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Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ag a_1 a—2 ... G_pt1
ai ag a1 ... G_n4i2
T _ . n—1 _
n(a) = (aj_k)j,kzo = a2 a1 ap ... a_n43 |,
an—-1 (Gnp—-2 Gnp—-3 ... ag

where a,, € C.
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Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ao a_q a_o N |
ai ao a-1 ... Qa—n42
Tn(a) = (aj—k T}_i =| a2 ai ao cee G-n43 |,
J,k=0

An—1 an—2 an—3 ao
where a,, € C.
@ Symbol of T'(a):
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Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ag a_1 a—2 ... G_pt1
al ag a1 ... G_p42
T _ . n—1 _
n(a) = (aj_k)j,kzo = a2 a1 ap ... a_n43 |,
an—-1 (Gnp—-2 Gnp—-3 ... ag

where a,, € C.
@ Symbol of T'(a):
a(z) = Z anz™.
n=-—oo

@ Question: For what symbol a are the eigenvalues of T;, (a) “asymptotically real”, as n — co?
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Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ag a_1 a—2 ... G_pt1
al ag a1 ... G_p42
T _ . n—1 _
n(a) = (aj-k); g = | a2 ay a ... a—p43 |,
an—-1 (Gnp—-2 Gnp—-3 ... ag

where a,, € C.
@ Symbol of T'(a):
a(z) = Z anz™.
n=-—oo
@ Question: For what symbol a are the eigenvalues of T;, (a) “asymptotically real”, as n — co?
@ More precisely, let
Ala) :={1eC]| lirr_1>inf dist (A, spec(Tr(a))) = 0}

i.e., A € A(a) ifand only if 3ny, 7 oo I, € spec(Th,, (a)) St A — A,
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Toeplitz matrices with real spectrum

Toeplitz matrix

@ Toeplitz matrix:

ag a_1 a—2 ... G_pt1
al ag a1 ... G_p42
T _ . n—1 _
n(a) = (aj-k); g = | a2 ay a ... a—p43 |,
an—-1 (Gnp—-2 Gnp—-3 ... ag

where a,, € C.
@ Symbol of T'(a):

a(z) = Z anz™.

n=-—oo
@ Question: For what symbol a are the eigenvalues of T;, (a) “asymptotically real”, as n — co?
@ More precisely, let

Ala) :={1eC]| lirr_1>inf dist (A, spec(Tr(a))) = 0}
i.e., A € A(a) ifand only if 3ny, 7 oo I, € spec(Th,, (a)) St A — A,
@ The question: determine the class of symbols a for which
A(a) CR.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.

°
Tn(a)=Ty(a), 'n €N <= a(T) CR.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
°
Tn(a)=Ty(a), 'n €N <= a(T) CR.

@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
o
Tn(a)=Ty(a), 'n €N <= a(T) CR.
@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.
@ And this is the clue ...
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.

°
Tn(a)=Ty(a), 'n €N <= a(T) CR.

@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.

@ And this is the clue ...
Theorem:
@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in

n
anannulus r < |z| < R,wherer <1land R > 1.

Frantisek Stampach (Stockholm University) Spectral analysis of Jacobi operators June 5-9, 2017 4/21




Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.

°
Tn(a)=Ty(a), 'n €N <= a(T) CR.

@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.

@ And this is the clue ...
Theorem:
@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in

n
anannulus r < |z| < R,wherer <1land R > 1.
@ Let the above annulus contain (an image of) a Jordan curve v such that a o - is real-valued.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.

°
Tn(a)=Ty(a), 'n €N <= a(T) CR.

@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.

@ And this is the clue ...
Theorem:
@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in

n
anannulus r < |z| < R,wherer <1land R > 1.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.

°
Tn(a)=Ty(a), 'n €N <= a(T) CR.

@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.

@ And this is the clue ...
Theorem:
@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in

n
anannulus r < |z| < R,wherer <1land R > 1.
@ Let the above annulus contain (an image of) a Jordan curve v such that a o - is real-valued.

Then A(a) C R. In fact, one has much more:

spec(Tn(a)) CR, Vn e€N.
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Toeplitz matrices with real spectrum

@ Clearly, if T, (a) is Hermitian for all n, then A(a) C R.
°
Tn(a) =Ty(a), Vn €N <<= a(T) CR.

@ In other words: In the Hermitian case, there exists a Jordan curve in C (namely, the unit
circle) on which the symbol is a real-valued function.

@ And this is the clue ...
Theorem:
@ Let the symbol a be given by the Laurent series Z an 2™ which is absolutely convergent in

n
anannulus r < |z| < R,wherer <1land R > 1.
@ Let the above annulus contain (an image of) a Jordan curve v such that a o - is real-valued.

Then A(a) C R. In fact, one has much more:

spec(Tn(a)) CR, Vn e€N.

Remark:

If a is analytic in C \ {0} (especially, if a is a Laurent polynomial), then the assumption @ can be
omitted.
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

Frantisek Stampach (Stockholm University) Spectral analysis of Jacobi operators June 5-9, 2017 5/21
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The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:

Q@ A(D) CR;
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:

Q A CR;

@ The set b~ 1(R) contains a Jordan curve (with 0 in its interior).
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:

Q A CR;

@ The set b~ 1(R) contains a Jordan curve (with 0 in its interior).

© Foralln € N, spec(T (b)) C R.
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Toeplitz matrices with real spectrum

The case of banded Toeplitz matrices

@ Question: If A(a) C R, can the set A(a) be approached from the complex plane? That is, can
spec(Trn (a)) contain non-real eigenvalues for some n?

@ Answer: No, if a is a Laurent polynomial!

Theorem:

Let b = b(z) be a Laurent polynomial which is neither a polynomial in z nor in 1/z. The following
claims are equivalent:

Q A CR;

@ The set b~ 1(R) contains a Jordan curve (with 0 in its interior).

© Foralln € N, spec(T (b)) C R.

Remark:

It is a very surprising feature of banded Toeplitz matrices that the asymptotic reality of the eigen-
values (claim 1) forces all eigenvalues of all 7>, (b) to be real (claim 3). Hence, if, for instance, the
2 x 2 matrix T>(b) has a non-real eigenvalue, there is no chance for the limiting set A(b) to be real!
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Toeplitz matrices with real spectrum

Examples

@ Tridiagonal Toeplitz matrix:
b(z) = 271 + az, (a € C\ {0}).

Then
AB)CR < a>0.
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Toeplitz matrices with real spectrum

Examples

@ Tridiagonal Toeplitz matrix:
b(z) = 271 + az, (a € C\ {0}).

Then
AB)CR < a>0.

@ Four-diagonal Toeplitz matrix:
b(z) = 27 + az + b2?, (a € C, beC\{0}).

Then )
A(D) CR = a®>27% >0.
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Toeplitz matrices with real spectrum

Examples

@ Tridiagonal Toeplitz matrix:
b(z) = 271 + az, (a € C\ {0}).

Then
AB)CR < a>0.

@ Four-diagonal Toeplitz matrix:
b(z) = 27 + az + b2?, (a € C, beC\{0}).

Then )
A(D) CR = a®>27% >0.

© A banded Toeplitz matrix:
b(z) =27 (14a2)""*, (r,s €N, a € R\ {0}).

Then A(b) C R.
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Toeplitz matrices with real spectrum

Examples

@ Tridiagonal Toeplitz matrix:
b(z) = 271 + az, (a € C\ {0}).

Then
AB)CR < a>0.

@ Four-diagonal Toeplitz matrix:
b(z) = 27 + az + b2?, (a € C, beC\{0}).

Then )
A(D) CR = a®>27% >0.

© A banded Toeplitz matrix:
b(z) =27 (14a2)""*, (r,s €N, a € R\ {0}).

Then A(b) C R.
@ And many more...
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Numerical examples
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Toeplitz matrices with real spectrum

Numerical examples

b(z) = 23— 22 7l 419y — 222 1228 — Bt

!
=

g b(z) =273 — 272 47271 4924222 4223 — 24
B i

_4b
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The asymptotic eigenvalue distribution

History on the topic

@ We consider banded Toeplitz matrices only — the classical topic;

S
b(z) = Z apz®, where a_,as #0 and r,s € N.
k=—r
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The asymptotic eigenvalue distribution

History on the topic

@ We consider banded Toeplitz matrices only — the classical topic;

S
b(z) = Z apz®, where a_,as #0 and r,s € N.

k=—r

@ The set A(b) can be described in terms of zeros of the polynomial z — 2" (b(z) — A\) [Schmidt
and Spitzer, 1960].
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The asymptotic eigenvalue distribution

History on the topic

@ We consider banded Toeplitz matrices only — the classical topic;

S
b(z) = Z apz®, where a_,as #0 and r,s € N.

k=—r

@ The set A(b) can be described in terms of zeros of the polynomial z — 2" (b(z) — A\) [Schmidt
and Spitzer, 1960].

@ The weak limit of the eigenvalue-counting measures of T, (b):
1 n
== S (n
Hn n kz::l )‘Ec)

exists, as n — oo, and is absolutely continuous measure . supported on A(b) whose density
can be expressed in terms of zeros of z — 2" (b(z) — A) [Hirschman Jr., 1967].
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve without critical points

@ Let T, (b) be a banded Toeplitz matrix with real elements:

Pl V4

S
b(z) = Z ar z", where a_,as #0 and r,s € N.
€R

(Then both A(b) and b1 (R) are symmetric w.r.t. R.)
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve without critical points

@ Let T, (b) be a banded Toeplitz matrix with real elements:

k=—r

S
b(z) = Z ar z", where a_,as #0 and r,s € N.
€R

(Then both A(b) and b1 (R) are symmetric w.r.t. R.)

@ Suppose the Jordan curve ~ is present in b~1(R) and assume, additionally, that - admits
a polar parametrization:

() = p(t)et, te[—m, 7).
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve without critical points

@ Let T, (b) be a banded Toeplitz matrix with real elements:

Z S 2%, where a_,as #0 and r,s € N.
k—fr cR
(Then both A(b) and b1 (R) are symmetric w.r.t. R.)

@ Suppose the Jordan curve ~ is present in b~1(R) and assume, additionally, that - admits
a polar parametrization:

() = p(t)et, te[—m, 7).

Theorem:

Let ' (y(t)) # O for all t € (0, 7). Then b o + restricted to (0, 7) is either strictly increasing or
decreasing; the limiting measure . is supported on the interval [a, 8] := b(~([0, w])) and its
density satisfies

Wiy =2 Loy ia)

dx 7 dx ’

for x € (a, 8), where the + sign is used when b o v increases on (0, ), and the — sign is used
otherwise.

v
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

Frantisek Stampach (Stockholm University) Spectral analysis of Jacobi operators June 5-9, 2017 1/21



The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

N

/\
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

W

/\
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

~_/

du = -1t (bey) " dx

0
0

.
] Q 1
Re
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

du
dx

22 0 15
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve without critical points of b

b(z) =272 — 272 4 7271 492 — 222 4223 — 24

du
dx

22 0 15
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of p is slightly more
complicated.
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The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of p is slightly more
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of p is slightly more
complicated.

Theorem:
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of p is slightly more
complicated.

Theorem:
Suppose that b and ~ are as before and let
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of p is slightly more
complicated.

Theorem:

Suppose that b and ~ are as before and let ¢ € Ny be the number of critical points of b in v((0, 7))
and 0 =: ¢ < ¢1 < -+ < Py < pp1 := 7 are such that b’ (y(¢;)) =0forall0 < j < £+ 1.
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The asymptotic eigenvalue distribution

The limiting measure and the Jordan curve with critical points

@ If v((0, 7)) contains some critical points of b, then the description of y is slightly more
complicated.

Theorem:

Suppose that b and ~ are as before and let ¢ € Ny be the number of critical points of b in v((0, 7))
and 0 =: ¢ < ¢1 < -+ < Py < pp1 := 7 are such that b’ (y(¢;)) =0forall0 < j < £+ 1.
Then b o ~ restricted to (¢;—1, ¢;) is strictly monotone for all 1 < < ¢ + 1, and the limiting
measure p = p1 + p2 + - - - + pey1, Where p; is an absolutely continuous measure supported on
[ovi, Bi] := b(v([pi—1, ¢:])) whose density is given by

Wi @) =42 < (bor) (@)

forallz € (e, B;) and all i € {1,2,...,¢+ 1}. The + sign is used when b o v increases on
(ai, Bi), and the — sign is used otherwise.
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z)=23422 42" 42422428

15F T T T T T

Imb
3
5

-wep S Y

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.

=]

Reb
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z)=23422 42" 42422428
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z)=23422 42" 42422428
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z)=23422 42" 42422428
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423

o
dx
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423
|

o
dx

duz
dx
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

z)—z_3+z_2+z_1+z+z + 23

dm
dx
dup
dx
dug
dx
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423
U H=H1+H2+H3

263 -2 011
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The asymptotic eigenvalue distribution

Numerical illustration - the Jordan curve with critical points of b

b(z) =2 342242 po422 423

\ H=H1+Hz2+H3

-263 -2 011
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Connections to the Hamburger Moment Problem and Orthogonal Polynomials
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Connections to the Hamburger Moment Problem and Orthogonal Polynomials

The limiting measure as a solution of the HMP

@ We consider real Laurent polynomial symbols:

S
b(z) = Z ap z*, where a_ras #0 and r,s € N.
e

€R
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Connections to the Hamburger Moment Problem and Orthogonal Polynomials

The limiting measure as a solution of the HMP

@ We consider real Laurent polynomial symbols:

b(z) = Z ap z*, where a_ras #0 and r,s € N.

Proposition:

Let b=1(R) contains a Jordan curve. Then the limiting measure p coincides with the unique
solution of the determinate HMP with moments

Bom - i/Tr b'"(e“)dt, m € No.

o —
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The limiting measure as a solution of the HMP

@ We consider real Laurent polynomial symbols:

b(z) = Z ar 2", where a_,as #0 and r,s € N.

Proposition:

Let b=1(R) contains a Jordan curve. Then the limiting measure p coincides with the unique
solution of the determinate HMP with moments

B = % /W b (e“) dt, m € No.

-

Corollary:

If 5= (R) contains a Jordan curve, then the moment Hankel matrix Hy, := (hi1;)' 72, is
positive-definite for all n € Np.
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b(z) = Z ar 2", where a_,as #0 and r,s € N.
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Let b=1(R) contains a Jordan curve. Then the limiting measure p coincides with the unique
solution of the determinate HMP with moments

B = % /W b (e“) dt, m € No.

-

Corollary:

If 5= (R) contains a Jordan curve, then the moment Hankel matrix Hy, := (hi1;)' 72, is
positive-definite for all n € Np.

Open problem: The opposite implication: H,, > 0, Vn € Ng = A(b) CR.
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Connections to the Hamburger Moment Problem and Orthogonal Polynomials

The limiting measure as a solution of the HMP

@ We consider real Laurent polynomial symbols:

b(z) = Z ar 2", where a_,as #0 and r,s € N.

Proposition:

Let b=1(R) contains a Jordan curve. Then the limiting measure p coincides with the unique
solution of the determinate HMP with moments

B = % /W b (e“) dt, m € No.

-

Corollary:

If 5= (R) contains a Jordan curve, then the moment Hankel matrix Hy, := (hi1;)' 72, is
positive-definite for all n € Np.

Open problem: The opposite implication: H,, > 0, Vn € Ng = A(b) CR.
(If a counter-example exists, C \ A(b) has to be disconnected.)
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The limiting measure as the orthogonality measure of OGPs

@ If b~ 1(R) contains a Jordan curve, then there is a family of OGPs {p, }5 , orthogonal w.r.t.
the limiting measure p.
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The limiting measure as the orthogonality measure of OGPs

@ If b~ 1(R) contains a Jordan curve, then there is a family of OGPs {p, }5 , orthogonal w.r.t.
the limiting measure p.

@ What are the properties of p,,?
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The limiting measure as the orthogonality measure of OGPs

@ If b~ 1(R) contains a Jordan curve, then there is a family of OGPs {p, }5 , orthogonal w.r.t.
the limiting measure p.

@ What are the properties of p,,?
@ What can be said about the mapping b — ({an}, {bn}), Where

Pr+1(2) = (€ = bnt1)pn(2) — aZpn-1(z), n€N?

Frantisek Stampach (Stockholm University) Spectral analysis of Jacobi operators June 5-9, 2017 16/21



Connections to the Hamburger Moment Problem and Orthogonal Polynomials

The limiting measure as the orthogonality measure of OGPs

@ If b~ 1(R) contains a Jordan curve, then there is a family of OGPs {p, }5 , orthogonal w.r.t.
the limiting measure p.

@ What are the properties of p,,?
@ What can be said about the mapping b — ({an}, {bn}), Where

Prt1(z) = (z = bot1)pn (@) — appn—1(x), ne€N?
Proposition:

Let b—1(R) contains a Jordan curve and let no non-real critical point of b is located on this Jordan
curve. Then
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The limiting measure as the orthogonality measure of OGPs

@ If b~ 1(R) contains a Jordan curve, then there is a family of OGPs {p, }5 , orthogonal w.r.t.
the limiting measure p.

@ What are the properties of p,,?
@ What can be said about the mapping b — ({an}, {bn}), where

Pr+1(2) = (€ = bnt1)pn(2) — aZpn-1(z), n€N?

Proposition:
Let b—1(R) contains a Jordan curve and let no non-real critical point of b is located on this Jordan
curve. Then
@ the Jordan curve intersects R at exactly two points whose b-images are the endpoints of the
interval A(b) = [«, 8];
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The limiting measure as the orthogonality measure of OGPs

@ If b~ 1(R) contains a Jordan curve, then there is a family of OGPs {p, }5 , orthogonal w.r.t.
the limiting measure p.

@ What are the properties of p,,?

@ What can be said about the mapping b — ({an}, {bn}), where

Pr+1(2) = (€ = bnt1)pn(2) — aZpn-1(z), n€N?

Proposition:
Let b—1(R) contains a Jordan curve and let no non-real critical point of b is located on this Jordan
curve. Then
@ the Jordan curve intersects R at exactly two points whose b-images are the endpoints of the
interval A(b) = [«, 8];
@ the OGPs {p,} belong to the Blumenthal-Nevai class M((8 — a)/2, (o + 8)/2), i.e.,
B—a . a+p

nlew an = a and nhﬁmoo bn = >
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Example 1/4

o Let

b(z) = —(1+az)""5, (a>0,r,s€N).

=
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Example 1/4

o Let 1
b(z) = — (1 +az)" s, (a>0,7,5 €NN).
Z”‘

@ Jordan curve (wlog a = 1):

sin —/—t .
~v(t) = %elt, t € [—m, .
sin
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Connections to the Hamburger Moment Problem and Orthogonal Polynomials

Example 1/4

o Let
b(z) =

=

@ Jordan curve (wlog a = 1):

() =

1
(1 + az)r+57

(a>0,r,s€N).

3 T
sin T+St

S
r+st

e, te[-mmnl.

sin

sin"ts ¢
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Example 1/4

o Let

@ Jordan curve (wlog a = 1):

Frantisek Stampach (Stockholm University)

2
=
-
=
Il

5
o |+
w

1
b(z) = —(1+a2)"*,
Z’I‘

S

it

—e", te[-m .

~+ | =

r+s

sin"ts ¢

= T : s
smT<T_‘_S t) sin® (H_St)

@ b/(v(t)) #0forallt € (0,m) and b(y(0)) = (r + s)"*r~"s™* and b(y(r)) = 0. Hence
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Example 1/4

o Let

@ Jordan curve (wlog a = 1):
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Z’I‘
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it

—e", te[-m .

~+ | =

r+s

sin"ts ¢

N sinT<T_T_S t) sin® (Hs_st>
@ b/(v(t)) #0forallt € (0,m) and b(y(0)) = (r + s)"*r~"s™* and b(y(r)) = 0. Hence

A(b) = supp pu = [0,

(r+ s)”’s]

TTSS
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o Let

@ Jordan curve (wlog a = 1):
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Example 2/4

@ The limiting measure p is the solution of the moment problem with moments

By = /027r b (ei") a6 = <(’"+s)m), m € No.

2 rm
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Example 2/4

@ The limiting measure p is the solution of the moment problem with moments

By = /027r b (ei") a6 = <(’"+s)m), m € No.

- E rm
@ To obtain u, one has to invert the function
sin"ts ¢
sin” ( r;s t) sin® ( rj_s t) ’

which cannot be done explicitly in general.

b(y(1) = t € (0,m),
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Example 2/4

@ The limiting measure p is the solution of the moment problem with moments

1 2m : r+s)m
him = ﬂ/o pm (elg) a9 = <( Tm) ) m € No.
@ To obtain u, one has to invert the function
sin"ts ¢
sin” (rls t) sin® (rj_st> 7
which cannot be done explicitly in general.
@ But the main result yields that for the distribution function of 1, F}, := 1 ([0, -)), one has

b(y(1) =

t € (0,m),

Fu (b)) =1 — ; for ¢ € [0, 7.
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Example 2/4

@ The limiting measure p is the solution of the moment problem with moments

1 2m : r+s)m
him = ﬂ/o pm (elg) a9 = <( Tm) ) m € No.
@ To obtain u, one has to invert the function
sin"ts ¢
sin” (rls t) sin® (rj_st) 7
which cannot be done explicitly in general.
@ But the main result yields that for the distribution function of 1, F}, := 1 ([0, -)), one has

b(y(1) =

te (0,m),

Fu (b)) =1 — ; for ¢ € [0, 7.

@ Explicit formulas for the Jacobi parameters a,, and b,, are not known in general but we have
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Example 3/4

@ Special cases that admit more explicit results: (r, s) = (1, 1), (1,2), (2, 2).
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Example 3/4

@ Special cases that admit more explicit results: (r, s) = (1, 1), (1,2), (2, 2).
@ The symbol:
b(z) = 2 (1 + az)®.
z
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Example 3/4

@ Special cases that admit more explicit results: (r, s) = (1, 1), (1, 2), (2, 2).
@ The symbol:
1 .

(1 +az)3.

z

b(z)

@ Here we put a = 4/27. Then one has

dp, . B+ VvIi—2)/P-(-yvi—a)'/®
@(x)_g x2/3\/1T—z ’

(This density appeared earlier: Kuijlaars, Van Assche, ...)

z € (0,1).
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Example 3/4

@ Special cases that admit more explicit results: (r, s) = (1, 1), (1, 2), (2, 2).
@ The symbol:
1 .

(1 +az)3.

z

b(2)
@ Here we put a = 4/27. Then one has
du oy VBHVIZ)P - (1o vT=a)'
dz 7 4w x2/3/1 -z ’

(This density appeared earlier: Kuijlaars, Van Assche, ...)
@ Jacobi parameters:

z € (0,1).

k— k—1)3k—1)(3k+1
a% = 6a?, ai = (6 5)(6 )3 )3k + )aQ, for k > 1.
4(4k — 3)(4k — 1)2(4k + 1)

and
3(36k2 — 54k + 13)

b1 =3a, by =
LT T Uk —5)(ak — 1)

a, fork>1.
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Example 4/4

@ Polynomials p,, can be expressed as a combination of the associated Jacobi polynomials
PL?) (z; ¢) studied by J.Wimp (1987).
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Example 4/4

@ Polynomials p,, can be expressed as a combination of the associated Jacobi polynomials
PL?) (z; ¢) studied by J.Wimp (1987).

@ Recall that the associated Jacobi polynomials Pff"ﬁ )(x; c¢) constitute a three-parameter
family of orthogonal polynomials generated by the same recurrence as the Jacobi poly-
nomials P,(f“m(z), but every occurrence of n in the coefficients of the recurrence relation
defining P{*** (z) is replaced by n + c.
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Example 4/4

@ Polynomials p,, can be expressed as a combination of the associated Jacobi polynomials
PL?) (z; ¢) studied by J.Wimp (1987).

@ Recall that the associated Jacobi polynomials Pff"ﬁ )(x; c¢) constitute a three-parameter
family of orthogonal polynomials generated by the same recurrence as the Jacobi poly-

nomials P,(f“m(z), but every occurrence of n in the coefficients of the recurrence relation
defining P{*** (z) is replaced by n + c.
@ Then, if we denote

2m 1 1
= (ctoatBf+nlet )"PT(LO"E)(Z:C—l;c), n € Np,
(2c+a+B8+1)2,

TSLD‘"B)(:C;C) :
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Connections to the Hamburger Moment Problem and Orthogonal Polynomials

Example 4/4

@ Polynomials p,, can be expressed as a combination of the associated Jacobi polynomials
PL?) (z; ¢) studied by J.Wimp (1987).

@ Recall that the associated Jacobi polynomials P(a B)(x; c¢) constitute a three-parameter
family of orthogonal polynomials generated by the same recurrence as the Jacobi poly-
nomials P,(f“m(z), but every occurrence of n in the coefficients of the recurrence relation
defining P{*** (z) is replaced by n + c.

@ Then, if we denote

2"(c+a+ B8+ 1) (C+1)n
(2c+a+B8+1)2,

{0 (25¢) = (8 (23 — 1;¢), n € No,

it holds

a a 256 (q,
2pn(e) = P (se) = D @+ 1) - oor @D @+, neN,

wherea =1/2,8=—-2/3,and ¢ = —1/6.
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Example 4/4

@ Polynomials p,, can be expressed as a combination of the associated Jacobi polynomials
PL?) (z; ¢) studied by J.Wimp (1987).

@ Recall that the associated Jacobi polynomials P(a B)(x; c¢) constitute a three-parameter
family of orthogonal polynomials generated by the same recurrence as the Jacobi poly-

nomials P,(f“m(z), but every occurrence of n in the coefficients of the recurrence relation
defining P{*** (z) is replaced by n + c.
@ Then, if we denote

2"(c+a+ B8+ 1) (C+1)n
(2c+a+ B+ 1)2m

{0 (25¢) = (8 (23 — 1;¢), n € No,
it holds
256 (o .B)

n a,fB a,B
2pn(e) = P (se) = D @+ 1) - oor @D @+, neN,

wherea =1/2,8=—-2/3,and ¢ = —1/6.
@ This relation and the known properties of the associated Jacobi polynomials allow to derive
other formulas for p,, such as: an explicit representation, a generating function, ...
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Thank you!
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