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Functions ¢ and §

Let me define ¢ : D — Ca § : D — C by relations
EX)=T+D > D> oo D Xk K1 X X b1 - - Xk X 1
m=1 k=1 kp=kq+2 km=Km—1+2

and

S(X) =1 +Z(—1)mz Z Z Xy Xky +1 Xky Xkg+1 -+ + Xk Xk 15

m=1 ky=1 ky=k{+2 km=kKm—_1+2
where
D= {4321 CC ) [XeXera| < o0
k=1

For a finite number of complex variables let me identify §(x1, Xz, . . . , X») with F(x)

where x = (X1, X2, ..., X3,0,0,0,...) and similarly for &.
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Properties of ¢ and §

@ Note that the domain D is not a linear space. One has, however, ¢2(N) C D.
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Properties of ¢ and §

@ Note that the domain D is not a linear space. One has, however, ¢2(N) C D.
@ Functions ¢ and § restricted on ¢2(N) are continuous functionals on ¢3(N).
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Properties of ¢ and §

@ Note that the domain D is not a linear space. One has, however, ¢2(N) C D.
@ Functions ¢ and § restricted on ¢2(N) are continuous functionals on ¢3(N).
@ Forallxe Dand k =1,2,... one has

where T denote the truncation operator from the left defined on the space of all

sequences:
T({Xk}k21) = {Xuer1 Fozs -
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Properties of ¢ and §

@ Note that the domain D is not a linear space. One has, however, ¢2(N) C D.
@ Functions ¢ and § restricted on ¢2(N) are continuous functionals on ¢3(N).
@ Forallxe Dand k =1,2,... one has

Recursive relations

F) =F0a, -, x) F(TX) = F(x, -+ X1 XXk F(TH X)),
E(x) = (X1, ..., Xk) E(TFX) + E(xr, ..., Xk 1)XkXks1E(T ' x),

where T denote the truncation operator from the left defined on the space of all
sequences:
T({Xk}k21) = {Xkr1}ht-

Franti$ek Stampach (FNSPE, CTU) On the eigenvalue problem for a certain class of infinite February 17, 2011 4/15



Properties of ¢ and §

@ Note that the domain D is not a linear space. One has, however, ¢2(N) C D.
@ Functions ¢ and § restricted on ¢2(N) are continuous functionals on ¢3(N).
@ Forallxe Dand k =1,2,... one has

Recursive relations

F) =F0a, -, x) F(TX) = F(x, -+ X1 XXk F(TH X)),
E(x) = (X1, ..., Xk) E(TFX) + E(xr, ..., Xk 1)XkXks1E(T ' x),

where T denote the truncation operator from the left defined on the space of all
sequences:
T({xk}ieZ1) = {Xhr1 Ha
@ Especially for k = 1, one gets simple relations
F(x) =3(Tx) — x1x2 F( T2x),

¢(x) = ¢(TX) + X1 %2 &(T?x).
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Two examples

@ The case of geometric sequence:

Frantisek Stampach (FNSPE, On the eigenvalue problem for a certain class of infinite February 17, 2011 5/15




Two examples

@ The case of geometric sequence:

Lett,w € C, |t| < 1, then it holds

tm(2m7 1) W2m

3({’“W}:1>—‘+2( Vi mam.a-e

z‘m(2m 1)W2m

€<{tk_1w}:)—1+z(1 BT ). (1— &)
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Two examples

@ The case of geometric sequence:

Lett,w € C, |t| < 1, then it holds

tm(2m7 1) W2m

s({t7w}) =1 Y ey

z‘m(2m—1)W2m

(W)= E ey

e Functions on RHSs can be identified with a g-hypergeometric series ¢¢1.
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Lett,w € C, |t| < 1, then it holds

tm(2m7 1) W2m

s({t7w}) =1 Y ey

z‘m(2m—1)W2m

(W)= E ey

e Functions on RHSs can be identified with a g-hypergeometric series ¢¢1.
© The case of Bessel functions:
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Two examples

@ The case of geometric sequence:

Lett,w € C, |t| < 1, then it holds

tm(2m7 1) W2m

5({’“W}:1>—‘+2( Vi mam.a-e

z‘m(2m 1)W2m

e({rw},) - 1+Z(1 BT ). (1— &)

e Functions on RHSs can be identified with a g-hypergeometric series ¢¢1.
© The case of Bessel functions:

Letw € Cav ¢ —N, then it holds

ew) = gy ({ivk}:o) ’”(zw):r(uw+u1)€({u—vkvk};>'
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Two examples

@ The case of geometric sequence:

Lett,w € C, |t| < 1, then it holds

tm(2m7 1) W2m

s({t7w}) =1 Y ey

zm7(2m—1)W2m

(W)= E ey

e Functions on RHSs can be identified with a g-hypergeometric series ¢¢1.
© The case of Bessel functions:

Let w e Cav ¢ —N, then it holds

aw) = r(uwiws({uivk};)’ haw) = r(yw;”e({y—v:k}:;).

o Recursive relations for § and € written in this special case has the form:
wd,_1(2w) —vd, (2W) + wd, 1 (2w) = O,
wh,_1(2w) — v, (2w) — wl, 1 (2w) 0.
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The symmetric Jacobi matrix

@ Let positive sequence {w,};24 and real sequence {\n}q2; to be given.
@ Let me denote
A4 wy

Wi Ap W
J = Wy A3 w3

@ Let J, be the n-th truncation of J, i.e. J» = (PnJP») 1 Ran P,, where P, is the

orthogonal projection on the space spanned by {e;, e, ..., es}. In other words,
A1 wy
wy Ao wp
Jn =

Wn_2 Ap—1 Wp_1
Wp_1 An

Proposition

Any eigenvalue of J regarded as an operator in £2(N) is simple.
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Decomposition of a symmetric Jacobi matrix

Jacobi matrix J, can be decomposed into the product
Jn - annGm

where
o G, = diag(y1,72,...,7vn) and
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Decomposition of a symmetric Jacobi matrix

Jacobi matrix J, can be decomposed into the product

Jn == annGn7
where

@ G, = diag(y1,72,...,7n) and
° .

X1

1 X 1

Jn =
1 Xpoq
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Decomposition of a symmetric Jacobi matrix

Jacobi matrix J, can be decomposed into the product

Jn == annGn7
where
@ G, = diag(y1,72,...,7n) and
°
Xy 1
1 X 1
Jn =
1 Xpoq
1 X
@ Next, Ax = A\¢/77 and
k—1 W
2j-+1
o —w k=1,2,3,....
Yek—1 = ij_y’YZk 1H W2/’7 ) &9y

/=
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Decomposition of a symmetric Jacobi matrix

Jacobi matrix J, can be decomposed into the product

Jn == annGm
where
o G, = diag(y1,72,...,7vn) and
)
Xy 1
1 % 1
Jn ==
1 Xpoq 1
1 X
@ Next, Ax = A\¢/77 and
k—1 W k—1 W
oj 2j+1
ok—1 = y Yok = W4 , k=1,23,....
k ]1} Woj—1 K E Woj

@ Alternatively, sequence {~,} can be defined recursively as vi = 1, k11 = Wi /Y-
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Characteristic function in terms of §

Let n € Nand {x;}/_; C C then one has
X 1 X

F(x1, X2, ..., Xn) = det

Xn—1 1 Xp—q
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Characteristic function in terms of §

Let n € Nand {x;}/_; C C then one has

1 X
X 1 X

F(x1, X2, ..., Xn) = det

Xn—1 1 Xp—q
Xn 1

@ The characteristic function of a finite symmetric Jacobi matrix can be expressed in
terms of 3
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Characteristic function in terms of §

Let n € Nand {x;}/_; C C then one has

1 X
X 1 X

F(x1, X2, ..., Xn) = det

Xn—1 1 Xp—q
xp 1

@ The characteristic function of a finite symmetric Jacobi matrix can be expressed in
terms of 3

Let ne Na z € C, then it holds

n 2 2 2
det(Jn — zlh) = <H(A" - Z)> 3(A1%— z’ A:i PR Anwi z) '

k=1
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Characteristic function in terms of §

Let n € Nand {x;}/_; C C then one has

1 X
X 1 X

F(x1, X2, ..., Xn) = det

Xn—1 1 Xp—q
xp 1

@ The characteristic function of a finite symmetric Jacobi matrix can be expressed in
terms of 3

Let ne Na z € C, then it holds

n 2 2 2
det(Jn — zlh) = <H(A" - Z)> 3(A1%— z’ A:i PR Anwi z) '

k=1

. 2 e
@ Q: What one can say about the function 3({ Yk }IH)?

Ak—2
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Characteristic function in terms of §

Let n € Nand {x;}/_; C C then one has

1 X
X 1 X

F(x1, X2, ..., Xn) = det

Xn—1 1 Xp—q
xp 1

@ The characteristic function of a finite symmetric Jacobi matrix can be expressed in
terms of 3

Let ne Na z € C, then it holds

n 2 2 2
det(Jn — zlh) = <H(A" - Z)> 3(A1%— z’ A:i PR Anwi z) '

k=1

. 2 e
@ Q: What one can say about the function 3({ Yk }IH)?

Ak—2

@ Q: Is this function related to the spectrum of J somehow?
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Properties of the characteristic function

@ In the rest suppose:
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Properties of the characteristic function

@ In the rest suppose:

@ Let A = {\,} is either bounded or unbounded with finite set of accumulation points
der().
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Properties of the characteristic function

@ In the rest suppose:

@ Let A = {\,} is either bounded or unbounded with finite set of accumulation points
der().

@ Let for at least one z € C \ der()\) it holds

< 00.

Z |An — ZH/\n+1 -2
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Properties of the characteristic function

@ In the rest suppose:

@ Let A = {\,} is either bounded or unbounded with finite set of accumulation points
der().
@ Let for at least one z € C \ der()\) it holds

The function
(5),)
Fy(z) =
W(2) =F =2,

is analytic on C \ X and it has poles in points z € A \ der()) of order

;= Z d(an,2) < 00. Moreover, all zeros of the function F,(z) are simple.

n=1
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@ Fork=,0,1,..., let me denote

iSek Stampach (FNSP On the eigenvalue problem for a certain class of infinite February 17, 2011



@ Fork=,0,1,..., let me denote

& (2) ::15[<ZWL;I)S(T"{/\:§Z}:> (wo :=1).

=1
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@ Fork=,0,1,..., let me denote

cwfIE)s () e

@ Then, by using the recurrence rule for the function §, one finds out the equation

Wik—18k—1(2) + (A, — 2)&k(2) + Wi&k+1(2) = 0
holdsforallk =1,2,....
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@ Fork=,0,1,..., let me denote

wfIE) () e

@ Then, by using the recurrence rule for the function §, one finds out the equation

Wk—1&k—1(2) + (Ak — 2)&k(2) + Wi€k11(2) =0

holdsforallk =1,2,....

@ Since the solution of equation J¢ = z¢ is uniquely determined by the first entry &;
of vector &, one arrives at the following proposition.
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@ Fork=,0,1,..., let me denote

&k(2) ::/ﬁ (zWi:\l)g(T"{/\ﬁz}:i) (wo :=1). J

@ Then, by using the recurrence rule for the function §, one finds out the equation

Wk—1&k—1(2) + (Ak — 2)&k(2) + Wi€k11(2) =0

holdsforallk =1,2,....

@ Since the solution of equation J¢ = z¢ is uniquely determined by the first entry &;
of vector &, one arrives at the following proposition.

for some z € C \ ), then z is an eigenvalue of J and vector £(z) = {&(2)}:2, is the
respective eigenvector.

If
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Let J be self-adjoint. Then it holds

3(J) = spec,(J) \ der(A)
where 3(J) denotes a union of the set of all zeros of F,(z) with set

{z € A\ der()) : ZI/iTZ(z —ZeF(Z) = 0} )

v

Let lim,—, o wn = 0 then every accumulation point of A belongs to the essential
spectrum of J, i.e.

der(X) C specggq(J).
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Example 1 (unbounded operator)

@ let\p=ana#0andw,=w >0,n=1,2,.... With this choice one has

a2w .
S, %{1, !fnodd
w, if neven.
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Example 1 (unbounded operator)

@ let\p=ana#0andw,=w >0,n=1,2,.... With this choice one has

a2w .
S, %{1, !fnodd
w, if neven.

@ The characteristic function can be expressed as
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Example 1 (unbounded operator)

@ let\p=ana#0andw,=w >0,n=1,2,.... With this choice one has

a W
J: WZV?SV‘I; w - 1, Iandd
S ’ w, if neven.
@ The characteristic function can be expressed as
W\ = z 2w
R =(3) T(1-2) s (?) J
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Example 1 (unbounded operator)

@ let\p=ana#0andw,=w >0,n=1,2,.... With this choice one has
a W
Jo WZV?SV‘I; w - 1, if n odd
’ w, if neven.

@ The characteristic function can be expressed as

= (e (1- ) (2). |

@ Since the term (w/a)= (1 — z/a) does not effect zeros of F,(z) and, moreover,
the term I'(1 — z/a) causes singularities in z = «, 2a,, ..., one arrives at the
following expression for the spectrum

and the formula for the kth entry of the respective eigenvector
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Example 1 (unbounded operator)

@ let\p=ana#0andw,=w >0,n=1,2,.... With this choice one has
a W
Jo W2v?8v<l; w - 1, if n odd
’ w, if neven.

@ The characteristic function can be expressed as

= (e (1- ) (2). |

@ Since the term (w/a)= (1 — z/a) does not effect zeros of F,(z) and, moreover,
the term I'(1 — z/a) causes singularities in z = «, 2a,, ..., one arrives at the
following expression for the spectrum

2w

spec(d) = {z € R J_z <?> — 0} J

and the formula for the kth entry of the respective eigenvector
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Example 1 (unbounded operator)

@ let\p=ana#0andw,=w >0,n=1,2,.... With this choice one has
a W
Jo W2v?8v<l; w - 1, if n odd
’ w, if neven.

@ The characteristic function can be expressed as

= (e (1- ) (2). |

@ Since the term (w/a)= (1 — z/a) does not effect zeros of F,(z) and, moreover,
the term I'(1 — z/a) causes singularities in z = «, 2a,, ..., one arrives at the
following expression for the spectrum

2w

spec(J) = {z € R; Joz <?> =0}

and the formula for the kth entry of the respective eigenvector

Vi(2) = (1) -z (%‘”)
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Example 2 (compact operator)

@ Let\,=1/nand w, =1/y/n(n+1), n=1,2,.... Then matrix J has the form

1 1/V2
1/vV2 1/2 1/V6
J= 1/v6 1/3 1/V12 . (1)
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Example 2 (compact operator)

@ Let\,=1/nand w, =1/y/n(n+1), n=1,2,.... Then matrix J has the form

1 1/V2
1/vV2 1/2 1/V6
J= 1/v6 1/3 1/V12 . (1)

@ In this case one has
11 T 1 1 2
Fe =3 sl == (1-3) 4 (5).

By the main result, one gets

and the kth entry of the respective eigenvector has the form

Franti$ek Stampach (FNSPE, CTU) On the eigenvalue problem for a certain class of infinite February 17, 2011 13/15



Example 2 (compact operator)

@ Let\,=1/nand w, =1/y/n(n+1), n=1,2,.... Then matrix J has the form

1 1/V2
1/vV2 1/2 1/V6
J= 1/v6 1/3 1/V12 . (1)

@ In this case one has

=11 1 1 2
FJ(Z):§7;: _,z: r(“;)%(})

By the main result, one gets

spec(J) = {% eR: J ,(22) = 0} U {0} J

and the kth entry of the respective eigenvector has the form
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Example 2 (compact operator)

@ Let\,=1/nand w, =1/y/n(n+1), n=1,2,.... Then matrix J has the form

1 1/V2
1/vV2 1/2 1/V6
J= 1/v6 1/3 1/V12 . (1)

@ In this case one has

=11 1 1 2
FJ(Z):§7;: _,z: r(“;)%(})

By the main result, one gets

spec(J) = {% eR: J ,(22) = 0} U {0}

and the kth entry of the respective eigenvector has the form

v(z) = \/EJ,{_% (g) .

z

v

Franti$ek Stampach (FNSPE, CTU) On the eigenvalue problem for a certain class of infinite February 17, 2011 13/15



Example 3 (compact operator with zero diagonal)

o Letr\,=0,w,=8//(n+a)n+a+1),a>-1,8>0,n=1,2,.... Thenthe
results are
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Example 3 (compact operator with zero diagonal)

o Letr\,=0,w,=8//(n+a)n+a+1),a>-1,8>0,n=1,2,.... Thenthe
results are

2B

spec(J) = {7 eER; Ju(2) = 0} u {0}, J
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Example 3 (compact operator with zero diagonal)

o Letr\,=0,w,=8//(n+a)n+a+1),a>-1,8>0,n=1,2,.... Thenthe

results are
() = {? ER; Ju(2) = o} U {0}, J
Vk(Z) =Va+ Kdoik (?) . J
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Example 3 (compact operator with zero diagonal)

o Letr\,=0,w,=8//(n+a)n+a+1),a>-1,8>0,n=1,2,.... Thenthe

results are
() = {? ER; Ju(2) = o} U {0}, J
Vk(Z) =Va+ Kdoik (?) . J

olety,=0andw,=ag"",0<g<1,a>0,n=1,2....Then
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Example 3 (compact operator with zero diagonal)

o Letr\,=0,w,=8//(n+a)n+a+1),a>-1,8>0,n=1,2,.... Thenthe

results are
() = {? ER; Ju(2) = o} U {0}, J
Vk(Z) =Va+ Kdoik (?) . J

o let\,=0andw,=0aq""",0<g<1,a>0,n=1,2....Then

spec(J) = {az € R; o1(;0; 6%, —qz~%) = 0} U {0}, J
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Example 3 (compact operator with zero diagonal)

o Letr\,=0,w,=8//(n+a)n+a+1),a>-1,8>0,n=1,2,.... Thenthe

results are
() = {? ER; Ju(2) = o} U {0}, J
Vk(Z) =Va+ Kdoik (?) . J

olety,=0andw,=ag"",0<g<1,a>0,n=1,2....Then

spec(J) = {az € R; o1(;0; 6%, —qz~%) = 0} U {0}, J

z z

w(2) =g (2) oo (;o;qz, g (9)2> .

—
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Thank you!
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