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Abstract. We solve the open problem by Demuth, Hansmann, and Katriel an-
nounced in [Integr. Equ. Oper. Theory 75 (2013), 1-5] by a counter-example con-
struction. The problem concerns a possible generalisation of the Lieb—Thirring
inequality for Schrédinger operators in R? to the case of complex-valued poten-
tials. A counter-example has already been found for the one-dimensional case
d =1 by the first and third authors in [J. Spectr. Theory 11 (2021), 1391-1413].
Here we generalise the counter-example to higher dimensions d > 2.
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1. Introduction
Let p depend on the dimension d as follows:
p>1, ifd=1; p>1, ifd=2; p>d/2, ifd>3. (1)

For a real-valued potential V' € LP(R?), the Schrodinger operator H = —A + V is a
selfadjoint operator in L2(R%) and its spectrum o (H) is a subset of R. Moreover, o(H)
consists of the essential spectrum oess(H) = [0, 00) and the at most countable discrete
spectrum o4(H) C (—00,0). The classical Lieb—Thirring inequality states that there
exists a constant C)p 4 > 0 depending only on p and d such that

Y AP < CoallViLe (2)
)\Gad(H)

where the eigenvalues A are counted repeatedly according to their algebraic mul-
tiplicities. Recently, there have been studies on Lieb—Thirring type inequalities for
Schrédinger operators H = —A + V, where the potential V € LP(R?) is allowed to
take complex values. For such operators H, we still have gess(H) = [0,00) and oq(H)
is a set of at most countable isolated eigenvalues of H, but these may be non-real.

It turns out that (2) does not hold for general complex-valued V in LP(RY)
with p > (d 4+ 1)/2 since, in this case, any point in ces(H) = [0,00) can be an
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accumulation point of oq(H), see [2, 4]. A possible weaker candidate for a Lieb—
Thirring type inequality can be obtained by replacing |A|P in (2) by dist(A, [0, 00))P.
The resulting inequality then reads

dist(A, [0, 00))P
> U < GulViE. 3)
A€oq(H)

Note that this inequality reduces to (2) when V is real-valued. As it seems to be
a reasonable candidate for the Lieb-Thirring inequality extended to complex-valued
potentials, the following open question was published in [10].

Open Question (Demuth-Hansmann—Katriel). Assuming (1), does the inequality (3)
hold for all V € LP(R%)? Prove or disprove it.

In [5], the first and third authors constructed a counter-example in dimension
d = 1 by considering V' to be scalar multiples of the characteristic function of the
closed interval [—1,1]. In [5, Sec. 3.3], we also suggested that the one-parameter family
of Schrédinger operators

Hy = =A+Vy, Vi:i=ihxs, (0, (4)

where xp, (o) is the characteristic function of the unit ball B1(0) and h > 0, is a
natural candidate for a counter-example in higher dimensions d > 2. In this article,
we show that this is indeed the case. Although it was expected, the extension to the
multi-dimensional case is by no means trivial as an involved asymptotic analysis of
Bessel functions with complex arguments is needed and the related spectral analysis
is in general less explicit than in the one-dimensional case.

Our main result is the following inequality.

Theorem 1. Let d > 2, p > 0, and 0 < € < 1. Then there exists Cpq > 0 such that,
for all sufficiently large h > 0, we have

1 dist(A, [0, 00))? R
AT AEZ T 2 Cpa(logh)” (5)
oa(Hp)
The logarithmic divergence in the parameter h on the right-hand side of (5)
clearly answers the question by Demuth, Hansmann and Katriel to the negative.
Recently, the first author proved in [3] a Lieb—Thirring type inequality for Schréd-
inger operators with complex-valued potentials V € LP(R%) and p > d/2 + 1. To
compensate for the logarithmic divergence, an extra term appears on the left-hand
side of (3) given by a function of dist(A, [0,00))/|A|; see [3, Theorem 2.1] for more
details. This is a generalisation of an earlier result by Demuth, Hansmann and Katriel
[8, Corollary 3] which says that for any 0 < 7 < 1 there exists Cq, » > 0 such that

dist(\, [0, 00))PT7
> (A, [0,00))

|)\|d/2+‘r

< CparlVILs
)\Gﬂd(H)

Our main result proves that the equation no longer holds if we fomally set 7 = 0.

A discrete version of Lieb—Thirring type inequalities for Jacobi matrices with
complex entries, in particular for one-dimensional discrete Schrodinger operators with
complex potentials, was found in [18], and similar open problems published therein
have been also answered in [5]. Much more literature devoted to Lieb—Thirring in-
equalities exists nowadays. From those works, whose main focus is on Lieb—Thirring



type inequalities for non-self-adjoint Schrédinger, Jacobi, and other operators, we men-
tion at least [6, 8, 9, 12, 13, 14, 15, 16, 17, 23].

The eigenvalues of our operator Hj, are characterised by solutions of a character-
istic equation involving Bessel functions. In Section 2, we first recall general facts on
Schrédinger operators with spherically symmetric potentials and then derive the char-
acteristic equation of Hy,. In order to estimate the location and asymptotic behaviour of
certain solutions of the characteristic equation, we need to deduce preliminary results
concerning the involved Bessel functions, which is worked out in Section 3. Finally, in
Section 4, we prove Theorem 1.

2. The characteristic equation

The main goal of this section is to deduce a characteristic equation for the Schrédinger
operator Hj, defined in (4) whose solutions are in direct correspondence with discrete
eigenvalues of Hj. To do so, we first reduce the eigenvalue equation for Hy to a one-
dimensional radial problem. For this step, we recall several well known facts from
harmonic analysis of Schrédinger operators with spherically symmetric potentials.

2.1. Schrodinger operators with spherically symmetric potentials

We consider Schrédinger operators in R? with potentials V = V(|z|), where |z| stands
for the Euclidean norm of = € R?. For the following facts, the reader may consult e.g.
the book [24]. Using spherical coordinates in R?, the Laplace operator takes the form

_9*  d-10 1
~ Or2 roor  r?
where r = |z]| is the radial coordinate and Aga-1 is the Laplace—Beltrami operator on
the d-dimensional unit sphere S¢~!. The spectrum of Aga—: is discrete, the complete

set of eigenfunctions consists of the spherical harmonics Y ¥) of degree £ € Ny, and for
each ¢ € Ny, we have the eigenvalue equation

A

Agaar YO = (0 +d—2)Y®D,

The algebraic multiplicity of the eigenvalue —¢(£ + d — 2) equals

SEPMEEY ”

for each ¢ € Ny, see [24, p. 140].

Since the complex-valued potential V' depends only on the radius r = |z|, we will
construct eigenfunctions ¢ € L2(R?) of the Schrédinger operator H = —A + V of the
form

_ o (
o) = p(rY® (2), (7)
for some ¢ € Ny and a function 1 satisfying the radial eigenvalue equation
d—1 Ll+d—2
) - T+ Dy v = e, @®)

where A is an eigenvalue of H.
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2.2. The characteristic equation

The potential V3, defined in (4) of the Schrédinger operator Hy, is, of course, spherically
symmetric. In the radial coordinate, we have

ih ifr<1
V :: b b
w(r) {0, ifr>1,

where h > 0. By the facts on Schrédinger operators with spherically symmetric po-
tentials from the previous subsection, the eigenvalue problem for Hj reduces to an
analysis of solutions of the one-dimensional eigenvalue equation (8). Taking into ac-
count the special form of the potential V3, we seek non-trivial solutions % of (8)
separately on (0,1) and on [1,00) so that ¢ and ¢’ are continuous at r = 1 and
¢ € L?((0,00),7%*dr). Then ¢ given by (7) is twice weakly differentiable with
~A¢p = \p — V¢ € L2(R?), hence ¢ belongs to the operator domain Dom Hj), =
Dom(—A) = W22(R9) and so will be an eigenfunction corresponding to the eigen-
value .
For 0 < r < 1, we write A = k?, where k& € C, and introduce a new complex
parameter m € C such that
ih = k* —m? (9)
Then equation (8) turns into
()~ Tty + D) - = 0, (10)
which has the form of the Bessel differential equation. Recall that Bessel’s differential
equation of order v € C is the second-order ordinary differential equation
d*w dw
zzw + o + (22 = v)w =0,
and has solutions called the Bessel functions of the first kind J,(2), of the second kind
Y, (z), and of the third kind H, m (2), H, @ (2) (also called Hankel functions). Of course,
these solution are interrelated. As the main source for the theory of Bessel functions,
we use the classical book by Watson [25]. For a more updated and well arranged source
of numerous formulas for Bessel functions we use the digital library [11] which replaced
the older book [1] of Abramowitz and Stegun. Let us also mention Olver’s book [22],
where proofs on various asymptotic formulas for Bessel functions can be found.
For 0 < r < 1, this leads us to consider the solution ¢ of (10) having the form

o(r) = r' 2T, (mr),
where

d
Since for v > 0, the function J,(z) remains bounded as z — 0 in the half-plane

Rez > 0, see e.g. [11, Eq. (10.7.3)], we have
e L? ((0, 1),rd_1dr) .

Later on, see Remark 13, our analysis will be confined to the fourth quadrant of C in
the variable m, i.e. Rem > 0 and Imm < 0, hence we may assume Re z > 0 above.
For r > 1, V(r) = 0, and by writing A = k2 € C in equation (8), we obtain
d—1 Ll+d—2
) - oy LD

r 72

U(r) = k*¥(r) = 0.



To ensure that
e L? ((1,00),7‘d71d7") ,

we choose the Hankel function of the first kind H" (2) as a solution in the correspond-

ing Bessel equation because H, l(,l)(z) is exponentially decaying as z — oo provided that
Imz > 0, see [11, Eq. (10.2.5)]. Consequently, up to a multiplicative constant, we may
take
w(r) =t V2HD (kr)
for r > 1 provided that
Imk > 0. (12)

Now, combing both solutions on (0,1) and [1,00), and choosing multiplicative
constants so that the resulting function is continuous at » = 1, we get the solution

o) HD (k)1 =2 ], (mr),  if0<r<1,
T =
Ju(m)rl_d/QHél)(kr), ifr>1,

provided that we also have (12).

Lastly, in order for the constructed solution v to become the radial eigenfunction
of Hy, its first derivative 1)’ must be continuous at r = 1, too. It follows that a last
condition needs to be imposed:

mJ(m)HWM (k) — kJ,(m)(HVY (k) = 0.

It means that
ko JmBEN (k) 13)
m g (m) (HPY (k)
if no division by 0 occurs. In the proof below, we will restrict our parameter region
to complex numbers for which we can exclude the occurrence of division by 0. Equa-
tion (13) is the desired characteristic equation. In the following it turns out to be easier
to work with the squared version of the latter equation. Using (9), it can be written

as
ih 7 HEO®) )
oo +1= ("(1)> . (14)
Ju(m)(Hy ") ()

Now, for each h > 0 and ¢ € Ny (determining v by (11)), if any m,k € C with
Rem > 0 and Imk > 0 satisfy (13), then A\ = k? is a discrete eigenvalue of Hy, of
algebraic multiplicity at least (6). In the proof below, we first find solutions of (14)
and then check that these solutions in fact solve (13), i.e. that the signs on both sides
of (13) agree.

We conclude this section by locating eigenvalues of Hy, in a strip, which will be
used later.

Lemma 2. Let h > 0 and X\ be an eigenvalue of Hp,. Then ReA >0 and 0 < Im A < h.

Proof. We show that the numerical range W (H},) of Hy, is a subset of the strip deter-
mined by the equations Re A > 0 and 0 < Im A < h. Since the point spectrum of Hy
is a subset of W (Hj}) the claim follows.

Suppose ¢ € Dom Hy, to be normalised, ||¢||z2 = 1. Clearly,

(Hpo, ¢) = (~2¢,¢) +ih (XB,0)¢: ¢) -

As the Laplacian is non-negative, we have

(—Ad, ¢) = /Rd |V(z)|*dz > 0.
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Moreover,

(o) = [ @ dr< [ joEde=1

by assumption. It follows that W (H}) C [0,00) +i[0, k] for h > 0, and the proof is
complete. O

3. Selected properties of Bessel functions

In order to analyse zeros of the equation (14) for h large, we need to understand the
asymptotic behaviour of the involved Bessel functions in a special regime when both
the main argument as well as the order tend simultaneously but not independently to
infinity. This section collects auxiliary results on selected properties of Bessel functions
that will be used later in the proof of Theorem 1.

3.1. Two expansion formulas for Bessel functions

For n € Ny, we adopt Hankel’s notation:

n 2
1 1
(v,n) = 1;[ l <] — ) ] ,
see [25, p. 198]. Our proof heavily relies on the following expansions of Bessel functions

with a certain uniform control of remainder terms in a complex sector.

Lemma 3. Let p € Ng. Then for all v > p and z € C satisfying 0 < |z| < 2Re z, we

have
122 (2n + 1) v,n
BT ) = -2 S PR e )
n=0
and
2 271 (2n)! v,n
J2(2) +Y2(2) = - Z:O 51”73' ;nﬁ + V(2 v) (16)
with
V2P I
() <Cp i and V(e < C

|2[2P+2 P ‘Z|2p+1’

where the constants Cp, C;, > 0 depend on p, but are independent of v and z.

Proof. We prove (15) together with the inequality for the remainder term. The proof
of (16) is similar and will only be indicated at the end.
Our starting point is Nicholson’s integral representation formula

J2(2) 4 Y2(2) = % /0 " Ko (22 sinh(t)) cosh(2ut) dt, (17)

which holds true if Rez > 0, see [11, Eq. (10.9.30)] or [25, p. 444]. The function Kj
in the integrand is the modified Bessel function of the second kind of order zero. By
differentiating (17) with respect to z and using the identity K()(z) = —K;(z) valid for
all z € C, see [11, Eq. (10.29.3)], one obtains the formula

J,(2)J,(2) + Y, (2)Y,.(2) = f% /OOO K (2zsinh(t)) cosh(2vt) sinh(t) d¢. (18)



Next, we make use of the expansion

p—1
where
cos(vm) p!|(Rev,p)| o, .
Bp(t)] < cos(Re(mr))‘ (2p)! 2 b (1),

see [25, p. 448]. As our v is real, the upper bound for the remainder term R, simplifies
to

IR, ()| < |((2 i D)l 2 sinh?(t). (20)
Plugging (19) into (18) yields

8
Ju(2)J1(2) + Yo (2)Y,(2) = =5 (Lip + Lap). (21)

where

p—1 o)

nl(v,n) o, . . 1 2n
Iy = Z ((2n)!)22 /0 K1 (2zsinh(t)) sinh®" ™ (¢) cosh(t) dt,

n=0

and

Iy = /00 K (2zsinh(t)) sinh(t) cosh(t) R, (t) dt.
0

Further we consider separately the integrals I; , and Iy, starting with I, ,. By
the change of variable u = sinh ¢, we obtain

r—1 4
nl(v,n) o, n
Lp=Y_ 2] 22/ K (2z0)u® T du.
n=0

The last integral can be changed to a complex contour integral along a ray from 0 to
complex infinity of angle arg z that is located in the right half-plane since Re z > 0. By
the analyticity of K; and the standard homotopy argument, taking also into account
the asymptotic behaviour of K;(z) as z — 0 and z — oo from the right half-plane
Rez > 0, see [11, Egs. (10.30.2) and (10.25.3)], we may deform the integration contour
to the positive half-line getting the equality

> 2n+1 1 > 2n+1
/0 Kl(QZU)U n+ du = W/O Kl(t)t nt dt.

Therefore, we have

b1

I —1 n‘ K £)£2n+1 de.

Lp =}y Z2n+2
n=

Next we apply the integral identity

/ K, (thr2=tdt = 202721 (“2 g “1> r ("‘2 ;”“) , (22)
0

which is valid when Reps > |Rep|, see [25, p. 388, Eq. (8)], and arrive at the
expression

p—1

22”n' 1 1 ™ 2n+1)! (v,n)
hr=q Z z2n+2 <n+ 2> : (n e 2) ~ 8 Z% o e (2)

n=

after a sunphﬁcatlon of the Gamma functions.
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As a next step, we estimate |I3 | from above. Comparing (21) and (23) with (15),
we already see that X,(z;v) = —8Iy,/7?. Again, the change of variable u = sinht
yields

Iva:/ ukK (2zu) Ry (arcsinh u) du.
0

Then, by (20), we get

o0 22p ! e’
L] < / u| Ky (220)|| R, (arcsinh )] du < (T;)'ﬂ(y,pn / Ky (220) [+ du,
0 . 0
(24)

In order to deduce a suitable upper bound for |K;(2zu)|, we employ the integral
representation
Kq(2) :/ e sh(®@) cogh(z) da
0
which is valid if Re z > 0, see [11, Eq. (10.32.9)]. At this point, we use the assumption
|z| <2Rez and deduce the estimate

| K71 (22u)| < / e 2(Rez)ucosh(z) ¢ogh (1) da < / e~ [Flucosh(@) cogh () da = K (ulz]).
0 0

By using the last estimate in (24), changing the variable ¢ = wu|z|, applying iden-
tity (22), and simplifying the resulting expression with Gamma functions similarly as
above, one arrives at the estimate

I, | < T 2P+ (p)]
2,pl = 4 (p+1)! ‘Z|2p+2~

Lastly, as we assume that v > p, we may also estimate the Hankel bracket

vl =~ 11

In total, we have

T (2p+2)! v

4 pl(p+ 1) |z]2P+2"

Putting together equations (21) and (23) with the last estimate, we prove (15) together
with the inequality for the remainder term X, (z;v).

The proof of the second formula (16) proceeds similarly. Instead of (18), we
expand the term cosh(2vt) using (19) directly in Nicholson’s integral (17). Then we
continue analogously as before to simplify the integral as in case of I, and estimate
the error term as in case of I, getting the identity (16) as well as the upper bound
for |V, (2;v)|. The proof of Lemma 3 is complete. O

‘—727p| <

3.2. The modulus and phase functions

Further elements of the theory of Bessel functions, which will be frequently used,
involve the so-called modulus and phase functions M, and 6, that are introduced by
means of the equations

Ju(z) = \/ZMV(Z) cosf,(z) and Y,(z)= \/le,(z) sin 6, (z). (25)

In general, the equations in (25) give rise to multi-valued functions M, and 6,. The
standard branch of M, is determined by requiring M, to be continuous in (0, c0) and



M,(z) > 0 for x > 0, and as such, M, extends to an analytic function in the right
half-plane Re z > 0. It follows immediately from (25) that

M2(z) = 5 (J2(=) + Y2(2). (26)

From the form of the equations in (25), one may suggest to incorporate the factor
v/2/(7z) into the modulus function M, (z). This alternative notation for the modulus
function, which is unfortunately denoted by M, again, is also used in more modern
literature on Bessel functions, see for example [11, § 10.18]. Here we stick with the orig-
inal notation of Marshall for M,, from (25) that is also used in Watson’s treatise [25].
One needs to be careful with this double meaning of M, when, for example, formulas
listed in [11, § 10.18] are used; cf. (26) with [11, Eq. (10.18.6)].
It also readily follows from (25) that

Y., (2)

60, (z) = arctan 7)) (27)

cf. [11, Eq. (10.18.7)], from which, using the Wronskian identity [25, p. 76]

2
T (2)Y)(z) = T ()Y (2) = —, (28)
one infers that
J,(2)Y)(z) = J,(2)Y,(2) 2 1
0, (2) = v v e . — 2

ST RO E . e 0 2

The standard branch of 6,,, which is adopted below, is determined by requiring 6,, to
be continuous in (0,00) and 0, (z) - —7/2 as x — 0+. Below, we verify, for v > 1,
that this branch of 6, is an analytic function in the open convex set

M, ={2€C| Av < Rez and |z| < 2Rez}, (30)

with
A= /nC], (31)

where C{ > 0 is the constant from Lemma 3 with p = 1. This is, in fact, a subset
of a half-plane where the standard branch of 8, extends to a single-valued analytic
function, but this is not needed for our purposes. In addition to the analyticity region
for the phase function, the definition of the set M, is also designed for other aspects
of the forthcoming analysis.

The modulus and phase functions were introduced by Marshall and used in an
asymptotic analysis of large zeros of the cylinder function, see [25, p. 505]. In fact,
Marshall introduced a slightly different phase function given by

V(2)i=2— — — — — 0,(2), (32)

and worked with a different pair of functions P(-,v) and Q(:,v) related to J, and Y, ;
the reader may find details in [25]. We also occasionally use the function 1, below.
The modulus and phase functions were used in more recent work [19] to study the
asymptotic behaviour of J,(z) and Y, (2) in the so-called Fresnel regime |z| > v, but
with z confined to positive reals. This is close but not exactly what is needed in
our analysis. Although not directly applied, the methods from paper [19] as well as
Marshall’s original ideas inspired our approach.



10 Sabine Bogli, Sukrid Petpradittha and Frantisek Stampach

Lemma 4. Forv > 1, the phase functions 6, and ¢, are analytic in the set M,, defined
by (30). Moreover, we have the estimates
2

VL) < 43 (33)
and ,
Wl (2)] < AW (34)

for all z € M,,, where A is the constant in (31), A := 2r(C} +2C) > 0, and Cy,C}
are the constants from Lemma 3.

Proof. First we verify the analyticity of 8, in M,,. Then v, must be analytic in M,
too, by its definition (32). Bearing (29) in mind, the value of the standard branch of
0, at z € M, can be expressed by the contour integral

9()__34_%/2;@
AT T ) T2(w) + Y2(0)

where the integration contour consists of the interval (0, Av) and then continues arbi-
trarily to the point z within the set M,,, provided that the analytic function J2 + Y2
has no zeros in M,,. Notice that the integrand is indeed integrable near 0+ for v > 0,
since J,(u) = O(u”) and Y, (u) = O(u™") as u — 0+, see [11, Egs. (10.7.3-4)].

Once we check that J2(z) + Y,2(2) # 0 for all 2 € M,, the analyticity of 6, in
M, follows from the contour integral representation. To this end, we apply Lemma 3
with p = 1 getting, for any z € M, the estimate

2 , V2 2 A?p? 1

| | |y1(2’ V)|Z7T|Z‘ Cl|Z|3 - >
where we have used that Av < Re z < |z] for z € M,,. Consequently, M, is a zero-free
region for J2 + Y2, indeed.

v

Second we establish (33). Substituting from (16) with p =1 in (29), we get
2 1 2

2 2 e et -
el A 7P T

0,(z) = — = . 35
v(2) w2 J2(2)+ Y2(2) 2+ 7w2i(z;v) (35)
Using also (32), we obtain the expression
Vi(z;v)
’ —1_¢ _ _T= ; )
W) =1-0,(0) = TE ot I
By Lemma 3 and definition (30) of the set M,,, we have
2 2
|21 (z;0)| < WClﬁ = A? |V|2 <1 (36)

for all z € M,,. Thus, for any z € M,,, we may estimate as

|z (z;v)| 9 V2

VG < 5= o)) S AR

proving (33).

Lastly, we prove (34). By (32), we have ¢/ = —0,/. Differentiating (29) once more,
we find
(2) = 2 1 1 N 2J,(z )J’(z) 2Y, (2)Y,)(2)

Tz J5(2) + Y2 (2) | J2(2) + Y2 (2)

w//
v
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Bearing in mind (29) and using Lemma 3 with p = 1, we arrive at the expression
Vi(z;v) + 2m2X (25 v)
" —0 ™ ) v
i) = () AT

For any z € M,,, we may estimate roughly |0,,(z)| < 2 by (35) and (36). The remaining
fraction is to be estimated with the aid of Lemma 3 as follows:

wV1(z;v) 4 2wz X (2;v) < w|V1(z;v)| + 27|z X (25 v))| <(C + 201)V72.

24 w21 (z;v) 2 = m|z1(z; ) |2[3

This completes the proof of inequality (34). O

From the bounds on the derivative of 1, from Lemma 4, we further deduce
bounds on the function 1, itself in M,,.

Lemma 5. Let v > 1. Then for all z € M,,, we have the inequalities

2
v
[t (2)] < 2A2@ (37)
and )
v
| Tm e, (2)| < 4A2| Imz|W, (38)

where A > 0 is the constant in (31).

Proof. First we verify (37). The idea of the proof is to integrate the expansion for
the derivative v/, and determine the constant term. First note that if z € M,,, then
2 +10,00) C M,. We show that, with v > 1 fixed,

¥, (2) = 0 as z — oo along a horizontal ray in M,,. (39)
For z € M, it follows that

[ (2)] < [¥0(2) = o (Re2)| + [y (Re 2)].
Due to [11, Eq. (10.18.18)] with definition (32), |1, (Re z)| — 0 as Re z — co. Now, to
determine the limit of |4, (2) — 1, (Re z)|, we make use of the analyticity of ¢, in M,,
see Lemma 4, and the mean value theorem to infer that
¥y (2) — v (Rez)| < [Imz| sup [¢ (&),
£e(Re z,2)
where (Re z,z) is the open vertical line segment connecting the points Rez and z.
Since this line segment is entirely contained in M,,, the inequality (33) is applied to

deduce
2 2

A
[9(2) = u(Re2)| < [Tzl s 0

as Rez — oo with Im 2z constant. The claim from (39) follows.

Next, we consider the ray z+[0, 00) for z € M,,. As said before, this ray is entirely
located in the set M,,, on which v, is analytic. Consequently, bearing also (39) in mind,
we may express ¥, (z) as the contour integral

+oo+ilm z
bu(z) = / ) (u) du.

Notice that the integral converges since |, (u)| decays at least as 1/|u|? for Reu large,
as we know from (33). Then, with the aid of (33), we may readily estimate

“+oo+ilm z s} 2.2 2
i (2)] = / it ()] du| < A% / o _ AV o

Re. ¥2  Rez = 2|’
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proving (37).
Lastly, we verify (38). Fix z € M,,. Recall that ¢, (x) € R if > 0. Then, by the
above arguments, we have

A%p?
|Tm ¢, (2)] = [Tmep, (2) — Im e, (Re2)| < [Tmz| sup |4y, (§)] < [Tmz] =5,
£€(Re z,2) (Re Z)
We employ |z| < 2Rez to argue
4A2 2
[Tm v, (2)] < |Tm 2| ——— EE
The proof is complete. O

We will also prepare formulas for an asymptotic analysis of the logarithmic deriva-

(1)

tives of the functions J, and H,"’ that appear in the equation (14).

Lemma 6. Let v > 1 and z € M,,. Then we have

J(z) :
TG~ ) tan () + Zo(zv), (40)
where Cor
| Zo(2;5v)| < T

If, in addition, |z| > 1+ C1/CY, we have

;o HD ()
91/(2) (H,Sl))’(z)

|31<Z;V)§( +Cl>|1|

The positive constants Cy, Cy, and C] are those of Lemma 3.

= it Zy (), (41)

where

Proof. We verify (40). First, taking the logarithmic derivative with respect to z in the
first equation of (25) yields the formula

B 1 M)
Ju(2) 2z M,(2)

Second, taking the logarithmic derivative this time in (26) results in the equality

—0),(2) tan 6, (z).

My(z) _ 1 J(2)d)(2) + Yo (2)Y)(2)
M,(z) 2z J2(2) + Y2(2) '
Combining these two equations, we arrive at (40) with
(2

Ju(2)J,

)+ Yo (2)Yi(2)
T2) +Y2(2)
Next, we apply Lemma 3 with p = 0 to the nominator term, with p = 1 to the
denominator term, and estimate as follows,
Xo(2;v)
(z3v)
where we used that 7Cv?/|z|> < 1 for z € M, see definition (30).

Further, we prove (41). By using the connection formula [11, Eq. (10.4.3)]

H(2) = J,(2) +1iY,(2),

Zo(z;v) =

< Co’ﬂ' 1 Co’/T

|Z0(z;v)| = —
’ 2l 2—nCi 12
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we get
(HM Y (2) _ T +1Y0(2) _ J(2)T(2) + Yo (2)YU(2) +i(1(2)Y)(2) — Ty (2) Yo (2)
V) L@+ Y() T2(2) + Y2(2) '

Employing also the Wronskian identity (28) and taking the reciprocal, we arrive at
the equality
H(z) J3(2) + Y2 (2) 2)
HMY(z) ()T (2) + Yo (2)Y)(2) + 21/ (n2)

Taking (29) into account and applying formula (15) with p = 1, we get

(1) 1 .
9;(2) Vl (Z) = Tz 7 7 = - T — .
HOY(z) 1+ Z (L) +REY() G- L + ZXi(z0)

From here, one infers (41) with
—1 4 X (zv)
241 —im2Xi(zv)

Zi(z;v) =

Estimates similar to those from the first part of the proof yield

(&5
1 1+ = C 1
a@mg‘“<0+}>,
|Z|2_ﬁ(1+%) C1/ |2
1

where we used the additional assumption |z| > 1+ C;/Cy. The proof is complete. O

Remark 7. Recall that, for v > —1, the Bessel function J,, has infinitely many positive
simple zeros, see, for example [21, §10.21(i)]. At these points, it is the first term on
the right-hand side of (40) that explodes. The second term represented by Zj remains
bounded. Further, similarly as (41) was proved, one can apply Lemma 3 in (42) to
verify that the ratio H,Sl)(z)/(Hl(,l))’(z) remains bounded for all z € M, with |z|
sufficiently large. It follows that the derivative of the analytic function H,gl) has no
zeros in this region since Hﬁl)(z) and (Hﬁl))’ (2) have no zeros in common which is a
consequence of the Wronskian identity
T () HY ()~ T HD (2) = =,

Tz
see [11, Egs. (10.5.3) and (10.6.2)]. For more information about the location of zeros
of HS" and its derivative, see [7, 20].

4. The Demuth-Hansmann—-Katriel open problem

In this section, we prove Theorem 1.

4.1. Initial set-up

Rather than analysing the asymptotic behaviour of the entire discrete spectrum of Hy,
for h large, we impose additional restrictions on the discrete eigenvalues and analyse
only those from a certain complex set evolving with h — oco. This is inspired by the
approach used in the one-dimensional situation [5]. The eigenvalues will be indexed
by two indices from certain integer sets for which we need to introduce a suitable
notation.
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We fix three parameters

1
0<a<ﬁ<7<§, (43)
and define
L(h) = {€ eN|RF2 <y < h,é’+1/2} (44)
for h > 0. Next, we fix € € (0,1), put
1—¢
= 45
=T (45)
and define the set
J(h,€) = {jeN‘Zlogqg<j<m+1/2} (46)

for £ € N and h > 0.
Next we slightly reformulate the inequality (5). Recall definition (4) of V},. We
have

Wil = [ Wil do = s

where pg := 7%2/T(1 + d/2) is the volume of the unit ball B;(0) in RY. Further,
Lemma 2 tells us that oq(Hp) C [0,00) 4 1[0, h]. Consequently, dist(}, [0,00)) = Im A
for all A € 04(Hy), and hence

1 dist (A, [0, 00))? 1 Z (Im )‘/)p
il P

Vil (A9/2 T pahe

P
L? \eoa(Hp) A€oa(Hp)

Therefore, to establish Theorem 1, it is sufficient to prove the following statement and
then to set Cp g := C,, ; (8 — a).

Proposition 8. Suppose d > 2 and p > 0. Let o, 8 satisfy (43) and let 0 < e < 1. Then
there exist C’;’d > 0 and hy > 0 such that, for all h > hg, we have

1 (Im \)P

P Z NI >C, 4 (B —a)(logh).

A€oy (Hp)

Remark 9. While the constant C’I'Jyd does not depend on the choice of ¢ and «, 3,7,
the threshold value hy depends on these parameters. In fact, keeping track of the error
terms below, one sees that they depend on A=, hY~1/2 and (log h)~2, which all go to
zero as h — oo but the convergence rate is dependent on the choice of parameters.

The proof of Proposition 8 proceeds in five steps worked out in the subsections
below.

Further we make the following notational conventions. It would become cumber-
some to keep track on all constants in various estimations to be made (as we kept
doing in Section 3). Therefore we will occasionally use the notation < or 2 when the
inequalities < or > hold up to a multiplicative constant. Moreover, it is important that
the hidden constant will be independent on any choice of indices £ € L(h), j € T (¢, h)
(also on the parameters «, 8,7 and €), and sometimes also on a complex variable m
from a specified subset of C depending on j and ¢. We will stress this uniformness
explicitly whenever convenient. For instance, we may say that there exists hg > 0 such
that for all h > hg and ¢ € L(h), v defined by (11) satisfies v < £.

In a similar spirit, we will occasionally use the Landau symbol O for h — oo,
where the hidden constant is independent of ¢ € L(h), 7 € J(¢,h) (also of «, 8,
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and ¢), and sometimes also of a complex variable m from a specified subset of C.
Nevertheless, we will repeat this uniformness several times and sometimes express the
inequality more explicitly for clarity, see for example (49) or (77). Lastly, we sometimes,
for brevity, say that, for example, a function f = f(m) tends to, say, 1 as h — oo
uniformly in m € X(¢,j) C C, j € J(¢,h), and £ € L(h), by which we mean that

Jim sup{[f(m) =1 [m € X(£,j) € C,j € T((h), £ € L(h)} =0,
— 00
or in other words,

lim sup  sup sup |f(m)—1]=0.
h=o0 veL(n) jeg(th) meX(t.j)

Again, in any case of a possible confusion, we express the limit relation in its full.

4.2. Step 1: Auxiliary zeros
For j €e N, v > 0, and h > 0, we define the auxiliary function

Fum) = 0,m)~ 2 — 10g 2 @

and study its zeros in open balls By(ml(,?j).) of radius v centred at points

m® v Vh
.—23+2+2+1log4j (48)

We designate the dependence on v for a clear reference to the order although v will
be immediately supposed to be determined by equation (11), and hence, rather than
an independent variable, it is determined by the index £.

Lemma 10. Let v = ¢ + % — 1. Then there exists hg > 0 such that for all h > hg, all
Le L(h) and all j € T(L,h), the following claims hold true:

()

(i) The function f, ; is analytic in the ball B,(m (© )) with a unique simple zero m,, ;

My,
therein;

(ii) [m$) —m)| < v/2;

and, in addition, for any two indices j1,j2 € T (h,£), j1 # ja2, we have

(iii) |m) —mi') | > 4.

V1 VJ2

Proof. Before proving each claim, we observe that there exists a constant C' > 0 such
C

that
v (0
e —— <
sup{Rem lm —m, ;| <v,j€Jh),leL(h )}_logqh

for all h sufficiently large. To see that, we first use the definitions (11), (46), and (44)
to estimate

(49)

Rem© )
ﬂ — 2mj T i > log?¢ > log? h

for all h sufficiently large, where the non-displayed constants are independent of the
choices of £ € L(h) and j € J(¢, h). Hence, for any m in the closure of the ball

B,,(m,(j?;), we get
Rem!")
Rem > My —1 2 log?h.

14 14
It follows that Rem > 0 and implies (49).
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Proof of claim (i): We prove the analyticity of f, ; in B, (m (0)») by showing that
B,(m (0)) C M, for all h sufficienly large. Since 6, is analytic in M,,, see Lemma 4,
the analyticity of f, ; in B, (m ij)) then follows immediately from its definition (47).

First, it follows readily from (49) that, for all h sufficiently large, we have Av <
Rem for any fixed A > 0 (hence in particular for the constant A in (31) used in the
definition (30) of the set M,) and all m € Bl,(m,(joj)) Second, recalling definitions (48)
and (46), we find

(0) mj

Imm, ;| =lo < logh,
[Ty, g| = los 5 < log
and taking also (11) and (44) into account, we get

|Imm(0)| < log h
v ~ hoz+1/2'

As a result, for m € B,,(ml(,?;), we deduce that

0
[Tmm| _ L+ () l/v 1
Rem — —1+Re(m,(fj)-)/u ~ log?h’

which implies that |m| < 2 Rem for all h sufficiently large. Recalling the definition (30)
of M,,, we have shown that, for all h large enough, we have B,(m (O)) Cc M, for all
j € J(h,0) and £ € L(h).

Next, we prove that f,; has a unique simple zero in B, (m (© )) Using (32), w
may write

fl/j( ):guj( )—LZJ,,(’m),
()

where g, j(m) == m — m Clearly, v

I(jj)) Bearmg in mind (49)7 from which it follows that v/|m| — 0 for

is a unique simple zero of g, ;(m) in C,
so also in B,(m

h — oo uniformly in the closure of the ball B, (m ( J)) we infer from Lemma 5 that
[fr.(m) = gj(m)]| = [ (m)]| <v = l|gj(m)|

for all m € 9B, (m ) and h sufficiently large. By Rouché’s theorem, f, ; and g, ; have
(0)

the same number of zeros including multiplicities in B, (m 0.

E,OJ)) which we denote by m(lj)

Proof of claim (it): From the definition of f, ; and Lemma 5, we infer that

), i.e. f,; has a unique
simple zero in B, (m

2

1
m]

m() —m)| = [, (m))] < 242 <

v
2

for all h sufficiently large since V/m( ) 50 as h — oo by (49).
Proof of claim (iii): Let j1, j2 € j(h ?), j1 # j2. Then from the definition of f, ;
and (32), one gets

mD —m® = 2m (G — ) + v (m,) — o (m >+Mg
It follows the estimate

) —m8) | > 2mljy — ol — b (ml)) = (m{)). (50)
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By the mean value theorem,

1
o (m() ) — (i) < [ml) —m | sup [wl(m)]

me(m) ;m{).)

1) ) ) is the open complex line segment connecting the points m%l

My 310 My
which is entirely located in M,,. Since any m € (m(l) mM ) satisfies

v,j10 g2
|m| > min(Re mle Re milj)»z),

where (m and

(€]

My ja

we deduce, with the aid of (33), the upper bound

A212
Sup |’(/}1//(,rn)|S . (1) 2 (1) 2 :
me(mﬁjl, 5}32) mm((Rem%ﬁ) ,(Remmz) )

Employing (49) once more, we can take h sufficiently large to ensure that

1
swp il (m)| < .
SOJCOI

me(m, 5, .m, j,

and hence
| (1) (1)|

Vi v,j2

(1) (1)
|wy(mu,j1) - ¢V(my,j2)| — 2
Plugging the last estimate into (50), we obtain

1 1 1
() —mil) | > 27|ji — ja| — |m£31—m£,3-2|,

from which, bearing in mind that j; # jo, we conclude

Im 1 (1)|

4 ) 4
v,j1 v,j2 |.71 _]2‘ > — > 4.

3
The proof is complete. O

(1

Further, we restrict our analysis to fixed neighborhoods of the zeros m,, ) from

Lemma 10. Concretely, we consider balls Bs(m (J)) of radius 2 centred at m(l) We
may always suppose that hg is large enough so that for all h > hy we have

By(m)) € B,(m") c M, (51)
and
By(m) ) N By(m) ) =0 (52)

for any j,j1,j2 € J(h,€), j1 # ja2, and £ € L(h). The first inclusion in (51) is a
consequence of claim (i) of Lemma 10. Note that we have used that v > 4 which
is satisfied for all sufficiently large h since v = £ + % — 1 and ¢ € L(h) diverges as
h — oo. The second inclusion in (51) has been verified in the proof of Lemma 10. The
disjointness (52) follows immediately from claim (iii) of Lemma 10.

Lemma 11. Let v =/{+ % — 1. For h — oo, we have the limits

Sup{‘};e;n - 1‘ ‘ im —m{)| < 2,5 €T h), e C(h)} —0 (53)
= :
and
I
sup mm -1 ’ |m—m$}|§2,j€j(&h),€e£(h) —0. (54)

log (Vh/(475))
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Proof. Notice that, since for h — oo we have
Vh
1/7—=0 d 1/log— —0
i=0 and 1/l X

uniformly in j € J (¢, h) and ¢ € L(h), it is sufficient, in order to prove (53) and (54),
to verify the limits

(€]
Rem
l/j . . _
hl;rrgosup{’ 5 1 ‘ je T, h),Le ﬁ(h)} 0 (55)
and
Tmm ")
lim sup v } JETUR),LeLh) s =o0. (56)

Atoo log (VA/(4))

First we show (55). Taking real parts in the equation fl,](ml(,lj)) = 0 and recall-
ing (32), one gets

1)

Rem,, —27Tj+ 5 T4 T +Rewy( ) (57)

For h — oo, the asymptotlcally dominating term on the rlght hand side is 27j. Indeed,
we infer from definitions (11), (46), and (44) that v/j < log™?h. Taking also into
account that |¢V(m(ulj))\ < v, as it follows from (37) for all h large, and bearing in
mind that ml(,lj) € M,, see (51), we verify (55).

In order to check the limit (56), we proceed similarly by taking imaginary parts
in f, j(m (1)) = 0. It implies the identity

h
Imm( )- =Im,(m (1)) + log [ (58)
v
One infers from (38) that, uniformly in ¢ € £(h) and j € J (¢, h), we have
Im ), (m))
—F== =0
Im m(l)
since V/ml(,lj) — 0 as h — oo, see (49). The formula (56) follows. O

Remark 12. Notice that the proof of (53) actually shows more on the decay of the
remainder. Namely, from equality (57) and estimates made in the paragraph below,
it follows that there is hg > 0 such that for all h > hg, ¢ € L(h), j € J(¢,h), and

mEBQ( (1)

v,;)» we have the estimate

Rem C
<=
~ log?h

where C' > 0 is a constant that is independent of ¢, j, and m.

(59)

2mj

Remark 13. Tt follows from formulas (53) and (54) that, for all h > 0 sufficiently large,

the balls Ba(m ( ])) are located in the fourth quadrant of the complex plane (Rem >0
and Imm < 0) for all £ € L(h) and j € J(h,{).

Next, we pass to locating the parameter k = k(m) determined by m € Ba(m (1))

and the formula
k= /ih +m2, (60)

where the square root assumes its principal branch, see (9).
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Lemma 14. Letv = €—|—%—1. There is hg > 0 such that, for allh > hg, if m € Bs (m,(jlj))

for any £ € L(h) and j € T, h), then k € M,. Moreover, as h — oo, we have the
limits L L

— =1 d
m an Rem

uniformly in m € Bg(m(l)-), jeJWh), and L € L(Nh).

v,J

(61)

Proof. First, we deduce the uniform limits from (61) and prepare further auxiliary
limits for the claim k£ € M, which is to be proven afterwards. It follows from the
equality k2 = ih + m? that

k* = (Rem)? — (Imm)? 4 i (h + 2Re(m) Im(m))

(Imm)? . h 2Imm (62)
= (Rem)? |1 — i .
(Rem)? (Rem)2  Rem
As h — oo, we have
Imm h
Rem —0 and W —0 (63)

uniformly in m € Bg(mfjj)-), je Jh), and £ € L(h). The first zero-limit formula

follows by inspection of the limits from Lemma 11. To verify the second zero-limit, we
estimate

h < ﬁ < ﬁ < i
(Rem)2 ~ j2 = (2 = h2a
using the ranges for indices £ and j from definitions (44) and (46). It follows that
Re k? Im k2
—_— — 1 d =0 64
(Rem)? an (Rem)? ’ (64)
and so
L 51 (65)
(Rem)? ’
as h — oo, uniformly in m € Bg(mfj;% j € JW,h), and ¢ € L(h). Since k is the

principal branch square root of the expression in (62), using (63) and Rem > 0 by
Remark 13, we obtain the second limit in (61). Further, we infer from the first limit
in (63) that

R
e,

m
Consequently, the first limit in (61) follows from the second one.

By (30), the parameter k = k(m) is in M,, if Av < Rek and |k|] < 2Rek.
We show that this is the case for all h sufficiently large independently on a choice of

m € Bg(m(yfj)), j e Jh), and £ € L(h). First, we verify the inequality |k| < 2Rek.
Since k is defined as the pricipal branch square root of a number, which is not purely

negative, we know that Re k > 0. Therefore the inequality |k| < 2Rek holds true if
2(Rek)? 1
—_— > . 66

Using the identity
Rek? = (Rek)? — (Imk)? = 2(Rek)? — |k|?,

we find that ( )2 ) ) ( )2
2(Rek Rek Rek Rem
=1 =1 2
W TR T Rem? W2
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as h — oo, uniformly in m € Bg(mfj;), je JW h), and £ € L(h), which follows from
the limits in (64) and (65). This yields (66) for all h large enough.
Next, we write

v2 2 (Rem)® |k
(Rek)2  (Rem)? |k]2 (Rek)?’
We already know that that the fractions
(Rem)? L
an
|k[? (Re k)
converge to 1 as h — oo. Moreover, recalling (49), we find that

V2

(Rem)? -0

as h — oo, uniformly in m € By (m(ulj))7 jeJW h), and £ € L(h). In total, we observe
that

2

(Rek)? -0
uniformly as h — oo, and this limit, together with the positivity of Rek, yields the
inequality Av < Rek for all h sufficiently large. The proof is complete. O

4.3. Step 2: An auxiliary error function

First we deduce a few auxiliary inequalities.

Lemma 15. Let v = { + % — 1 and let o,~y satisfy (43). Then there exists hg > 0

such that for all h > hg, all ¢ € L(h), j € T, h), and m € Bg(ml(,%;), we have the
inequalities

—2vlogh <Imé,(m) < —alogh (67)
and

. _ J
i+tanf,(m)| <4h™2*  and cost,(m)| < C —== 68
| (m)] \ (m)] Vi (68)

with constant C := 4me* > 0.

Proof. First we establish (67). Recalling the uniform limit (49), we may suppose hg to

be chosen large enough so that

V2

2
AW<1

for all m € By(m')), j € J(L,h), € € L(h), and h > ho. With this choice and by the

v,j
mean value theorem, we get

6,(m) — 6,(m()) <2 sup |e;<z>|sz(1+ sup |¢;<z>|><4 (69)
zEBz(mi{;) zEBz(mfj?)

for all m € By (m(ylj)), where definition (32), and the uniform bound (33) were used.

Recalling the equality (58), we have

1) — 100 VI
Im 9U(my7j) . log % (70)
Together with (69), it follows that
Im#@,(m) — log <4

dmj
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for any m € By(m ,(/ )) By using the ranges from definitions (46) and (44) of the sets
J (¢, h) and £ € [i(h) we deduce the two-sided estimate

h 1
—logdm — vlogh < 1ogifj < —alogh —loglog? h — qlog (a+ 2) .
7y

Clearly, choosing hg large enough, we have the inequalities (67).
To deduce the inequality for the tangent in (68), we write
1— e—2i9,,(m) 216—219,(m)
i+tanf,(m)=1—1

1+ e 20.0m) 1+ e-20,(m)°
With the aid of (67), for hg sufficiently large, we get the desired estimate
92e2Im 6, (m) 2h—2a

< 4h~%,

|1+tan9u(m)| < 1 —e2Imb,(m) — 1 _ h—2a —

It remains to verify the inequality for the cosine in (68). Using (67), we find,
again for hg sufficiently large,

1 21m0u(m)> <
(1+e =T 2

e~ Im 0., (m) e~ Im 0., (m)

2
By using also estimate (69), we get

|cos,(m)| < (1 + h*%‘) < o= Imbu(m),

&)
|cos @, (m)| < et tm 0u(my))).

Finally, with (70), we arrive at the second estimate from (68). O
Next we explore properties of an error term function
2
J,(m)H (k
£,(m) :=sin? 0, (m) + Lﬂ)() cos? 0, (m), (71)
Ju(m)(Hy ") (k)

where k = v/ih +m?2 with the principal branch of the square root.

Lemma 16. Let v = ¢ + % —1 and q = ;_i (0,1). Then there exists
ho > 0 such that for all h > hg, £ € L(h), and j € T(¢,h), the function &, is analytic
in Ba(m (7)-) and there is a constant C > 0 independent of j, £, and m such that

& m) < —<

— 72
< log®? h (72)

for any m € By(m (1))

Proof. First we verify the analyticity of &, in the balls By (m,(}])) We may suppose h
to be sufficiently large so that Ba(m,, ) C M,, see (51). Then the phase function 6,
which appears in definition (71) of the functlon &,, is analytic in By(m,, ) by Lemma 4.

Recall that the Bessel functions J, as well as Hy, M are analytic functlons of their main

argument in the right half-plane. The balls Ba(m ( ])) are located therein, in fact in the
fourth quadrant of C by Remark 13. The argument k, as the principal branch square
root of ih + m?, also fulfills Re k > 0.

Thus, we see from the definition (71) that &, is analytic in Ba(m,, ) if J,(m) and
(Hﬁl)) (k) do not vanish in Ba(m (a )) The case of J,(m) is clear as 1t is well known
that for v > —1, the Bessel functlon J, possesses real zeros only, see Remark 7. The
same remark also implies that (Hy ) ) (k) # 0 for all h sufficiently large since k € M,
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by Lemma 14. Consequently, we see that for all h large enough, the function &, defined
by the expression (71) is analytic in Bg(mg])-) for all ¢ € L(h) and j € T (¢, h).

In the rest of the proof, we derive the uniform bound (72). The proof relies on
asymptotic analysis of the Bessel functions appearing in the definition (71). Below we
make use of the Landau symbol O for h — oo which is uniform in ¢, j and m, i.e. the
involved constant is always independent of ¢ € L(h), j € J (¢, h), and m € By (m,(/lj))

Let us rewrite (71) as

J(m)HY (k)

Jy(m)(Hl(,l))’(k)> cos” 6,(m). (73)

&, (m) = [tan®6,(m) + (

Notice that cosf,(m) # 0 for m € By (m,(}])) since our m is non-real by Remark 13,
while cos 6, (m) may vanish only on zeros of J,, that are real, see (25). First we analyse
the asymptotic behaviour of the expression from (73) in the square brackets. It follows

readily from Lemma 6 that

J,,(m)
Jy(m)

= —0/,(m) tan 0, (m) + O (1)

m

as h — oo. Using also that the ratio Hﬁl)(k:)/(Hﬁl))’(k) remains bounded for k € M,
of sufficiently large modulus, see Remark 7, we find

HV (k)
(HMY (k)

I, (m)HM (k) ,

Ty EDy m

tan 6, (m) + 0(1). (74)

The function in front of tanf, (m) cannot be estimated directly by using (41) as the
arguments are not the same. Next, we slightly manipulate the expression to deduce
its asymptotic behaviour.
By the mean value theorem,
107, (m) = 0, (k)| < |m — k| max 107 (2)].
FAS

)

For h large enough, the entire line segment (m, k) is located in the convex set M,
and so we may apply the uniform bound from (34). Recalling that ¢ = —6! and
taking (61) into account, we obtain

0! o~
e 182l = <ms>

Since k? — m? = ih and using (61) once more, we find

h h
k= —o( ).
Im =k = A O<m>

o)~ 0,09 = 0 13,

m2

Altogether, we observe that

Now we may estimate

HV (k)
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with the aid of (41) and the boundedness of H,El)(k;)/(Hl(,l))’(k) to deduce the uniform

asymptotic formula
(1) 2
o)) o L) yo(M)). (75)
(H") () m m

Plugging (75) into (74) and taking also into account the uniform boundedness of

1)

tan@,(m) in Ba(m,, ;), see (68), we arrive at the uniform asymptotic formula

m — itan 6, (m) + 0(;) " o(’;‘:f) (76)

When applied in (73) and using the first formula from (68) once more, we get

& (m) = [O@) o(’fj)] cos? 0, (m).

Using also the second formula from (68), we finally deduce that

c=a(35) ro(25)

With the aid of Lemma 11 we may estimate the last two uniform Landau Os as
follows. The first error term can be estimated by

.9 .
.7 < j —1/2
Lo e,

~ =

h
whereas the second inequality uses (46); note that v < 1/2. On the other hand, the
rate of the second term fulfills
2 2 2 1

Im|* ™ Im|* ™ log** b’
where the second inequality is a consequence of (49). This yields (72) and the proof

is complete. O

4.4. Step 3: Solutions of the characteristic equation

Next we move towards proving existence of solutions of the characteristic equation (13).
To this end, we will need the following auxiliary statement.

Lemma 17. Let v = £ + % —1 and q = 3=5 for a fized € € (0,1). Then there exists

ho > 0 such that for all h > hg, £ € L(h), and j € T(¢, h), the following claims hold:
(i) The function

m ei@,,(m)
v,J =1 T ARy — Sv
erry; (m) + 4mj cosb,(m) §(m)

(1)<) and there is a constant C' > 0 independent of j, £ and m

is analytic in Ba (mw

such that
C

lerr, j(m)| < Tog? 7

(77)

(1))

for any m € Bz(m,, ;).
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(i) If m € Bg(ml(i;) satisfies

. T . 47y
0,(m)— = —2 ):1 2 L log (1 + erry ;(m)), 78
i (60(m) =~ 2mj) =log 7+ log (1-+ ey (m) (78)
then m is a solution of the characteristic equation (13) with corresponding k =
k(m) given by (60).

Proof. Proof of claim (i): First, we verify the analyticity of the error function err, ;.

Using Lemma 16, we may suppose hg to be sufficiently large to ensure that &, is
analytic in Ba(m(!)) and |&,(m)| < 1 for all m € By(m\)), £ € L(h), j € T(L,h),

and h > hg. Then the function m — /1 —&,(m) is analytic in Bg(m(ulj)) Since we
already know from Lemma 4 and (51) that 6, is analytic in By (mf,lj))7 and also that
cosf,(m) # 0 in Bg(m(l)-), see the paragraph below (73), we conclude that err, ; is

v,
indeed an analytic function in Bg(m(l)»).

v,

Second, we prove (77). We estimate the three factors in
m 1
err,,’j(m) = —].-I-ﬁjm\/l—fy(m), (79)
using the uniform Landau symbol O for h — oo, where the involved constant is always

independent of ¢ € L(h), j € J(¢,h), and m € Bg(m,(jlj)) First, with the aid of (72),
we deduce that

1—§V(m):1+o( ! )

log?@ h
Second, it follows from (67) that
1 1
1+e26.(m) — 1+ O(h2)
Third, one infers from (59) and (54) that

m 1
—=1+0| —— ).
27§ + (logq h>
Inserting the last three estimates into (79) amounts to the uniform asymptotic formula
1
€rry, 5 (m) =0 <1quh) ,
which yields (77).

Proof of claim (ii): Using the definition (71), the equation (14) can be written as
ih 1-¢&,(m)

=1+0(h2).

m?  cos?0,(m)
Hence, any m solving the equation
e—i(g+2m‘)@ _V 1—¢&(m)
m cos 6, (m)
with an integer j, has to be a solution of (14). When we rewrite the last equation as
(00 (m)—5—2m5) _ 2m V1 _75_”(7”) _ 4
\/E 1+ e—2i0,(m) \/ﬁ
1)

we see that, if m € Ba(m,; ;) is a solution of the equation (78), then m solves (14). It
is left to show that m then also satisfies (13), by taking the principal branch square

(1+err, ;j(m)),
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root on both sides of (14). It suffices to compare the signs of the leading order term
on each side of (13). By Lemma 14, we know that k/m — 1. On the other hand,
itan®,(m) — 1 by (68), which, when inserted to (76), implies that
Ty (m) Hy" (k)
T (m) (HLVY (k)

So the signs agree and the proof is complete. O

Claim (ii) of Lemma 17 lacks existence of the solutions. This is proven in the
next statement.

Proposition 18. Let v = /¢ + g — 1. Then there exists hg > 0 such that for all h > hyg,
e L(h), and j € T, h), there exists a unique solution m, ; of the characteristic

equation (13) in the ball By (mf,lj))

Proof. The claim relies on Rouché’s theorem and Lemma 17. Recalling definition (47),
equation (78) can be written as

fu;(m) +1ilog(1l + err, ;(m)) = 0. (80)
We show that hg can be chosen so that, for all h > hg, we have
| fvj(m)| > [log(1 + erry,;(m))| (81)

for all m € 8Bg(m$;-), e L(h), and j € J(¢,h). Then, by Rouché’s theorem, equa-
(1) (1)

v,J v,J

of f,;in Bg(ml(j;), see Lemma 10. According to claim (ii) of Lemma 17, m, ; is then

also a solution of the characteristic equation (13).
Using definitions (32), (47) together with the equality fyj(ml(jlj)) =0, we get
1 1 1
Fog(m) = fri(m) = fuj(my))) = m—myJ =t (m) + v (my))).

Hence, if m € 8Bg(m(1)-), we find that

v,
| fog(m)] = 2 — [, (m) — ¥, (m{1 ).

Moreover, with the aid of the mean value theorem, the uniform limit (49), and the
estimate (33), one may ensure that

[ (m) — b, (m{ )] < 1

for all h large enough, £ € L(h), and j € J(¢,h). Thus, |f, j(m)| > 1 for all such
h. On the other hand, by (77), the right-hand side of (81) is smaller than 1 for all h
sufficiently large. The inequality (81) follows. d

tion (80) has a unique solution m,, ; in the ball By(m,, ;) since m,, ; is a unique zero

Remark 19. Notice that, given any h > hg, £ € L(h), and ji,jo € T (¢, h), with j; # jo,
we have m,, ;, # m, j,. This is a consequence of (52).
4.5. Step 4: Inequalities for eigenvalues of H),

When estimating the left-hand side of (5), we make use of the following inequalities
for certain discrete eigenvalues of Hy,.

Proposition 20. Suppose d > 2 and let v =0 + % — 1. There exists hg > 0 such that,
for all h > hg, £ € L(h), and j € T(L, h), the following claims hold true:
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(i) The number

Aej =ik +m]
where my, ; is the solution from Proposition 18, is an eigenvalue of Hy, of algebraic
multiplicity at least (6).

(ii) We have the estimates
h
mAr; > o and Ao ;| < (4mj)% (82)

Proof. Proof of claim (i): From the introductory analysis of the discrete spectrum of
Hp, made in Section 2, the claim (i) follows if m,, ; is a solution of the characteristic
equation (13) and the corresponding parameter k, ; given by the principal square
root of ih + m?,yj is of positive imaginary part, see (12). The former is established in
Proposition 18. The latter is verified next.

As the principal branch of the square root is used in the definition of k, ;, we

have Im#k, ; > 0 if

Im (ih +m? ;) = h+2Rem,,; Imm,,; > 0.
Since m,, ; € Bg(ml(,%;), see Proposition 18, we may apply Lemma 11 and equation (46)
to show that

Rem, ; = O(j) = (’)(h’*“ﬂ) and Imm, ; = O(logh),

as h — oo, where the constants in the Landau Os are independent of ¢ € L£(h) and
Jj € J(, h). Consequently, as h — oo, we have

Tm (ih -+ m? ) = b [1+ 0 (21081,
from which we see that, by choosing hg large enough and using that v < 1/2, we have

Im(ih +m7 ;) > 0 for all h > he.
Proof of claim (ii): By the above computation,

mmmzhﬁ+o@%”%g@}

as h — oo, uniformly in ¢ € L(h) and j € J(¢, h). Therefore, for all h sufficiently
large, the first inequality in (82) holds.

By using Lemma 11 again and the restrictions on the indices ¢ and j from (44)
and (46), one checks that on the right-hand side of the inequality

Aejl o htlm ? _ h Remy,;\*  (Tmmy; )
(4mj)? = (4mj)? (4mj)? mj mj
the first and third terms are of limit 0, while the second term of limit 1/4, as h — oo.
Hence, we may suppose that hg is sufficiently large to guarantee that
[Ael
(4mj)? —

for all h > hg, which is the second inequality from (82). The proof is complete. O

Yet another auxiliary inequality will be needed.

Lemma 21. Let d > 2. For all sufficiently large ¢ € N, we have

CUURGEURE = S
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Proof. 1t is elementary to check, by using the definition of the binomial numbers, that
the left-hand side of (83) is a polynomial in ¢ of degree d — 2 with the coefficient of
09=2 equal to 2/(d — 2)!. This implies the statement. O
4.6. Step 5: Proof of Proposition 8

By Proposition 20 and Lemma 21, there exists hq such that the inequalities from (82)
and (83) hold for all h > hg, £ € L(h), and j € J (¢, h). Therefore we may estimate

> e T i v g et T g

Ae€oa(Hp) teL(h) JET(L,h) teL(h) jegen
for all A > hg, where

gd—2

(d—2)]

1
=
Pd " 9p(47)d(d — 2)!
for now, but the notation Cp 4 is used below for a generic constant depending only on
p and d. Thus, we have the lower bound

1 Im \) 2 1
hp Z (l/\d/Q = Z a Z d (84)

A€oa(Hy) ZeL(h) jegn)?

for all h sufficiently large.
Next we estimate from below the inner sum from the right-hand side of (84).
Recalling definition (46), we deduce

pyt1/2

1 d]

1 / 1 [ 1 1 }
= > - = — — — .
2 T g 7T [T g G 1

Since v > 8 > 0 the second term decays faster than the first one and therefore we may
suppose, without loss of generality, that h is large enough so that

Z 1 > 1 1 . 1 1
7 - — q p\d—1 — — =
segam it 2d—1) (Clog" £) 2(d— 1) fd—11ogl = ¢

where definition (45) was used. Plugging the last estimate into (84) yields
1 (ImA\)? _ 1
D Dt — (85)
/2 = “pd Z 1—¢
W ety A rezgn tlog ¢

for all h sufficiently large.
Similarly, for all h sufficiently large, we may estimate the remaining sum by an
integral as follows,
RB+1/2

= e (1) - (o2) ]
Clog' ™ = 2 Jparrz Llog' ™l 2 2 2%

cec(h)

Taking also into account that the function

2[(r-2) )]

is decreasing on (0,1), we further deduce the lower bound with an e-independent
constant,
> B

a
log® h.
llog'™c¢ = 2 &

teL(h)
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When the last estimate is used in (85), we arrive at the inequality

1 (Im \)? R

hp Z N[22 > Cpa(B—a)log®h
A€oa(Hp)

for all h sufficiently large. The proof of Proposition 8, and so of Theorem 1, is complete.

O
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