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0 Characteristic function for Jacobi matrices
@ Motivation
@ Function §
@ Spectral properties of Jacobi operator via characteristic function
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Introduction

@ Consider Jacobi operator J acting on vectors from standard basis {en}°°, of £2(N) as
Jen = Wp_1€p_1 + Anén + Wnepp1  (Wp :=0)

where \p € C, wp € C\ {0},and n € N.
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@ Consider Jacobi operator J acting on vectors from standard basis {en}°°, of £2(N) as
Jen = Wp_1€p_1 + Anén + Wnepp1  (Wp :=0)

where \p € C, wp € C\ {0},and n € N.
@ Set
Dom(J) = {x € £2(N) : Jx € A(N)}.

@ The matrix representation of J in the standard basis:
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J= Wo A3 Ws
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Introduction

@ Consider Jacobi operator J acting on vectors from standard basis {en}°°, of £2(N) as
Jen = Wp_1€p_1 + Anén + Wnepp1  (Wp :=0)

where \p € C, wp € C\ {0},and n € N.
@ Set
Dom(J) = {x € £2(N) : Jx € A(N)}.

@ The matrix representation of J in the standard basis:

A %}
Wi A W
J= Wo A3 Ws

@ Obijective: Investigation of the spectrum of J when the diagonal sequence dominates the
off-diagonal one in some sense.
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Motivation — Reformulation of the problem

@ Forz € Cand A\, > 0 define

%5 T
| _z w2
A
A(Z) — L—1/2(UW+ wuU* — Z)L—1/2 _ VA A2 W22 VA2A3 w

_Zz 3
Vxars A3 /Agrag

where L = diag(\1, Ag, ... ), W = diag(wq, s, ... ), and U is unilateral shift.
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where L = diag(\1, Ag, ... ), W = diag(wq, s, ... ), and U is unilateral shift.
@ Say the diagonal dominance assumption means A(z) to be Hilbert-Schmidt.
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where L = diag(\1, Ag, ... ), W = diag(wq, s, ... ), and U is unilateral shift.
@ Say the diagonal dominance assumption means A(z) to be Hilbert-Schmidt.
e If J =L+ UW + WU* one can write (formally at least)

(J—2)7" =L + A(z))" "L 1/2
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Motivation — Reformulation of the problem

@ Forz € Cand A\, > 0 define

_z |
MoV

w- we

1 _Zz 2
A
A(Z) — L—1/2(UW+ wuU* — Z)L—1/2 _ VA A2 W22 \_/AZLAS Wy
Vs e Vaen

where L = diag(\1, Ag, ... ), W = diag(wq, s, ... ), and U is unilateral shift.
@ Say the diagonal dominance assumption means A(z) to be Hilbert-Schmidt.
e If J =L+ UW + WU* one can write (formally at least)

(J—2)7" =L + A(z))" "L 1/2

@ From which one deduces
zep(Jd) iff  —1¢€p(A2)).
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A(Z) — L—1/2(UW+ wuU* — Z)L—1/2 _ VA A2 W22 VA2A3 w

_Zz 3
Vxars A3 /Agrag

where L = diag(\1, Ag, ... ), W = diag(wq, s, ... ), and U is unilateral shift.
@ Say the diagonal dominance assumption means A(z) to be Hilbert-Schmidt.
e If J =L+ UW + WU* one can write (formally at least)
(J—2)7" =L + A(z))" "L 1/2
@ From which one deduces
zep(Jd) iff  —1¢€p(A2)).
@ Hence, to investigate the spectrum of J one can consider operator A(z) instead.
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@ From which one deduces
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@ Hence, to investigate the spectrum of J one can consider operator A(z) instead.

Main advantages are:
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where L = diag(\1, Ag, ... ), W = diag(wq, s, ... ), and U is unilateral shift.
@ Say the diagonal dominance assumption means A(z) to be Hilbert-Schmidt.
e If J =L+ UW + WU* one can write (formally at least)

(J—2)7" =L + A(z))" "L 1/2
@ From which one deduces
zep(Jd) iff  —1¢€p(A2)).
@ Hence, to investigate the spectrum of J one can consider operator A(z) instead.

Main advantages are:
@ A(z) is Hilbert-Schmidt while J is unbounded;
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Motivation — Reformulation of the problem

@ Forz € Cand A\, > 0 define

z Wi

X VARe
w. z w,

1 _Z 2
A
A(Z) — L—1/2(UW+ wuU* — Z)L—1/2 _ VA A2 W22 \_/%23 Wy
V2xs A3 /Agra

where L = diag(\1, Ag, ... ), W = diag(wq, s, ... ), and U is unilateral shift.
@ Say the diagonal dominance assumption means A(z) to be Hilbert-Schmidt.
e If J =L+ UW + WU* one can write (formally at least)

(J—2)7" =L + A(z))" "L 1/2
@ From which one deduces
zep(Jd) iff  —1¢€p(A2)).
@ Hence, to investigate the spectrum of J one can consider operator A(z) instead.
Main advantages are:
@ A(z) is Hilbert-Schmidt while J is unbounded;
@ one can use function z — deto(1 + A(z)) which is well defined as an entire function.
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Function §

Let me define § : D — C by relation

oo

=14 Z( nr Z Z Z Xy Xhey +1 Xy Xkp +1 + + + Xk Xkim+15

k=1 ko=kj+2 km:km,1+2

where
oo
D= S {x}2y CC Y XaXkpa] < o0
k=1

For a finite number of complex variables let me identify §(x1, X2, . . ., Xn) With F(x) where
X =(x1,X,...,%,0,0,0,...).
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Let me define § : D — C by relation

oo

=14 Z( nr Z Z Z Xy Xhey +1 Xy Xkp +1 + + + Xk Xkim+15

k=1 ko=kj+2 km:km,1+2

where
oo
D= {{Xk};i1 CC > IXkXkat] < 00} :
k=1

For a finite number of complex variables let me identify §(x1, X2, . . ., Xn) With F(x) where
X =(x1,X,...,%,0,0,0,...).

@ §is well defined on D due to estimation

IS(x)| < exp (Z (X Xic-+1 |> :

k=1
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Function §

Let me define § : D — C by relation

oo

=1+ Z( n” Z Z Z Xy Xky +1Xky Xhe 1 -+ - Xk Xk +15

k=1 ko=kj+2 km:km,1+2

where
oo
D= {{Xk};i1 cG Z |Xka+1| < ()o} .
k=1
For a finite number of complex variables let me identify §(x1, X2, . . ., Xn) With F(x) where
X=(X1,X2,...,%,0,0,0,...).

@ §is well defined on D due to estimation
o0
[F(x) < exp <Z [ X5 X1 |> :
k=1

@ Note that the domain D is not a linear space. One has, however, 2(N) C D.
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Properties of §

@ Forallx e Dand k =1,2,... one has

§00) = §0, - ) FTE0) = Fx, - X)Xk (T4 %) J

where T denotes the shift operator from the left defined on the space of complex sequences:

T({xk Y1) = Xt Hiea-
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§00) = §0, - ) FTE0) = Fx, - X)Xk (T4 %) J

where T denotes the shift operator from the left defined on the space of complex sequences:

T({xk Y1) = Xt Hiea-

@ Especially for k = 1, one gets the simple relation

3(x) = F(Tx) — x1 %2 §(T2x). J
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Properties of §

@ Forallx e Dand k =1,2,... one has

§00) = §0, - ) FTE0) = Fx, - X)Xk (T4 %) J

where T denotes the shift operator from the left defined on the space of complex sequences:

T({xk Y1) = Xt Hiea-

@ Especially for k = 1, one gets the simple relation

3(x) = F(Tx) — x1 %2 §(T2x). J

@ Functions § restricted on ¢2(N) is a continuous functional on £2(N). Further, for x € D, it holds

nim F(x1, X2, ..., Xn) = F(x) and nim F(T"x) = 1.
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Other properties of §

@ For §(x1, X2, ..., Xn) it holds:

1 Xq
Xo 1 Xo

F(X1,Xo, ..., Xn) = det

Xp—1 1 Xp—1
Xn 1
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Other properties of §

@ For §(x1, X2, ..., Xn) it holds:

1 Xq
Xo 1 Xo

F(X1,Xo, ..., Xn) = det

Xp—1 1 Xp—1

@ Equivalently we can define §(x), for x € D, as the limit

3(x) = im F(x1, %, ..., Xn).
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Function 3

@ Function § is related to a continued fraction. For a given x € D such that §(x) # 0, it holds

F(Tx) 1
Fx) 1 X1 X2 ’
1 X2 X3
X3 X4
1 20t
1 —
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Function § and continued fractions

@ Function § is related to a continued fraction. For a given x € D such that §(x) # 0, it holds

F(Tx) 1
Fx) 1 X1 X2 ’
1 X2 X3
X3 X4
1 20t
1—...

Remark: By using properties of the function § we can show that with the continued fraction of the
above form (S-fraction) is unambiguously associated a formal power series f(x) € C[[x]] where
x = {xy, Xo, ... } [Zajta&Pandikow, 1975].
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Function § and continued fractions

@ Function § is related to a continued fraction. For a given x € D such that §(x) # 0, it holds

F(Tx) 1
) X1 X2 ’
X2X3
X3 X4
i = 2
1—...

Remark: By using properties of the function § we can show that with the continued fraction of the
above form (S-fraction) is unambiguously associated a formal power series f(x) € C[[x]] where
x = {xy, Xo, ... } [Zajta&Pandikow, 1975]. The explicit formula reads

oo £
) =1+ > B(m)[Jxx+1)™.

£=1 meN¢ =

where, for m € N¢, we denote

December 18, 2013
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Various special functions are expressible in terms of § applied to a suitable sequence, e.g.:
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Various special functions are expressible in terms of § applied to a suitable sequence, e.g.:
@ Hypergeometric Functions o Fy, especially Bessel Functions,

g({ﬁwz}:;) =oFGz+1,—w?) =T(1+2) w2, (2w) J

(weC,z¢ —N)
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Various special functions are expressible in terms of § applied to a suitable sequence, e.g.:
@ Hypergeometric Functions o Fy, especially Bessel Functions,

g({ﬁwz}:;) =oFGz+1,—w?) =T(1+2) w2, (2w) J

(weC,z¢ —-N)
@ Confluent Hypergeometric Functions 1 Fy, especially Regular Coulomb Wave Function
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Various special functions are expressible in terms of § applied to a suitable sequence, e.g.:
@ Hypergeometric Functions o Fy, especially Bessel Functions,

g({ﬁwz}:;) =oFGz+1,—w?) =T(1+2) w2, (2w) J

(weC,z¢ —-N)
@ Confluent Hypergeometric Functions 1 Fy, especially Regular Coulomb Wave Function

@ g-Hypergeometric Functions (¢4, g-Bessel Functions, especially Ramanujan (or g-Airy)
function

g({z1/2q(2k—1)/4}°o ) =0¢1(;0;9,—q2) J

k=1

(zeC,0<qg< )
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Various special functions are expressible in terms of § applied to a suitable sequence, e.g.:
@ Hypergeometric Functions o Fy, especially Bessel Functions,

g({ﬁwz}:;) =oFGz+1,—w?) =T(1+2) w2, (2w) J

(weC,z¢ —-N)
@ Confluent Hypergeometric Functions 1 Fy, especially Regular Coulomb Wave Function

@ g-Hypergeometric Functions (¢4, g-Bessel Functions, especially Ramanujan (or g-Airy)
function

k=1

g({z1/2q(2k—1)/4}°o ) =0¢1(;0;9,—q2) J

(zeC,0<qg< )
@ g-Confluent Hypergeometric Functions 1 ¢4
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Characteristic function of complex Jacobi matrix

Proposition
Let {\n} be positive and

— < oo and L < 0o
25 2 [Soror

Then A(z) is Hilbert-Schmidt for all z € C and it holds

deto(1+ A(2)) = § <{ Aﬁ Z} > 10‘0[ (1 = %) e#/n

n=1/ n=1

where the sequence {yn} can be defined recursively as vy = 1, vxr1 = Wik /-
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Characteristic function of complex Jacobi matrix

Proposition
Let {\n} be positive and

— < oo and L < 0o
25 2 [Soror

Then A(z) is Hilbert-Schmidt for all z € C and it holds

deto(1+ A(2)) = § <{ Aﬁ Z} > 10‘0[ (1 = %) e#/n

n=1/ n=1

where the sequence {yn} can be defined recursively as vy = 1, vxr1 = Wik /-

@ In the following we focus just on the function

wa-r(fitf)
n n=1

Frantisek Stampach (FNSPE, CTU) Characteristic Function for Jacobi Matrices December 18, 2013



Characteristic function of complex Jacobi matrix

@ Function F, is well defined on C \ {An} if

2 oo
{7"} €D forallze C\{ n}
An—2 -

which holds if there is at least one zy € C\ {\n} such that

w2
(An — 20)(Ang1 — 20)

< o0

(oo}
>
n=1

(An and wy, are complex!)
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Characteristic function of complex Jacobi matrix

@ Function F, is well defined on C \ {An} if

2 e o
I b eD forallzeC\ A}
An -z n=1

which holds if there is at least one zy € C\ {\n} such that

w2
(An — 20)(Ang1 — 20)

< o0

(oo}
>
n=1

(An and wy, are complex!)
@ This assumptions is assumed everywhere from now.
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Characteristic function of complex Jacobi matrix

@ Function F, is well defined on C \ {An} if

2 oo
{7"} €D forallzeC\{an}
An—2 -

which holds if there is at least one zy € C\ {\n} such that

w2
(An — 20)(Ang1 — 20)

< o0

(oo}
>
n=1

(An and wy, are complex!)
@ This assumptions is assumed everywhere from now.

@ F,is meromorphic function on C \ der({\n}) with poles in z € {An} \ der({\n}) of finite order
less or equal to the number
I’(Z) = Z 52,)\n'
n=1
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Characteristic function of complex Jacobi matrix

]
3(9) = {z e C\der({An}); Jim (u—2)@Fy(u) =0},
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Characteristic function of complex Jacobi matrix

]
3(9) = {z e C\der({An}); Jim (u—2)@Fy(u) =0},

o fork € Z4 and z € C\ der({\n}), we put

K e
e (2
k u—z Euf)\/ N —U o

where we set wp = 1.
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Characteristic function of complex Jacobi matrix

3(9) = {z e C\der({An}); Jim (u—2)@Fy(u) =0},
o fork € Z4 and z € C\ der({\n}), we put

K e
e (2
k u—z /13 u—X N —U o

where we set wp = 1.

Equalities

spec(J) \ der({An}) = specy,(J) \ der({An}) = 3(J)
hold and, for z € 3(J),
5(2) = (51 (2)752(2)7 53(2)7 e )

is the eigenvector for eigenvalue z. Moreover, for z ¢ {\n}, vector £(z) satisfies the formula

> (&(2)? = &(2)é1(2) — &(2)€) (2)-

k=1
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Green Function

@ The Green function Gj(z) = (e, (J — z)~" ) of J is expressible in terms of §,

m—1 -

3( i >3<712 )

=5 11(5) : 11(1{91}&) -
=1

where z € p(J), m:= min(i,j), and M := max(i, ).
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Green Function

@ The Green function Gj(z) = (e, (J — z)~" ) of J is expressible in terms of §,

Gi(2) = & 3({>\7122}:i11>3<{>j122}7_0M+1>
)T

=m

where z € p(J), m:= min(i,j), and M := max(i, ).
@ Especially, we get a compact formula for the Weyl m-function m(z) = Gy1(2),

m(z) =
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© Applications — Examples with concrete operators
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Examples with concrete operators — Bessel functions

o letA\h=ana#0and wh=w #0,n=1,2,.... With this choice one has

a w
w 2a w
J= w 3a w
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Examples with concrete operators — Bessel functions

o letA\h=ana#0and wh=w #0,n=1,2,.... With this choice one has

a w
w 2a w
J= w 3a w

@ The characteristic function can be expressed as

—1

Fy(2) = (oﬁ1 W)a r (1 — oﬁ‘z) J_gp-is (Zcf1 w) .
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Examples with concrete operators — Bessel functions

o letA\h=ana#0and wh=w #0,n=1,2,.... With this choice one has

a w
w 2a w
J= w 3a w

@ The characteristic function can be expressed as

Fy(2) = (oﬁ1 W)a_1z r (1 — oﬁ‘z) J_gp-is (Zcf1 w) .

@ Hence, one gets

spec(J) = {z €C| J_p-1, (Za_1 W) = 0}, J

15/30
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Examples with concrete operators — Bessel functions

o letA\h=ana#0and wh=w #0,n=1,2,.... With this choice one has

a w
w 2a w
J= w 3a w

@ The characteristic function can be expressed as

Fy(2) = (oﬁ1 W)a_1z r (1 — oﬁ‘z) J_gp-is (Zcf1 w) .

@ Hence, one gets

spec(J) = {z €C| J_p-1, (2a_1 W) = 0}, J

@ Further for the k-th entry of the respective eigenvector one has
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Examples with concrete operators — Bessel functions

o letA\h=ana#0and wh=w #0,n=1,2,.... With this choice one has

a w
w 2a w
J= w 3a w

@ The characteristic function can be expressed as

F)(z) = (071 w)o‘_1z r (1 - a*‘z) J_ oty (201’1 w) .

@ Hence, one gets

spec(J) = {z €C| J_p-1, (2a_1 W) = 0}, J

@ Further for the k-th entry of the respective eigenvector one has

Vie(2) = (=) dy i, (2&‘ w) . J

@ These results has been observed by many authors before [Gard & Zakrajsek, 1973].
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Examples with concrete operators — g-Bessel functions

@ Letqe (0,1),8#0,A\p=q" ", and w, = 8q("~1)/2, Then matrix J has the form

1 B
B g BVg
J= Bva @ Ba
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Examples with concrete operators — g-Bessel functions

@ Letqe (0,1),8#0,A\p=q" ", and w, = 8q("~1)/2, Then matrix J has the form
1 B

B g BVg
J= BVG @  Ba

@ The characteristic function F,(z) can be identified with a basic hypergeometric series g¢1:

Fi(2) = o1(G27"iq,—B%27%),  (z¢q"* U{0}).

Franti$ek Stampach (FNSPE, CTU) Characteristic Function for Jacobi Matrices December 18, 2013 16/30



Examples with concrete operators — g-Bessel functions

@ Letqe (0,1),8#0,A\p=q" ", and w, = 8q("~1)/2, Then matrix J has the form
1 B

B g BVg
J= BVG @  Ba

@ The characteristic function F,(z) can be identified with a basic hypergeometric series g¢1:

Fi(2) = o1(G27"iq,—B%27%),  (z¢q"* U{0}).

@ If we put z = g”*! the characteristic function can be written in terms of g-Bessel function
(second Jackson).
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@ Letqe (0,1),8#0,A\p=q" ", and w, = 8q("~1)/2, Then matrix J has the form
1 B

B g BVg
J= BVG @  Ba

@ The characteristic function F,(z) can be identified with a basic hypergeometric series g¢1:

Fi(2) = o1(G27"iq,—B%27%),  (z¢q"* U{0}).

@ If we put z = g”*! the characteristic function can be written in terms of g-Bessel function
(second Jackson).

@ It holds

spec(J) = {271 € €| (2 Q)oo 061(: 29, —22%) = 0} U {O}. |
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Examples with concrete operators — g-Bessel functions

@ Letqe (0,1),8#0,A\p=q" ", and w, = 8q("~1)/2, Then matrix J has the form
1 B

B g BVg
J= BVG @  Ba

@ The characteristic function F,(z) can be identified with a basic hypergeometric series g¢1:

Fi(2) = o1(G27"iq,—B%27%),  (z¢q"* U{0}).

@ If we put z = g”*! the characteristic function can be written in terms of g-Bessel function
(second Jackson).

@ It holds

spec(J) = {271 € €| (2 Q)oo 061(: 29, —22%) = 0} U {O}. |

@ The k-entry of the eigenvector corresponding to eigenvalue z—1 reads

V(21 = gk DE=2/4 (52K~ (2K q) oo O¢1(;zqk; q, 7qk5222) )
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Remark on Hilbert-Schmidt Jacobi operators with vanishing diagonal

@ In particular, for the characteristic function in the case A = 0 and w € ¢?(N), it holds

oo

FAZ“):S({Z%,Z}::J:i A" S S Wl

ky=1 kp=ky+2 km:km,1 +2

Hence the spectrum of J is symmetric with respect to the origin.
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Remark on Hilbert-Schmidt Jacobi operators with vanishing diagonal

@ In particular, for the characteristic function in the case A = 0 and w € ¢?(N), it holds

oo

FJ(Z—1):3({27§}:;):i A" S S Wl

ky=1 kp=ky+2 km: m—1+2

Hence the spectrum of J is symmetric with respect to the origin.

o Letwp=1/y/(n+v)(n+v+1),v¢ —N,then
Fiz="Y=T(v+1)z7"d(22).
and

spec(J) = {2z—1 eC| d(z)= o} U {0}.

Frantisek Stampach (FNSPE, CTU) Characteristic Function for Jacobi Matrices December 18, 2013



Remark on Hilbert-Schmidt Jacobi operators with vanishing diagonal

@ In particular, for the characteristic function in the case A = 0 and w € ¢?(N), it holds

FJ(Z—1):3({27§}:;):i A" S S Wl

ky=1 kp=ky+2 km: m—1+2

Hence the spectrum of J is symmetric with respect to the origin.

o Letwy=1/y/(n+v)(n+v+1),v¢—N,then
Fyz7Yy =T+ 1)z7"d(22).
and
spec(J) = {2z—1 eC| d(z)= o} U {0}.
o Letwy, =q¢"2,0< g< 1,then
Fi(z7") = 0#1(;0,9,—qz°)
and

spec(J) = {27 /2 € R | o61(;0,q,—92) =0} U{0}.
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Examples with concrete operators — Confluent hypergeometric function

@ Forx > 1,y € R, put

1 [x2+y?
Y wixy) = Y

A SR A Xy
(x.5) (x—1)x’ x\ 4x2 —1
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Examples with concrete operators — Confluent hypergeometric function

1 [x2+y?
)‘(X,}’)Zﬁ7 W(XJ’):; 4X27y1~

@ Forx > 1,y € R, put

@ Consider Jacobi matrix J = J(u, v), with

M =AMp+kv), wx=w(u+k,v).
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Examples with concrete operators — Confluent hypergeometric function

1 [x2+y?
)‘(X,}’)Zﬁ7 W(XJ’):; 4X27y1~

@ Forx > 1,y € R, put

@ Consider Jacobi matrix J = J(u, v), with
M =AMp+kv), wx=w(u+k,v).
@ It holds

F(%Jru—% 1+4uz)r(%+u+%\/m)

P TG+ 1)

e 2 1F1(p + iv; 2u; 2iz) J
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Examples with concrete operators — Confluent hypergeometric function

@ Forx > 1,y € R, put

1 [x2+y?
)‘(X,}’)Zﬁ7 W(XJ’):; 4X27y1~

@ Consider Jacobi matrix J = J(u, v), with

e =AMp+k,v), wp=w(p+Kkv).
@ It holds

F(%Jru—% 1+4uz)r(%+u+%\/m)

P TG+ 1)

e 2 1F1(p + iv; 2u; 2iz)

D—

@ Thus we have
spec(J(p, v)) = {z*‘; 2 \Fy(u + iv; 2u; 2iz) = o} u {0}

and

—1y _ — [F(p+n+iv)| N1 —iz ;. o
V(2 =\2u+2n—1——=(2z e F n—+iv;2u + 2n; 2iz).
n(z7) =V2p ) (2z) 1F(p+n+ivi2p )
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Examples with concrete operators — Coulomb wave function

@ In fact, one can show the characteristic function F,;(z~") is proportional to F,,_1(—v,z~")
where function F;(n, p) is regular (at the origin) solution of second-order differential equation

d?u 2n  L(L+1)
— 1—-—————|u=0,
dp? * { P p? }

known as regular Coulomb wave function [Abramowitz&Stegun].

@ Consequently, the spectrum of the corresponding Jacobi operator coincides with the set of
reciprocal values of zeros of regular Coulomb wave function (as function of p).

@ This has been originally observed by [lkebe, 1975].
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Examples with concrete operators — g-Confluent hypergeometric function

@ Ford,ae C,and|qg| < 1, put

An=(a+1)q"", wh=-ag" " (1-q"").
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Examples with concrete operators — g-Confluent hypergeometric function

@ Ford,ae C,and|qg| < 1, put
An=(a+1)q"", wh=-ag" " (1-q"").

@ Then it holds

(Z; q)oo

RED = Gz o

191 (Zqévz; qvaz)'
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Examples with concrete operators — g-Confluent hypergeometric function

@ Ford,ae C,and|qg| < 1, put
An=(a+1)q"", wh=-ag" " (1-q"").
@ Then it holds

FJ(Z—1) _ (2 9)o : 161 (zq5,z; q, az) )

((a+1)ziq

@ Especially, for § = 0, the identity simplifies to

1y _ (z9)=(a7; 9)
RED =Gt ).
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Examples with concrete operators — g-Confluent hypergeometric function

@ Ford,ae C,and|qg| < 1, put
An=(a+1)q"", wh=-ag" " (1-q"").
@ Then it holds

FJ(Z—1) _ (2 9)o : 161 (zq5,z; q, az) )

((a+1)ziq

@ Especially, for § = 0, the identity simplifies to

1y _ (z9)=(a7; 9)
RED =Gt ).

@ The spectrum of corresponding J is then obtained fully explicitly,

spec(J) = {g* : k=0,1,2,...}u{aq" : k=0,1,2,...} U {0}.
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Examples with concrete operators — g-Confluent hypergeometric function

@ Ford,ae C,and|qg| < 1, put
An=(a+1)q"", wh=-ag" " (1-q"").
@ Then it holds

FJ(Z—1) _ (2 9)o : 161 (zq5,z; q, az) )

((a+1)ziq

@ Especially, for § = 0, the identity simplifies to

1y _ (z9)=(a7; 9)
RED =Gt ).

@ The spectrum of corresponding J is then obtained fully explicitly,
spec(J) = {q* : k=0,1,2,...}u{ag" : k=0,1,2,...} U {0}.

@ For a > 0, the operator J is not hermitian, however, spec(J) is real!
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e The logarithm formula for §
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The logarithm formula for §

In the ring of formal power series in the variables t, . . ., th, one has

n—1 n—L ¢
log§(ty,...,th) = —Z Z a(m) Z (tk+/_1 tkﬂ')mj .
=1 ment k=1 j=1

For a complex sequence x = {xx} 72, such that > 22, |XxXk41| < log 2 one has

[e%S) co £
log §(x) = — Z Z a(m) Z H (K1 Xe4) ™ -

=1 meN? k=1 j=1
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The logarithm formula for §

In the ring of formal power series in the variables t, . . ., th, one has

n—1 n—L ¢
log§(ty,...,th) = —Z Z a(m) Z (tk+/_1 tkﬂ')mj .
=1 ment k=1 j=1

For a complex sequence x = {xx} 72, such that > 22, |XxXk41| < log 2 one has

[e%S) co £
log §(x) = — Z Z a(m) Z H (K1 Xe4) ™ -

=1 meNt k=1 j=1
i
where we denote
£2—1
1 mi+ mjq —1
— 'j j+1
o(m) = — ] ( )
m i3 M1
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The logarithm formula for §

In the ring of formal power series in the variables t, . . ., th, one has

n—1 n—e ¢
log§(ty, .- t)=—=>_ > a(m > T (tyj1te))™ -
=1 meN*¢ k=1 j=1

For a complex sequence x = {xx} 72, such that > 22, |XxXk41| < log 2 one has

[e%S) co £
log §(x) = — Z Z a(m) Z H (K1 Xe4) ™ -

=1 meNt k=1 j=1
i
where we denote
£2—1
1 mi+ miq —1
a(m) = — < 1 I+ )
m i3 M1

The proof is based on identity
detexp(A) = exp(TrA), AcC™

together with formula relating (¢, . . . , fn) with determinant of a tridiagonal matrix depending on
t1 PICITIRY tn.
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The Hadamard factorization

@ Let {xp}5°, C Csuchthat ) - |XnXpi1] < oo then we have

F ({zxn}p2,) = detx(1 — 2J)

where J is Jacobi operator with vanishing diagonal and off-diagonal wp = /XpXp11.
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The Hadamard factorization

@ Let {xp}5°, C Csuchthat ) - |XnXpi1] < oo then we have

F ({zxn}p2,) = detx(1 — 2J)

where J is Jacobi operator with vanishing diagonal and off-diagonal wp = /XpXp11.

@ Since we assume w € £2(N) operator J is Hilbert-Schmidt and as it is well known the
regularized determinant admits the Hadamard factorization into the (infinite) product.
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The Hadamard factorization

o Let {xn}7°, C Csuchthat 3° . [XnXp11| < oo then we have

F ({zxn}p2,) = detx(1 — 2J)

where J is Jacobi operator with vanishing diagonal and off-diagonal wp = /XpXp11.

@ Since we assume w € £2(N) operator J is Hilbert-Schmidt and as it is well known the
regularized determinant admits the Hadamard factorization into the (infinite) product.

o Let {gn}ﬂ denotes zeros of the even function

2§ ({20}1724)

with non-negative real parts. Moreover, we arrange these zeros in the ascending order of
their modulus.
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The Hadamard factorization

o Let {xn}7°, C Csuchthat 3° . [XnXp11| < oo then we have

F ({zxn}p2,) = detx(1 — 2J)

where J is Jacobi operator with vanishing diagonal and off-diagonal wp = /XpXp11.

@ Since we assume w € £2(N) operator J is Hilbert-Schmidt and as it is well known the
regularized determinant admits the Hadamard factorization into the (infinite) product.

o Let {§n}Q denotes zeros of the even function

Z§ ({2xn}21)

with non-negative real parts. Moreover, we arrange these zeros in the ascending order of
their modulus.

Let 3,51 [XnXny1| < oo then it holds

§{zxndn2y) = 11 <1 - i) .

n=1
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0 Applications — The spectral zeta function & Examples
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Formula for the spectral zeta function

Notation:
@ For a multindex m € N¢ denote by |m| = ZL m; its order and by d(m) = £ its length.
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Formula for the spectral zeta function

Notation:
@ For a multindex m € N¢ denote by |m| = ZL m; its order and by d(m) = £ its length.
@ For N € N define

N
M(N) = {me N m) = N}.
=1
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Formula for the spectral zeta function

Notation:
@ For a multindex m € N¢ denote by |m| = 214;1 m; its order and by d(m) = £ its length.

@ For N € N define

N
M(N) = {me UnG m|N}.

£=1

Still assuming J to be the Hilbert-Schmidt Jacobi matrix with vanishing diagonal and off-diagonal
sequence Wp = /XpnXnp11 One arrives at the following formula.
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Formula for the spectral zeta function

Notation:
@ For a multindex m € N¢ denote by |m| = ZL m; its order and by d(m) = £ its length.

@ For N € N define

N
M(N) = {me UnG m|N}.

£=1

Still assuming J to be the Hilbert-Schmidt Jacobi matrix with vanishing diagonal and off-diagonal
sequence Wp = /XpnXnp11 One arrives at the following formula.

Forany n € N,
L oo d(m) _
C(2n) = Z g2 =n Z a(m Z H Xicj—1Xk+)) e
k=1 k memM(n k=1 j=1
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Formula for the spectral zeta function

Notation:
@ For a multindex m € N¢ denote by |m| = ZL m; its order and by d(m) = £ its length.

@ For N € N define

N
M(N) = {me UnG m|N}.

£=1

Still assuming J to be the Hilbert-Schmidt Jacobi matrix with vanishing diagonal and off-diagonal
sequence Wp = /XpnXnp11 One arrives at the following formula.

Forany n € N,
Q 1 oo d(m)
c@n=>" 2 =n > a(m DI Gejoaxen)™.
k=1 k meM(n k=1 j=1

To prove the identity one has to apply logarithm on both sides of

Q 22
§({zxa}i2i) = [ 1 (1 - £2>

n=1

use the formula for the logarithm of § and equate coefficients at the same power of z.

Frantisek Stampach (FNSPE, CTU) Characteristic Function for Jacobi Matrices December 18, 2013



Application of the spectral zeta function

@ By using the spectral zeta function one can localize the largest eigenvalue in modulus (the
spectral radius) of Hermitian J since

G@nt+2) 1,
W < g < CJ(2I7)
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Application of the spectral zeta function

@ By using the spectral zeta function one can localize the largest eigenvalue in modulus (the
spectral radius) of Hermitian J since

G@nt+2) 1,
W < g < CJ(2I7)

@ In fact, the inequalities become equalities in the limit n — oco. Thus, one can even obtain an
explicit formula

1/(2N)

L jim > a(m)Z. (K- %k4))™
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Two examples — Rayleigh special function

@ Put x, = (2v +2n)~"', where v > —1. Then, as a particular case of the factorization
theorem, one has

_ ) 2
F(zab) =re+1) (5) w@ =11 (1 - i)

where j, x stands for the k-th positive zero of J,.
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Two examples — Rayleigh special function

@ Put x, =

(2v +2n)~", where v > —1. Then, as a particular case of the factorization
theorem, one has

—v oo >
§ (i) =0 (2) W@ =1 <1 . _22>

where j, x stands for the k-th positive zero of J,.
@ The zeta function

ou(8) = Z— Res > 1,

k=1 dvk
is known as Raighley function (intensively studied by [Kishore,1963]).
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Two examples — Rayleigh special function

@ Put x, = (2v +2n)~"', where v > —1. Then, as a particular case of the factorization
theorem, one has

z\ v ad 22
§({znz) =T+ (3) w@ =11 (1 - -2>
/u,k
where j, x stands for the k-th positive zero of J,.
@ The zeta function

oo

1
o(8) = —5, Res > 1,
k=17v,k

is known as Raighley function (intensively studied by [Kishore,1963]).

@ lts values o, (2N) for N € N are rational functions in v.
— originally computed by Rayleigh for 1 < N < 5;
— by Cayley for N = 8.
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Two examples — Rayleigh special function

@ Put x, = (2v +2n)~"', where v > —1. Then, as a particular case of the factorization
theorem, one has

—v oo >
§ (i) =0 (2) W@ =1 <1 . _22>

where j, x stands for the k-th positive zero of J,.
@ The zeta function

oo

1
o(8) = —5, Res > 1,

k=17v,k
is known as Raighley function (intensively studied by [Kishore,1963]).

@ lts values o, (2N) for N € N are rational functions in v.
— originally computed by Rayleigh for 1 < N < 5;
— by Cayley for N = 8.

@ The general formula reads

d(m)

1 m
UV(ZN)—QZNNZ > a H((j+k+,,_1)(j+k+u)) '

k=1 me M(N)
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Two examples — Zeta function associated with g-Airy function

@ Put x, = g@"=1/4 where 0 < g < 1. Then we have

({14} ) = ot

n=

where Agq is the g-Airy function.
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Two examples — Zeta function associated with g-Airy function

@ Put x, = g@"=1/4 where 0 < g < 1. Then we have

({14} ) = ot

n=

where Agq is the g-Airy function.
@ Zeros of Ag(z) are exactly 0 < ¢1(q) < t2(q) < t3(q) < ..., all of them are simple and

Aq(2) = ﬁ (1 - ﬁ)

k=1
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Two examples — Zeta function associated with g-Airy function

@ Put x, = g@"=1/4 where 0 < g < 1. Then we have

({14} ) = ot

n=

where Agq is the g-Airy function.
@ Zeros of Ag(z) are exactly 0 < ¢1(q) < t2(q) < t3(q) < ..., all of them are simple and

Aq(2) :klj (1 - ﬁ)

@ Formula for integer values of the Rayleigh-like function associated with Aq(z), denoted as
Zn(Qq), reads

Zn(q):zz 1 _ nq" z a(m)qﬁ(m)’

o w(@"  1-q" meM(n)

where

4
vmeNt, eg(m)=> (j—1)m;.
j=1
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Thank you!
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