg(x)Sha(q"1/2x)),

(2]
fen(x: ") = gV [Shy(x)Chy(q"x) — Cha(x)Shq(q"x)]

Yet another corollary:
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Relation between £, and g-Fibonacci polynomials

@ For convenience, we replace g with g~ from now.

Proposition

For all n € Z4, one has

pnlx:g™1) = 2 a1 [Eg(0)Eq(~q"/2x) — (~1)Eo(—xX)Eq(a"?1)].

Corollary:

(1]
wons1(x:q71) = a7 [Cha(X)Cha(q™"/2x) — q'/2Shg(x)Sha(q"1/2x)),

(2]
fen(x: ") = gV [Shy(x)Chy(q"x) — Cha(x)Shq(q"x)]

Yet another corollary:
o —n n+1
q

want1(X; q71) =q 3¢3 1/2 _qq1/é —q g, q

n+1 2
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Relation between £, and g-Fibonacci polynomials

@ For convenience, we replace g with g~ from now.

Proposition

For all n € Z4, one has

pnlx:g™1) = 2 a1 [Eg(0)Eq(~q"/2x) — (~1)Eo(—xX)Eq(a"?1)].

Corollary:

(1]
wons1(x:q71) = a7 [Cha(X)Cha(q™"/2x) — q'/2Shg(x)Sha(q"1/2x)),

(2]
fen(x: ") = gV [Shy(x)Chy(q"x) — Cha(x)Shq(q"x)]

Yet another corollary:
° 1 q ", g N 2
pont1 (X7 ) =q" 3¢3|:1/2 —q‘/é _q,qq+ }

Q

1— —n+1 n+1
—n(n—1) ) : n+1 X2:| .
T 3¢3 [ 3/2 e _q 99

pan(x:q7") = xq
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Asymptotic behavior of g—'-Fibonacci polynomials

@ The following limit relations are an immediate consequence of the previous formulas.
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Asymptotic behavior of g—'-Fibonacci polynomials

@ The following limit relations are an immediate consequence of the previous formulas.

Proposition

Forall x € Cand 0 < g < 1, the limit relations
. _ _ . 2 _
Jim g™ Dippn(x; g7 ') = She(x) and  lim g pzni1(xiq ") = Cha(x)

hold.
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Asymptotic behavior of g—'-Fibonacci polynomials

@ The following limit relations are an immediate consequence of the previous formulas.

Proposition

Forall x € Cand 0 < g < 1, the limit relations
: n(n—1) =1y ; n? S =g —
Jim g ¢an(X;q7") = Shg(x) and  lim q" @ap1(x;q ") = Chq(x)

hold.

@ Let us note the asymptotic behavior in case of g-Fibonacci polynomials with 0 < g < 1 is
particularly different: ,
H —n . — -0 -
Jm X eni1 (X q) = 001(:0: G, gx 7).
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e Related orthogonal polynomials
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hogonal polynomials associated with g-Fibonacci polynomials

@ Recall polynomials ¢n(x; g) are a solution of the second-order recurrence

eni1(X:9) = xpn(x:9) + §" 'pn_1(x;q), NEN,

with the initial conditions pg(x; @) = 0 and ¢1(x;q) = 1.
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Orthogonal polynomials associated with g-Fibonacci polynomials

@ Recall polynomials ¢n(x; g) are a solution of the second-order recurrence

eni1(X:9) = xpn(x:9) + §" 'pn_1(x;q), NEN,

with the initial conditions pg(x; @) = 0 and ¢1(x;q) = 1.
o If we put
Ta(x:q) = (—1)"q""2pn1(iq'/?x;q), n=-1,0,1,2,...,
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Orthogonal polynomials associated with g-Fibonacci polynomials

@ Recall polynomials ¢n(x; g) are a solution of the second-order recurrence

eni1(X:9) = xpn(x:9) + §" 'pn_1(x;q), NEN,

with the initial conditions pg(x; @) = 0 and ¢1(x;q) = 1.
o If we put
To(x:q) = (=0)"q""%¢ni1(iq"/2x:q), n=-1,0,1,2,...,
then {Th(x; q)} fulfills the second-order difference equation

To1(x:q) = XTa(x:q) - ¢" ' Th_1(x:q), ne€Zy,

with the initial conditions T_1(x; g) = 0 and To(x; q) = 1.

@ For g > 0 The Favard’s theorem is applicable to the family { Tn(x; q)}. It tells us that there
exists a positive Borel measure such that polynomials { Th(x; q)} are OG w.r.t. this measure.
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Orthogonal polynomials associated with g-Fibonacci polynomials

@ Recall polynomials ¢n(x; g) are a solution of the second-order recurrence

eni1(X:9) = xpn(x:9) + §" 'pn_1(x;q), NEN,
with the initial conditions pg(x; @) = 0 and ¢1(x;q) = 1.
o If we put
To(x:q) = (—1)"q"2pn1(iq'2x;q), n=-1,0,1,2,...
then {Th(x; q)} fulfills the second-order difference equation

Tni1(:q) = XTn(x:q) - " ' Th_1(X:Q), nEZy,
with the initial conditions T_1(x; g) = 0 and To(x; q) = 1.
@ For g > 0 The Favard’s theorem is applicable to the family { Tn(x; q)}. It tells us that there
exists a positive Borel measure such that polynomials { Th(x; q)} are OG w.r.t. this measure.
@ In addition, it is not hard to show that

1. the measure of OG is unique iff 0 < g < 1 (determinate case of Hmp) and
2. there infinitely many measures of OG iff g > 1 (indeterminate case of Hmp).
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Measure of OG in determinate case

@ The measure of OG in the case 0 < g < 1 has been found by Al-Salam and Ismail (1983):

®4(qz;(q))
= 2(9)*4(z(9)

Tn(izi_1/2)Tm(izj_1/2) — _pgnn-N/2g,

where
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Measure of OG in determinate case

@ The measure of OG in the case 0 < g < 1 has been found by Al-Salam and Ismail (1983)

®4(qz;(q)) ~1/2y1 1/2y _ _pon(n-1)/25
2 gy A TEEE )= 22T o

where Tn(ﬂ:zjf1/2)Tm(j:zjf1/2) is a shorthand for the expression
To (z7"/%(20:0) T (27 /2(a)q) + Ta (=27 *(a):0) Tm (7 "2(a): ),

and
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Measure of OG in determinate case

@ The measure of OG in the case 0 < g < 1 has been found by Al-Salam and Ismail (1983)

®4(qz;(q)) ~1/2y1 1/2y _ _pon(n-1)/25
2 gy A TEEE )= 22T o

where Tn(ﬂ:zjf1/2)Tm(j:zjf1/2) is a shorthand for the expression

To (27 /%(@)iq) Tn (27 /(@) 0) + T (=2 *(a):0) Tm (=2 /%(): q),
and {z(q) |j € N} stands for positive zeros of the Rogers-Ramanujan function

®q(2) = 0¢1(:0; 9, —2).
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Measure of OG in determinate case

@ The measure of OG in the case 0 < g < 1 has been found by Al-Salam and Ismail (1983)

®4(qz;(q)) ~1/2y1 1/2y _ _pon(n-1)/25
2 gy A TEEE )= 22T o

where Tn(ﬂ:zjf1/2)Tm(j:zjf1/2) is a shorthand for the expression

To (27 /%(@)iq) Tn (27 /(@) 0) + T (=2 *(a):0) Tm (=2 /%(): q),
and {z(q) |j € N} stands for positive zeros of the Rogers-Ramanujan function

®q(2) = 0¢1(:0; 9, —2).

@ The case q = 1 corresponds to Chebyshev polynomials of the second kind. Their measure of
orthogonality is very well known.
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Towards OG in the indeterminate case - Nevanlinna Theorem

Assume the indeterminate case. Recall the Nevanlinna Theorem:

@ All measures of orthogonality 1., are in one-to-one correspondence with functions ¢
belonging to the one-point compactification of the space of Pick functions.
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Towards OG in the indeterminate case - Nevanlinna Theorem

Assume the indeterminate case. Recall the Nevanlinna Theorem:

@ All measures of orthogonality 1., are in one-to-one correspondence with functions ¢
belonging to the one-point compactification of the space of Pick functions.

@ Recall that Pick functions are defined and holomorphic on the open complex halfplane
Sz > 0, with values in the closed halfplane Sz > 0.
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Towards OG in the indeterminate case - Nevanlinna Theorem

Assume the indeterminate case. Recall the Nevanlinna Theorem:

@ All measures of orthogonality 1., are in one-to-one correspondence with functions ¢
belonging to the one-point compactification of the space of Pick functions.

@ Recall that Pick functions are defined and holomorphic on the open complex halfplane
Sz > 0, with values in the closed halfplane Sz > 0.

@ The correspondence is established by identifying the Stieltjes transform of the measure .,

dus(0) _ A2)e(2) - C(2)
L = s b 2EC\®
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Towards OG in the indeterminate case - Nevanlinna Theorem

Assume the indeterminate case. Recall the Nevanlinna Theorem:

@ All measures of orthogonality 1., are in one-to-one correspondence with functions ¢
belonging to the one-point compactification of the space of Pick functions.

@ Recall that Pick functions are defined and holomorphic on the open complex halfplane
Sz > 0, with values in the closed halfplane Sz > 0.

@ The correspondence is established by identifying the Stieltjes transform of the measure .,

dus(0) _ A2)e(2) - C(2)
e

@ Four entire functions A, B, C, D are called Nevanlinna functions and they are determined by
the leading term of the asymptotic expansion of corresponding OG polynomials of the first
and second kind for large index.
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Nevanlinna extremal measures

@ The particular class of measures of orthogonality is composed by measures p; associated
with the Pick function ¢o(z) =t € RU {oo}.

Franti$ek Stampach (CTU in Prague) N-extremal measures, g-Fibonacci polynomials August 3, 2015 15/21



Nevanlinna extremal measures

@ The particular class of measures of orthogonality is composed by measures p; associated
with the Pick function ¢o(z) =t € RU {oo}.

@ Measures p; are called N-extremal and are purely discrete.
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Nevanlinna extremal measures

@ The particular class of measures of orthogonality is composed by measures p; associated
with the Pick function ¢o(z) =t € RU {oo}.

@ Measures p; are called N-extremal and are purely discrete.

@ The support of i is an unbounded set of isolated points which is known to be equal to the

zero set
supp it = {x € R | B(x)t — D(x) = 0}.
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Nevanlinna extremal measures

@ The particular class of measures of orthogonality is composed by measures p; associated
with the Pick function ¢o(z) =t € RU {oo}.

@ Measures p; are called N-extremal and are purely discrete.
@ The support of i is an unbounded set of isolated points which is known to be equal to the

zero set
supp it = {x € R | B(x)t — D(x) = 0}.
@ Hence
Mt = Z p(X)dx.
XEsupp pu
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Nevanlinna extremal measures

@ The particular class of measures of orthogonality is composed by measures p; associated
with the Pick function ¢o(z) =t € RU {oo}.

@ Measures p; are called N-extremal and are purely discrete.
@ The support of i is an unbounded set of isolated points which is known to be equal to the

zero set
supp it = {x € R | B(x)t — D(x) = 0}.
@ Hence
Mt = Z p(X)dx.
XEsupp fit
@ For the weight function p one has
1

P) = BDH) — BD ()

Franti$ek Stampach (CTU in Prague) N-extremal measures, g-Fibonacci polynomials August 3, 2015



Nevanlinna functions for OG polynomials associated with g—'-Fibonacci polynomials

@ Since we have the limit relation for polynomials ¢n(x; g~'), for n — oo, we can express
functions A, B, C, D in terms of Sq and Cq.
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Nevanlinna functions for OG polynomials associated with g—'-Fibonacci polynomials

@ Since we have the limit relation for polynomials ¢n(x; g~'), for n — oo, we can express
functions A, B, C, D in terms of Sq and Cq.

Proposition

For 0 < g < 1, Nevanlinna functions corresponding to OG polynomials { T»(x; g~ 1)} are as
follows:
A(2) = g '/2D(q"/22) = S4(2) and C(2) = —B(q'/22) = Cq(2).
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Nevanlinna functions for OG polynomials associated with g—'-Fibonacci polynomials

@ Since we have the limit relation for polynomials ¢n(x; g~'), for n — oo, we can express
functions A, B, C, D in terms of Sq and Cq.

Proposition

For 0 < g < 1, Nevanlinna functions corresponding to OG polynomials { T»(x; g~ 1)} are as
follows:
A(2) = g '/2D(q"/22) = S4(2) and C(2) = —B(q'/22) = Cq(2).

@ These formulas are not new. They have already been obtain by Chen and Ismail (1998).
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First application of the product formula - the reproducing kernel

@ Recall the reproducing kernel for polynomials T,(x; g~ ') is related with Nevanlinna functions
B and D by formula
K(w.v) = B0 = DWBL),
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First application of the product formula - the reproducing kernel

@ Recall the reproducing kernel for polynomials T,(x; g~ ') is related with Nevanlinna functions
B and D by formula
K(w.v) = B0 = DWBL),

Proposition

The formula for the reproducing kernel for orthogonal polynomials T,(x; g~ ') reads

1 0, ulvg, wuv!
K(u,v) = msff’a q3/2 _qs/g7 _qq;q,—uv .

Franti$ek Stampach (CTU in Prague) N-extremal measures, g-Fibonacci polynomials August 3, 2015 17/21



First application of the product formula - the reproducing kernel

@ Recall the reproducing kernel for polynomials T,(x; g~ ') is related with Nevanlinna functions
B and D by formula
K(w.v) = B0 = DWBL),

Proposition

The formula for the reproducing kernel for orthogonal polynomials T,(x; g~ ') reads

1 0, u'vg, uv!
K(u,v) = ma(ﬁa P2 —q3/g, _qq;q,—uv .

@ By applying the limit v — u in the last expression one finds the formula for the weight
function p:
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First application of the product formula - the reproducing kernel

@ Recall the reproducing kernel for polynomials T,(x; g~ ') is related with Nevanlinna functions
B and D by formula
K(w.v) = B0 = DWBL),

Proposition

The formula for the reproducing kernel for orthogonal polynomials T,(x; g~ ') reads

1 0, u'vg, uv!
K(u,v) = msfﬁa q3/2 _qs/g7 _qq;q,—uv .

@ By applying the limit v — u in the last expression one finds the formula for the weight
function p:

1 1 0 q q 2
—— = B'(u)D(u) — D'(u)B(u) = —— ) ' ig, —ut|.
o) (v)D(u) (v)B(v) 1_q3¢3 ®2, —q¥2, _q q
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Second application of the product formula - support of N-extremal measure

@ Recall N-extremal measure p; is supported by zeros of the function
z— B(2)t — D(z).

where B(z) = —Cq(q~1/2z) and D(z) = q'/2Sq(q~1/?2).
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Second application of the product formula - support of N-extremal measure

@ Recall N-extremal measure p; is supported by zeros of the function
z— B(2)t — D(z).
where B(z) = —Cq(q~1/2z) and D(z) = q'/2Sq(q~1/?2).
@ By applying the suitable reparametrization

_ Cq(u)
Sg(u)

one arrives at another N-extremal measure v, supported by zeros of function

2+ Cq(q122)Cq(u) + q'/2S4(q~/?2)S4(u).

Franti$ek Stampach (CTU in Prague) N-extremal measures, g-Fibonacci polynomials August 3, 2015



Second application of the product formula - support of N-extremal measure

@ Recall N-extremal measure p; is supported by zeros of the function
z— B(2)t — D(z).
where B(z) = —Cq(q~1/2z) and D(z) = q'/2Sq(q~1/?2).
@ By applying the suitable reparametrization

_ Cq(u)
Sg(u)

one arrives at another N-extremal measure v, supported by zeros of function
2+ Cq(q122)Cq(u) + q'/2S4(q~/?2)S4(u).

@ Applying the product formula once more, we get the final complete description of all
N-extremal measures of orthogonality of polynomials Tn(x; g~"') ...
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N-extremal measures of orthogonality of T,(x; g~ ')

Theorem

If 0 < g < 1and u € R, then the orthogonality relation for Tn(x; g~ ') reads
sl 0, ] —1 5 5 —n(n—1)/2
> (atn e, _ e %ia®)] ) Tow(@ia ) Taluhia ) = L=

mn
k=1 1—g

where A\1(u), Aa(u), Az(u), . .. stand for zeros of the function
ulz, uz!

0’ q
Z 303 |:q1/2’ —q'/2, _q ;q,—uz|.
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Two particular orthogonality relations

@ Let the sequences
0 <s1(q) <s2q) <s3(g) < ... and 0 <ci(q) <co(q) <cs(q) <...

denote all positive zeros of Sq and Cgq, respectively.
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denote all positive zeros of Sq and Cgq, respectively.

One has the following orthogonality relations:
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Two particular orthogonality relations

@ Let the sequences
0 <s1(q) <s2q) <s3(g) < ... and 0 <ci(q) <co(q) <cs(q) <...

denote all positive zeros of Sq and Cgq, respectively.

One has the following orthogonality relations:

_ I 1y Sq(qsk(9)) 3 4 1 o
(1= @) Ta(0:q~ ") Tm(0: 97 ") kezz\:{o}isk(qwé(sk(@)n(q sk(9): a7 ") Tm(a2sk(a); ")

— q—n(n—1)/25mn

where s_x(q) = —sk(q)-
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Two particular orthogonality relations

@ Let the sequences
0<s1(q) <s2(q) <s3(g)<... and 0<ci(q) <cq) <cs(q) <...

denote all positive zeros of Sq and Cgq, respectively.

One has the following orthogonality relations:
o

_ I 1y Sq(qsk(9)) 3 4 1 o
(1= @) Ta(0:q~ ") Tm(0: 97 ") kezz\%o}isk(q)%(sk(q))Tn(q sk(9): a7 ") Tm(a2sk(a); ")

— q—n(n—1)/25mn

where s_x(q) = —sk(q)-

Q
Cq(qck(q))

1 1
- o T(@Z k()i ) Tm(q2 ck(q)i 1) = g1/
weotoy oe(@Cqlen(@) " e "

where ¢_(q) = —ck(q).

Franti$ek Stampach (CTU in Prague) N-extremal measures, g-Fibonacci polynomials August 3, 2015 20/21



Reference

@ F S.: Nevanlinna extremal measures for polynomials related to g~ -Fibonacci polynomials,
arXiv:1505.00742.

Franti$ek Stampach (CTU in Prague) N-extremal measures, g-Fibonacci polynomials August 3, 2015 21/21



Reference

@ F S.: Nevanlinna extremal measures for polynomials related to g~ -Fibonacci polynomials,
arXiv:1505.00742.

Thank you!
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